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ABSTRACT

Jacobs, Donald John. Ph.D., Purdue University, May 1992. Brownian Motion in
Disordered Media. Major Professor: Hisao Nakanishi

The Brownian motion in quenched disordered media is studied from a stochas-
tic point of view using random walk models and to a lesser extent a Langevin
approach. Focus is placed on highly ramified media that exhibits self-similarity
over a wide range of length scales. Accurate estimates are obtained for the dynam-
ical exponents for the blind and myopic ant random walks on percolation clusters
in two and three dimensions at criticality and DLA (diffusion limited aggregation)
clusters in two dimensions. The method employed exactly enumerates all Brown-
ian paths from all starting points in a cluster. The scaling properties found in the
probability density for the position of the random walker is exploited to develop
an approximation scheme for the mean squared displacement. Moreover, a sim-
ple connection between the anisotropic properties of the diffusion process to the
geometric structure of the clusters is established.

Regular oscillations are found to persist in the step correlation function for the
myopic ant on bipartite clusters. In the regime of self-similarity, these oscillations

decay as a power-law with an exponent given by half the spectral dimension. A



Xix

formal mapping from a discrete time random walk to a continuous time master
equation applicable to quenched disordered media is developed. Moreover, the fre-
quency dependent diffusion coefficient is expressed in terms of the step correlation
function. A kinematic analysis reveals that a generalized Langevin equation with
a power-law friction kernel adequately describes the anomalous diffusioh.

A random walk model with persistence is introduced for the analysis of the
electrical conductivity of disordered composite materials. Features of the model
include; a phenomenological parameterization with a high frequency cut off de-
termined by the coarse grain length scale, a Drude-like mobility in homogeneous
media, and the relative carrier concentrations and mobilities of the constituents
are treated independently. The interplay between the mean free paths of each
constituent, the disorder length scale, and the correlation length of the disorder is
investigated. Results are presented which indicate that scaling theories utilizing

only conductivities are generally inadequate.



1. INTRODUCTION

1.1 Brownian Motion and its Relationship to Diffusion

In 1829 the botanist Robert Brown observered that pollen grains suspended in
fluids moved about erratically.[1] This type of motion was unexpected since the
system was hydro-statically in equilibrium, and the molecular nature of matter
was not appreciated at that time. Although Brown was unable to give a physical
explanation for this behavior, indeed this type of motion has come to be known
as Brownian motion . In 1905, Einstein made an initial break through on the
Brownian motion of a heavy particle in a fluid.[2] As first pointed out by Einstein,
the entire essence of the problem is that the fluid itself is composed of many discrete
particles. Therefore, although the large particle encounters many collisions with
the fluid particles, it suffers an erratic trajectory because of the discrete nature of
matter. The study of Brownian motion has been continuing on since the pioneering
work of Einstein because of its fundamental and practical importance.[1, 3]

In this thesis, the term Brownian motion will refer to the random movement of
a tracer particle within a given physical system in equilibrium. Brownian motion
is modeled mathematically as a random process. There are multitudes of possible
models that can be constructed in order to characterize the Brownian movement

in various systems, therefore, the meaning of random 1is very much problem



dependent. A tracer particle is considered here to be labeled or tagged in some way
as to distinguish it from all other particles in the system. The physical properties of
the tracer particie is to be specified from the physical problem at hand. The main
problem of interest is to determine how far the tracer particle will wander from its
initial position after some time. As will be seen, the mean squared displacement is
of fundamental importance in characterizing the movement of the tracer particle.
Now suppose that the position of the tracer particle is measured regularly at
fixed time intervals T,. Then the simplest model as discussed by S. Chandrasekhar(3)
assumes that one can choose the time T, such that the displacement of the tracer
particle p(z) during the ith time interval is independent to its displacement during
any other time interval. However, within a given time interval, the displacement
of the tracer particle is a random variable characterized by a probability distri-
bution such that the average displacement of the particle is zero and the mean
squared displacement is finite. The net displacement of the tracer particle after n

measurements is given by

R(nT,) = 3 (i) (L1)

i=1

and the mean squared displacement is given by

(R(nT,)") = Z (p(i)%) + D_(A3) - A(5)) - (1.2)

i=1 i#7

Since p(z) and p{(j) are independent random variables for (¢ # 7) with (5) = 0, it

is seen that the mean squared displacement after time ¢ = nT, is given by

(R(2)?) = ;ot . (1.3)



The linear time dependence of the mean squared displacement is a very familiar
result in the theory of Brownian motion. This result hinges on the assumption,
that a separation in time scales exist. A separation in time scales means that
the tracer particle will retain negligible memory of its initial condition after a
certain time passes called the correlation time. Therefore, if the time scale T, in
the above model is chosen smaller than the correlation time, then the assumption
that {p(z) - p(j)) = 0 for ¢ # j is invalid. Clearly, the correlations in the tracer
particle’s observered displacements is dependent on the time scale of interest. Since
a separation of time scales usually exist, the long time behavior of Brownian motion
is accurately described with the above model.

Instead of a single particle, suppose a large number of tracer particles are
injected into a local region and followed simultaneously. The time development
of the tracer particle concentration (C) defines a diffusion process. In systems
where the number of tracer particles is conserved, the time development of the
concentration is governed by a continuity equation without sources or sinks. As
early as 1855 through the work of Fick[4] the particle current density (.];) was
empirically found to be directly proportional to the gradient of the concentration.

The diffusion constant D is defined through the relation
Jo(Ft) = =DV C(7,1) (1.4)

which is known as Fick’s first law. Fick began to realize at that time the general

nature of transport theory and had drawn upon analogies with Ohm’s law and



Fourier’s heat equation to arrive at the diffusion equation
a - 2 pury
EC(r,t) = D * C(F,1) (1.5)

which is also known as Fick’s second law.

In elementary transport theory[5], the transport of energy or mass occurs in
systems that are not in an equilibrium state. For systems not too far from equi-
librium, a set of macroscopic variables can still be used to define the state of
the system provided that these variables are functions of position and time. The
inhomogeneities in those macroscopic variables is the self driving mechanism re-
sponsible for currents that try to re-establish equilibrium. Transport coefficients
are defined through the relationship between the current density and the gradient
of the corresponding macroscopic state variable such as Fick’s first law. Of course
all of the microscopic dynamics taking place ultimately must determine the trans-
port properties of the system under study. In the case of diffusion, the motion of
the tracer particles is the underlying microscopic process of interest. Under the
assumption that each of the particles will respond identically in the same way as
if solely present, it intuitively follows that diffusive transport can be understood
from Brownian motion.

In most applications the transport of mass or energy is occurring in a steady
state condition, however, the system is not in equilibrium. A system is said to be
in a steady state if all physical properties of the system are not changing with time,

and there are macroscopic currents present. Thus the environment surrounding the
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system is changing in time (ie. mass and/or energy transport). To fully describe
the transport properties of a given system all possible coupling between the many
transport mechanisms must be included.[6, 7] By adjusting external biases it is
possible to bring a system to a new inhomogeneous equilibrium state and relate
different transport coefficients to.one another. For example, if a uniform electric
field is set up across an ionic solution, a concentration gradient will build up such
that the diffusion and electrical drift currents cancel yielding no net particle flow.
Using this simple idea, Einstein[2, 8] was able to relate the electrical conductivity
o to the diffusion constant of the charge carriers. The well known Einstein relation

is commonly expressed as

2
-4
o= kBTD (1.6)

where kg is the Boltzmann constant, T is the absolute temperature and n is the
concentration of charge carriers with charge gq.

The statistical mechanical approach to transport theory is to relate the macro-
scopic response of a system to the microscopic fluctuations from the equilibrium
state. In particular, the fluctuation dissipation theorem [5] forms the basis for
the connection between the microscopic after-effects to the macroscopic response
and dissipation. The microscopic after-effects[3] describe how an initial fluctuation
(defined by a microscopic sub-ensemble) will relax back into equilibrium. This ap-
proach is useful in the linear response regime where the external perturbation to

the system does not change the system’s microscopic character (usually valid for



sufficiently weak perturbations). For example, the concentration of diffusing parti-
cles must be sufficiently low such that the assumption that each particle undergoes
Brownian motion independently is valid. Thus, within the linear response regime,
the dynamics of Brownian motion at the microscopic level determine the diffusive

and electrical transport at the macroscopic level.

1.2 Mathematical Models for the Brownian Motion

The random walk model, the Langevin equation of motion and the Fokker-
Planck equations are the three most common mathematical formalisms used in
the theory of Brownian motion.[1, 3] The emphasis of this thesis is placed on ran-
dom walk models, although a complimentary discussion on the Langevin approach
will be given in Chapter 3. For completeness, brief discussions are included on
the connection between the random walk model and a Fokker-Planck equation. A
common goal among all of these formalisms is to describe with sufficient accuracy
the time development of the tracer particle’s movement. Before the problem of
Brownian motion in disordered media is tackled, a short overview of these mathe-
matical approaches is given here for homogeneous and isotropic media to illuminate
their general features.

The random random walk model is very useful in describing the Brownian
motion.[1, 9, 10] In a random walk model, the tracer particle’s net displacement is
broken up into a sum of individual step displacements in conjunction with a series

of associated time intervals taken for each step. Both the time intervals and step
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displacements are regarded as random events. The design of a particular model
must address how the individual steps are correlated with one another, and how
the step displacements are inter-related to the time intervals. For introductory
purposes, consider a random walk model with uncorrelated step displacements.
Then consequently, the model is defined by the specification of a joint probability
density for a step displacement and corresponding time.[11] A separable model is
one in which the joint probability density factors into a product of two functions;
one for the step displacements and another for the time intervals. In this thesis, a
random walk model will be called simple if it has the following properties. (1)
The model is separable. (2) The step displacements are independent identically
distributed random variables. (3) The first moment in the displacement is zero, and
the second moment in the displacement of one step is finite. (4) The time intervals
for each step are also independent identically distributed random variables. (5)
Finally, the average time between steps is finite and moreover there is a probability
of one that the particle will make a finite displacement after an indefinitely long
time.

A random walk model defines a stochastic process from which the probability
density for a particle’s net displacement can be obtained. As an illustration of
the basic concepts involved, consider a simple random walk with the probability
density for a single step displacement g given by w(7, + g,7,) where 7, is the
particle’s current position. By virtue of property (2), w is translationally invari-

ant. The probability density that the particle (random walker) will acquire a net



displacement of R after n + 1 steps is given by the recursion relation
Pon(R) = [ w(a0)P(R~ ) d% (L7)

in d dimensions. On taking the Fourier transform of the above recursion relation,

and denoting the Fourier transform of w(g,0) as
(k) = iE7 4 5,0) d? 1.8
w(k) ./vole w(g,0) d°p (1.8)

the desired distribution is given by

By 1 -ikR p (T .
Pu(R) = 53 /v LR PR &k (1.9)
where
P (k) = [B(R)" . (1.10)

In the limit of a large number of random events, the inverse Fourier transform
of P, will be dominated by the small k contributions.[5] Using property (3) and
denoting the mean squared displacement of a single step as a?, it follows from a

Taylor expansion of ﬂ)(i:.) to second order in k that
B(F) — exp (-ga2k2) (1.11)

when n is sufficiently large. Proceeding with the inverse Fourier transform, the

distribution for the particle’s displacement tends to a Gaussian given by

1 R?
(27na?)$ xp (—2na2) ’ (112)

Pn(é) =

which is independent of the details of the single step distribution.



The above result is a particular example of the central limit theorem [5] which
states that the probability distribution for a random variable Y,, defined as an
average over the set of n independent identically distributed random variables
{Xi}n will tend to a Gaussian for large n. Furthermore the standard deviation
in Y, will be a factor of 1 /n';L less than the standard deviation in the X random
variable. The details of the distribution function for X are not important except
for the restriction that the first and second moments of X are finite. In applying
the central limit theorem for the time needed by the random walker to take n
steps, the fluctuations in the time needed can be neglected for n sufficiently large.
Therefore, the mapping between the number of random events and the time the
particle takes to make n steps is given by t = n{At) where (At) is the average
time interval for each step.

The probability density for the displacement of a tracer particle in terms of

time (not the number of steps) is asymptotically given by

1 R?

(ardDt)f *F (-2aD7) (1.13)

P(R,1) =

where D = ﬁ. The variable D is called the diffusion constant since Eq. (1.13) is
also the solution to the diffusion equation Eq. (1.5) with an initial concentration of
particles at the origin.[1, 2, 5] The connection between the random walk model and
diffusion equation is made possible by interpretating the probability density for one
tracer particle as a concentration profile for a collection of many diffusing particles.

In essence, the random walk model attempts to describe the time development of
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a typical diffusing particle. Since {R(t)?) = 2dDt as calculated from Eq. (1.13),
it follows that the diffusion constant D can be obtained from the slope of the
mean squared displacement at long times. Notice further that the microscopic
details have been conveniently buried in the distribution functions for the step
displacement and time intervals.

Alternatively, the asymptotic properties of the random walk model can be
obtained by a partial differential equation for the probability density known as
a Fokker-Planck equation. The Fokker-Planck equation essentially contains the
same physical content as the random walk model at times sufficiently large such
that ¢ = n{At) is valid. A Taylor expansion of P,.(ﬁ — p) from Eq. (1.7) can be

made about B to obtain

Poyr(R) — Pu(R) = (p:) a%Pn(R') + §<p.-p,-) a—f’gjpn(é) +oo o (114)

where the summation on the repeated indices is implied. Usually w(p) decays
exponentially fast so that the expansion needs to be carried only to second order.
Under the assumption of homogeneous and isotropic media, all odd moments in p;
will vanish. Dividing both sides of Eq. (1.14) by (At) it follows that in the long
time limit, the discrete difference in n can be passed to a continuous time derivative.
With the same identification of D as above the recursion relation reduces to the
diffusion equation. This brief discussion on the Fokker-Planck approach should
make clear that a general Fokker-Planck equation (possibly much more complex

than the above example) can be considered to be an approximation scheme to
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some random walk model.[1, 3, 12]

In contrast to the random walk model, the Langevin approach[l, 3, 12, 13]
to Brownian mofion is to consider equations of motion directly. Explicit use is
made of the fundamental assumption in transport theory that linear macroscopic
equations describing the relaxation of a perturbed system toward equilibrium is es-
sentially the same as the relaxation of the microscopic fluctuations.[3, 14]. Whereas
the macroscopic equations are deterministic dealing with average quantities, the
microscopic equations are stochastic since they must contend with fluctuations in-
duced by the discrete nature of matter. Therefore, an equation of motion is written
down for a single tracer particle, and all other particle interactions in the system
are incorporated via introducing an effective force. The effective force is broken
down into a systematic and random part. To some extent this separation of f,he
effective force appears artificial, however, as will be discussed in Chapter 3 there is
a well defined procedure in determining this separation. Only the systematic part
of the tracer particle’s equation of motion will survive the averaging, and thus be-
come a macroscopic relaxation equation. In short, the Langevin approach attempts
to extend linear macroscopic laws by adding a random force term accounting for
molecular collisions (or scattering).

The simplest dynamical equation to model Brownian motion known as the

Langevin equation is given by

LT RIO) (1.15)



where ¥'is the velocity, and M is the mass of the tracer particle. The random force is
denoted as f(t) with the defining properties that (f(¢)) = 0 and (v;(0)£;(¢)) = 0.
The angular brackets (---) denote an average over all possible realizations that
can occur in a system at equilibrium. Furthermore, the random force at any
time is uncorrelated to the random force at any other time. The assﬁmption of
uncorrelated random forces is not a defining property, but rather part of the
above model. Finally, the parameter 4 is the characteristic rate at which the
velocity fluctuations decay or equivalently is a macroscopic relaxation rate.

The results from the Langevin and random walk models for the mean squared

displacement of a tracer particle can be compared using the general relation
d2
2z ()73 (1)) = (vi(t)v;(0)) + {v;(t)v:(0)) (1.16)

for stationary systems. Because the random force and initial velocity are uncorre-

lated, it follows from the Langevin equation that
L ot (0)) = —1(lt)o;(0) (1.17)
where (v;(0)v;(0)) = 0 for i # j. Thus
(3(t) - 50)) = (o)) (118)

is the solution for the velocity auto-correlation function. After two integrations of
the velocity auto-correlation function (VACF) the mean squared displacement is

found to be given by

(R()%) = %ﬁ))z)(w —1+e™) (1.19)
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for which the linear time dependence agrees with the simple random walk model at
times 4% > 1 provided that D = L‘L&%ﬁl. The time 7 = 1/ is the correlation time
which defines the separation in time scales insuring the simple random walk model
to be valid asymptotically. The correlation time will be much longer than the time
between collisions because the tracer particle must encounter many collisions for
the memory of its initial momentum to be lost. Although explicit reference to the
statistical properties of the random force was not made to obtain the VACF, they
would need to be specified in order to obtain the distribution functions for the

velocity and displacement of the tracer particle.

1.3 Brownian Motion in Solids

The connection between the diffusion process and Brownian motion is well
established regardless of if the tracer particle is placed in a gas, liquid or solid.
To be more specific, the problems of interest include the frequency dependent
electrical conductivity of composite materials,[15, 16] diffusion controlled reactions
in a solid matrix of catalyst[17] and the transport of 2 one component fluid through
porous or fractured rocks.[18] Clearly the detailed physics of these problems are
very different from one another, however, the stochastic description of Brownian
motion (within the context of phenomenological models) is common to all. The
basic set of approximations and assumptions used in modeling Brownian motion
via random walks in either homogeneous or inhomogeneous solids is reviewed here.

The Brownian motion will be modeled on a lattice so that the trajectory of
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the tracer particle will be discretized. The random walker will be allowed to hop
between nearest neighbor sites only. In the case of atomic diffusion via a vacancy
mechanism, the bhysical process dictates that the random trajectories be confined
on a lattice. Thus the lattice structure may play an important role in atomic
diffusion. In the case of electrons in metals, the details of the lattice structure will
be neglected. Therefore, the constraining of the electron trajectory to a lattice
structure must be regarded as a coarse graining scheme, and any properties that are
lattice dependent will not be physically meaningful. Typically the coarse grained
lattice constant is chosen to be equal to (or greater than) the mean free path of the
tracer particle. The mean free path (denoted as {) is defined as the minimum length
that the tracer particle must travel on average such that the next displacement of
length [ is independent to the previous one.

The main justification for coarse graining onto a lattice network and using
nearest neighbor hopping rules is that the properties of a simple random walk is
insensitive to the details of the single step probability density in the long time limit.
Consequently, simple random walk models of this sort are limited to describing
d.c. properties only. If however, a.c. properties are desired, then the details of a
model can be expected to become important and the simple random walk model
must be extended. Although it is not clear that a unique model should exist in
describing experimentally observed phenomena, a model should incorporate the
essential microscopic physics.

For example, in the case of atomic diffusion via a vacancy mechanism, the
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atom can only hop into a nearest neighbor vacancy. If a hop occurs, the atom and
vacancy will exchange locations and therefore there is a high probability that the
atom will hop back where it started. Thus the random displacements of the tracer
particle will be correlated to one another.[19] Since the diffusion constant D can
be obtained from the slope of the mean squared displacement at long times in the
simple random walk model, it is convenient to define a local slope after n random
events given by

D.(n) = (R(n +1)?) — (R(n)?) . (1.20)
From Eq. (1.2) and using the property of stationarity (time translation invariance),

the expression for the local slope in terms of the correlation in step displacements

is given by
D.(n) = (p®) +2 Y_ (p(m)- p(0)) , (1.21)
m=1
where the diffusion constant can be obtained from D = %ﬁ;‘;ﬂ.

For example, we restrict the random walk to a hypercubic lattice in d-
dimensions with nearest neighbor hopping. The step displacement auto-correlation

function can be written as
(B(m) - 5(0)) = a*(cos(bm)) , (1.22)

where a is the lattice constant and 0, is the angle between the initial and mth
hop of the tracer particle. In this correlated walk, the tracer particle has a higher
probability to jump backward than forward, but by symmetry, the average dis-

placement in any orthogonal direction will be zero. Thus by decomposing the mth
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step displacement into components, one parallel to the (m —1)th step displacement

and another perpendicular, it follows upon averaging that
(F(m) - p(0)) = (cos(8)) x (a(m —1) - 5(0)) (1.23)

where {cos(#)) is the average projection between any two successive steps. There-
fore after m steps (cos(8,,)) = (cos8)™ indicating that the correlation in the step
displacements decay exponentially.[20] It is noted here that basically the same
derivation can be applied to the continuum as well.

Specifically for a hypercubic lattice, there will be a probability (py, ps, ps) for
the tracer particle to continue moving in a (forward, sideward, backward) direction
respectively with p; + 2(d — 1)p, + ps = 1 as the normalization constraint. Since
a (forward, sideward, backward) step has a projection of (1,0, —1) relative to the
previous step, the average projection for a single step is given by (cos8) = p; — ps.
From Eq. (1.21) in the limit that n goes to infinity, the diffusion constant is found

to be

@ prtd=Dp 126

D= 2d(At) py + (d— 1)ps

Clearly a correlated random walk can modify the simple random walk prediction
for the diffusion constant. As expected, the anti-persistent correlations in the
step displacements lowers the diffusion constant. Note that a simple random walk
model can be used to obtain the correct diffusion constant provided that an effective
lattice constant and/or effective average waiting time is implemented. However,

unlike the simple random walk, the local slope D.(n) is not constant for all n and
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therefore a frequency dependent diffusion coeflicient will result from a correlated
walk. A mapping from discrete time n (number of random events) to the frequency
domain will be discussed in Chapter 3.

In Chapter 4, a persistent random walk model is introduced which is similar
to the correlated random walk described above in that the correlation in the step
displacements decay exponentially. However, the persistent random walk model is
applied to a coarse grained lattice, and the persistence is introduced to obtain a
Drude-like frequency dependent mobility in homogeneous metals. This novel per-
sistent random walk model is analogous to the Langevin result where the velocity
auto-correlation function decays exponentially and a finite correlation time exist.
The persistent random walk also has a Fokker-Planck equivalent and is known as
the telegrapher’s equation.[1, 9, 21] The key point to this approach is that at short
times the particle’s motion is ballistic, and at long times it becomes diffusive.

The basic concepts of Brownian motion that have been introduced thus far are
now going to be applied to inhomogeneous solids. The degree of inhomogeneity of
a solid is actually dependent on both the length and time scales of interest. A
solid can appear to be inhomogeneous to a tracer particle only if the time scale
of the Brownian motion is much shorter than the time scale of the change in
structural configuration. For the remainder of this work it will be assumed that a
sufficiently large separation in time scales exist such that the structure of the solid
matrix can be taken as static. The static inhomogeneity of a solid could range

over microscopic, mesoscopic, or macroscopic length scales. Some applications
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include: at microscopic length scales the transport properties of phonon assisted
electron hopping in nearly compensated semi-conductors,[22] at mesoscopic length
scales the electrfcal properties of composite materials[15] or of thin films with
compositions near the metallic-insulator transition,[23, 24] and at mesoscopic up
to macroscopic scales a one component fluid flow through fractured rock.[18]

Here the inhomogeneity of interest is when a host medium is disordered in a
non-deterministic way. The term non-deterministic indicates that the local details
of the configuration in some region cannot be concluded given the local config-
urational details of some other region. However, the static disorder will be
characterized by its statistical properties. Furthermore, the underling distribution
function in defining the disorder will be taken to be homogeneous. For a given dis-
ordered configuration all possible Brownian paths with their appropriate weights
must be summed over in the calculation of the mean squared displacement or any
other correlation function associated with the diffusion process. In contrast to
homogeneous media, the location of the starting point of each random walk in
the disordered solid matrix is important since the tracer particle will experience
different environments.

Although reasonably large samples (to be qualified in Chapter 2) share similar
properties with one another, there will nevertheless be fluctuations between sample
to sample. Therefore it is convenient to discuss the typical properties of interest by
introducing a quenched average. To obtain the desired quenched averages, a fixed

coordinate system is chosen, and a configuration can be constructed randomly in



19

accordance to the statistical properties of the disordered system. Thus a given
disordered system is viewed as a single realization and for this reason is sometimes
referred to as a fandom medium. The average properties of the random motion of
the tracer particle that characterize the diffusion process are actually conditional
averages for a given realization. The quenched average is finally obtained from the
second averaging over all possible realizations in the disorder and will be referred
to as a configurational average.

The study of diffusion in inhomogeneous solids is much more difficult than ho-
mogeneous solids because the single step distribution function w(g + 7%, 7,) will
not be translationally invarient. Unlike the homogeneous case, the tracer parti-
cle’s step displacements will be spatially correlated. In this case, the central limit
theorem will not be applicable because the successive displacements are nrot in-
dependent. Of course, if the correlation in the step displacements decay rapidly it
can be expected that the Gaussian limit will still be reached resulting in the normal
Fickian Brownian motion. The degree of the inhomogeneity and the quantity of
interest will dictate the method of solution. Often times, a simple coarse graining
over the disorder will be sufficient to define an effective homogeneous medium.[25]
If this is the case, the correlations in the step displacements will be negligible
over the length scales of the coarse graining and a simple random walk model will
apply. However, if the a.c. properties of the diffusion process are of interest or
if the correlations do not fall off sufficiently rapidly, a more sophisticated and/or

correlated random walk model can prove to be a useful method of solution.



The main interest of this work is on disordered systems that are self-similar
over a large range of length scales. The self-similar property of a disordered con-
figuration is such that the statistical properties of the disorder remain unchanged
as the magnification of the length scale is varied. In the self-similar regime, the
d.c. and a.c. properties of the Brownian motion are expected to obey scaling. In
the scaling regime, many of the microscopic details become irrelevant surrendering
to the geometric properties of the disorder over many length scales. Although,
the random walk approach as given in this thesis should be applicable outside the
self-similar regime as well, the method itself will become less beneficial in favor of

effective medium and perturbation methods.

1.4 Thesis Overview

In Chapter 2, we will begin with the simple question of what is the effective
d.c. conductivity of a given randomly disordered system. To be more specific, the
random media will consist of two component materials one being a perfect insulator
the other a conductor. Although the question is simple it will be seen that the
answer is generally difficult to obtain. The effective conductivity could in principle
be calculated by determining the current density throughout the entire sample for
a given applied electric field. However, the first problem that is encountered is in
describing the disorder. Surely a complete microscopic knowledge of a given sample
would be impossible to construct, but more importantly most of that information

is useless. What is needed is to extract the essential properties of the medium.



The first and foremost property to consider is the connectivity of the conducting
regions as a function of volume fraction.

For a volume fraction of conducting material (below, above) a critical volume
fraction, the effective conductivity will be characteristic of an (insulator, conduc-
tor). Near the critical point, both the connectivity and conductivity obey scaling
laws and respond in similar manner to other physical systems near a critical point
where the correlation length measuring cooperative phenomena [26, 27, 28] diverge.
Although, the connectivity is important, it is not sufficient to determine the con-
ductivity because the details of the width and topology (ie series or parallel) of the
connections play important roles. Many researchers[29] have modeled media as a
random resistor network which effectively solves for the current density approxi-
mately by solving Kirchhoff’s laws. However, as first pointed out by de Gennes[30]
the resistor network problem can be transformed into a random walk problem.
The random walk on the disordered medium is computationally much easier to
perform (particularly for the frequency dependent properties) than solving Kirch-
hoff’s laws. The key quantity of interest is the mean squared displacement of the
random walker.

After introducing site percolation and DLA aggregates for modeling disordered
media, the mean squared displacement for two random walk models (as to be de-
fined; the blind and myopic ant) is obtained using an extended version of the exact
enumeration method of Majid et el[31]. From these results the walk exponents

are extracted for various lattices. Moreover, the mean squared displacement char-
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acterizes the diffusion of particles. Near the insulator-conductor critical threshold
an approximation scheme is developed to determine the mean squared displace-
ment as well as other quantities. The approximation scheme is mean field like
in the sense that certain fluctuations and correlations are neglected, but it places
heavy emphasis on the scaling properties of the average behavior. Also within this
approximation scheme the anisotropy of the diffusion process is considered.

In Chapter 3, the focus of attention shifts from the mean squared displacement
of a random walker to its velocity correlations, although in principle the same
information is contained in either quantity. From the long time properties of the
velocity auto-correlation function (VACF) the diffusion process is categorized as
normal or anomalous. Different ranges in exponents for the algebraic decay in the
long time tail of the VACF will lead to fast anomalous, normal or slow anomalous
diffusion. The anomalous diffusion is probably best described in the frequency
domain in terms of a frequency dependent diffusion coefficient.

In static disordered media, the spatial correlations in the structure will generally
cause long time correlations in the VACF. As a consequence of these correlations a
Langevin description of the Brownian motion will need to incorporate a non-local
friction kernel. The relationship between the friction kernel, VACF and random
noise term in a Langevin approach are discussed. Furthermore, it is shown that a
simple power law friction kernel can be used in modeling anomalous diffusion. All
of the above results on the Langevin approach have been obtained from the theory

on the generalized Langevin equation[32] and self consistency.
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A direct connection between the spatial disorder to the long time tails in the
VACF is made by modeling the diffusion process in terms of a master equation.[9,
33, 34] The master equation is transformed into a discrete time random walk with
a Poisson waiting time distribution. The frequency dependent diffusion coefficient
is then related to the step displacement auto-correlation function (SACF) which
plays an analogous role in discrete time (number of random events) as the VACF
in continuous time (real time). The blind and myopic ant models are considered
again in more detail in terms of their SACF. The frequency dependent diffusion
coefficient as determined from either SACF clearly demonstrates that the diffusion
is anomalous at high frequencies even when the volume fraction is not too far
from the threshold value. Of course at low frequencies the diffusion is normal
since the corresponding time scales are so long that the media will appear to be
homogeneous.

In Chapter 4, a novel random walk model is introduced which incorporates
persistence in the random walker’s step displacement. The idea of a persistent
random walk is not new[9, 21] and in fact is just the correlated random walk as
discussed earlier. However, the details of the model considered here are somewhat
different and from the resulting SACF a Drude-like mobility is shown to result.
The model parameters (probabilities to hop and the characteristic rate of hopping)
are determined from the physical parameters of a material exhibiting a Drude-like
conductivity.

This persistent random walk model is introduced because it first of all exhibits
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the correct frequency response within homogeneous media. Secondly, this model
takes into account that the mean free path length of the tracer particle in different
materials could Be much different from one another. Furthermore, the mean free
path in many cases will be of the same order or larger than typical cluster widths.
In this work, the exact enumeration method is used in obtaining the SACF and/or
mean squared displacement. However, a small discussion on the simulation of the
persistent random walk is given.

In Chapter 5, the persistent random walk is studied in non-homogenous media.
A simple couple of two materials in series is considered. Demonstration of coarse
grain invariance and how the effective frequency dependent conductivity depends
on more details than just the d.c. conductivity of each phase is given. In particular,
the concentration of charge carriers, d.c. diffusion coeficient and transport time
for each phase play in important role when the linear dimension of the issolated
regions of constant phase are of the same order or smaller than the mean free path
for that phase in homogeneous media.

We further consider the persistent random walk in random media over a broad
range in the degree of disorder. The main focus is to constrast the results for the
effective conductivity as the length of the mean free path of the tracer particle is
varied. In the case that the mean free path is much smaller than the length scale
of the ramification, the results reduce to the simpler blind or myopic random walk
results. Chapter 5 basically presents a limited test of the persistent random walk

model. Further work on the model and some variants are suggested.



2. BROWNIAN MOTION IN DISORDERED MEDIA AS A CRITICAL
PHENOMENON

2.1 Introduction

As discussed in Chapter 1, an important application for studying diffusion, or
more specifically the Brownian motion of charge carriers, in inhomogeneous me-
dia is that via the Einstein relation the electrical conductivity can be determined.
Two excellent reviews on diffusion in regular and disordered lattices is given by
Haus and Kehr{9] and on diffusion in disordered media is given by Havlin and Ben-
Avraham.[35] To begin with, consider a disordered medium that is self-similar on
all length scales L, with a € L <« § where a is some microscopic length and ¢
(presumed very large) yields the minimum length scale for which the medium is ho-
mogeneous. The self-similarity property implies that the structural characteristics
are the same at different levels of magnification. Self-similar objects are commonly
called fractals[36] which may be deterministic or statistical. In Fig. 2.1 a section
of a large statistical fractal shows many ramifications. A larger section of four
times more area is shown in Fig. 2.2. Note that both pictures have remarkably
similar ramification. In contrast, the degree of ramification will decrease as the
length scale is increased for non-fractal objects.

The physical properties of an ensemble of statistical fractals will obey scaling
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Figure 2.1

Here is a typical section of a “statistical” fractal that was randomly generated
on a square lattice using a site percolation model at the critical threshold. The
cluster was generated from a seed site and contained 100000 sites. This section
contains 1376 sites, and much ramification is present. The next Figure shows a
larger section with a change in length scale by a factor of two.
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Figure 2.2

This region covers four times the area of the previous figure and contains 10587
sites. Note that the degree of ramification is very similar which is a characteristic

of a fractal.



laws[26] such as the mass M of a cluster of linear size L which obeys
M(L) ~ AL% (2.1)

where the bar denotes a configurational average. The exponent dy is called the
fractal dimension|[26]. In this thesis, the fractal dimension of the clusters of interest
will be less than the dimension d of the embedding space. In the case considered
here the mass M refers to a metal cluster within an insulating matrix. As another
example, the d.c. conductivity o of a material that spans over a region of linear
dimension L (a wire for one dimension, thin film in two dimensions, or small block

for three dimensions) scales as

i —

o(L) ~ BL™* (2.2)

where [ is a conductivity exponent[35, 37]. Although there may be many clusters
of various sizes in the system, only the percolating cluster is responsible for d.c.
conduction. As the system size becomes larger, according to Eq. (2.2) the d.c.
conductivity decreases because there are less paths accessible to the carriers to get
across the sample.

From numerical simulation[38, 39, 40] and exact enumeration[31, 41] the mean
squared displacement of a random walker confined to a single metal cluster of
fractal geometry is given by

(R(t)?) ~ Ct?l4s (2.3)

for times such that a <« (/(R(1)?) < €, where d,, > 2 is the walk exponent.

Since for homogeneous media d,, = 2, this result implies that the particles diffuse
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anomalously slowly on fractal media. An effective diffusion coefficient is defined
by D.s; = (R(t)?)/t and thus R = \/D,_fft The root mean squared displacement
R of the randoni walker determines the length scale that is being probed so that
R~ L.

The walk exponent and the conductivity exponent can be related as follows.
As the random walker explores more territory, its effective diffusion coefficient
decreases because of the ever present ramifications at larger and larger length
scales. Replacing the time ¢t in favor of R, the effective diffusion coefficient is given
by D.s; = BR* %, The carriers that participate in the d.c. conductivity are those
confined to the percolating network. Therefore, the carrier density is proportional
to M/L%. From the Einstein relation, the effective d.c. conductivity is given by
T o R4r~d+2-dv_ By matching this result with the scaling law from Eq. (2.2), the -

conductivity exponent j: can be determined by the scaling relation
gp=d—ds+d, -2 . (2.4)

A direct approach in calculating the exponent f is to solve Kirchhoff’s laws for an
ensemble of random resistor networks{29]. However, it is much easier to obtain the
fractal dimension and walk exponent computationally, and obtain j indirectly.
Another conductivity exponent simply denoted as u characterizes disordered
systems in terms of their metallic volume fraction. Let p define the volume frac-
tion of metal in a disordered metal-insulator mixture and p. a specified critical

threshold. For p > p. the material has a finite d.c. conductivity, otherwise the
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conductivity is zero in the case that the insulating phase is perfect. Then it is

found that the d.c. conductivity goes to zero as
c~(p—p)t forp2p. . (2.5)

The two conductivity exponents i and g are related to one another using finite
size scaling in the next Section.

Another way to characterize how fast a random walker explores a cluster is
by its probability to return to its initial starting point taken as the origin. In
homogeneous media, P(0,t) ~ t~%? as obtained from Eq. (1.13) with R =0. A
simple argument for the leading time dependence in the return probability is that
the probability should scale as the inverse of cluster mass currently explored. Thus

M ~ R4 and R? ~ t?/4w 50 that
P(0,t) ~ t=d1/dw — =du/2 (2.6)

where the exponent d, = 2d;/d,, is called the spectral dimension. Note that this
result is in agreement with the homogeneous case when d,, = 2 and d; = d.

The spectral dimension was first introduced by Alexander and Orbach[42] in
connection with the density of states for the lattice vibrations in fractal structures.
They further observed that for percolation fractals d, ~ 4/3 for 2 < d < 6. If
d, = 4/3 exactly, then the fractal dimension and the walk exponent would not be
independent! Unfortunately, there is currently no known super-universal scaling
relation between the dynamical exponent d, and only the static ezponents of the

fractals such as dy. If a scaling relation is to exist, however, then it will surely
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need to include other types of exponents that measure additional properties of
the clusters. One possible exponent could be dgp which is the fractal dimension
of just the backbone of the cluster. Notice, however, that even if some relation
did exist using dpp, this exponent is really dynamical because the backbone of
the cluster is defined by only the current carrying part. The non-existence of a
super-universal relationship indicates that connectivity alone is not sufficient to
determine the conductivity properties.

As in the general theory of critical phenomena[44)], scale-invariance plays a cru-
cial role in understanding physical properties of a system near criticality. Scaling
arguments are given by Gefen et al[45] and Havlin et al.[46] In Section 2, a dis-
cussion on site percolation and diffusion limited aggregates (DLA) is given. Both
models produce scale-invariant fractals. In this work d,, is the main exponent of
interest, and in Section 3, it is determined from the mean squared displacement
which is numerically obtained by exact enumeration. In addition to various scal-
ing relations, the scale-invariance associated with fractal media will allow certain
two-variable distribution functions such as P(R,t) to be represented by a scaling
function of a single similarity variable. Again data collapsing with properly scaled
axes is a very common trait in the subject of critical phenomena. In Section 4,
certain scaling functions are found and then used to construct a useful mean-field

approximation for time dependent quantities.
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2.2 Models of Structural Disorder

Most of the disordered structures that have been studied in this thesis have
been generated from a site percolation model.[26] A few reasons for using a site
percolation model is that (1) in many cases it accurately represents the disordered
system under study. For example, composite materials and disordered thin films
such as gold or lead deposits on an insulating substrate have been compared suc-
cessfully with site percolation. (2) Without having a specific physical system in
mind, it is best to choose a simple model with nontrivial and useful properties.
(3) Many properties of percolation clusters are well known because they have been
studied extensively.[26, 47, 48]

For a given lattice, the site percolation model assigns to every site an inde-
pendent random variable having a value of 1 with probability p or 0 otherwise.
The states 1 and 0 are said to define an occupied or wvacant site respectively.
The occupied sites represent a small localized region of metal and the vacant sites
represent an insulator. Thus p is the volume fraction of metal in the system. All
nearest neighbor occupied sites are then connected. A single realization of a static
disordered system remains after this process is finished. There will be many metal-
lic clusters (a set of occupied sites all connected to one another by nearest neighbor
connections) of various sizes and shapes within the system. Below p. an infinite
cluster will not exist. Above p. an infinite cluster will be present and the system
is said to be in a percolating state.

Near the critical threshold, some connectivity properties of the disordered sys-
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tem behave as

Po(p) « (p—p)’ p>p. (2.7)
€(p) « |p—p|™ (2.8)
S(p) o« |p—p.|™ C(2.9)

where p. is dependent on lattice type as well as other variants in the connectivity
rules. However, the exponents 3, v and v are universal in that they only depend
on the dimension d of the embedding space.

The percolation probability Pe,(p) gives the probability that an occupied site
is a member of the infinite cluster. Below the critical threshold P,(p) = 0, but
just above p., P, increases as a power law governed by the exponent 3. Note that
the d.c. conductivity undergoes a similar change but the conductivity exponent u
is not simply related to 8.

The correlation length £(p) is the typical spanning length for which a pair
of points are connected via some path. However, this length is calculated from
finite clusters only. Therefore, above p., £ will decrease as p increases because the
presence of large isolated clusters is very improbable. Below p. the probability of
finding a large cluster is also very improbable. However, near p,, the finite clusters
are very large and consequently £ diverges. If one only considers the set of clusters
that have fractal characteristics (scaling properties), then the correlation length
can be viewed as the typical spanning length of those finite clusters.

Moreover, if a disordered system is coarse grained into cells of volume L9 then on
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length scales L > £ the system will behave as a homogeneous medium. On these
length scales each cell can be treated as independent and fluctuations between
cells can be neglected. Each cell can be replaced by an effective cell having the
same properties as the average properties of the ensemble of cells. For length
scales a < L < € the medium is self-similar having those consequences previously
discussed. Clearly, as the critical threshold is approached ¢ diverges and the self-

similar nature becomes increasingly more prominent.

The average cluster size S(p) for concentrations below the critical threshold
also have a power law divergence as p — p.. Now with v, v and f# being defined
exponents, it follows from the scaling theory of percolation[26] that these static

exponents are related to one another by the universal hyper scaling relation
28+y=vd d<6 . (2.10)
Noting that P, ~ £/ /£9 slightly above the threshold, it follows that
dy=d-= . (2.11)

From finite size scaling[35] the two conductivity exponents from Section 1 are

related by x = v i, and combining this with Eqs. (2.11 and 2.4) it follows that
dw=2+ﬁ%£ . (2.12)

The walk exponent d,, characterizes the Brownian motion on a restricted ensemble

of large clusters that are self-similar on all length scales considered.
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On the other hand, the mean squared displacement of the random walk is
characterized by a different walk exponent called d/, when the ensemble is over all

clusters in the system. It has been shown{35, 37] that the relationship between the

two walk exponents is given by

y _ Gy
fi‘" = (2.13)

Since the walk exponent d,, is much easier to calculate numerically than 4, by using
only a restricted ensemble, the remainder of this Chapter will deal exclusively with
the restricted ensemble of large self-similar clusters. Besides percolation clusters,
estimates for d,, can also be made for different types of fractal clusters with different
fractal dimension d; such as diffusion limited aggregates[49] (DLA.)

There are many different ways to generate a restricted ensemble of site perco-
lation clusters. The simple and efficient method that was predominately used for
generating clusters was a breadth-first search as introduced by Leath[27]. The
algorithm used here is from an improved version by Alexandrowicz[28] and Fig.
2.3 shows a typical snap shot of the growing process.

Here the cluster is grown starting from an occupied seed site in a series of
shells. Each perimeter site of a current shell is checked if it is occupied with
probability p (otherwise vacant). After all the perimeter sites have been checked,
then all possible nearest neighbor links are formed between occupied sites. The
process continues because the collection of all unchecked nearest neighbor sites to

the lastest set of occupied sites will form a new set of perimeter sites. It follows
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Figure 2.3

This cluster is being grown using the breadth-first search. Each site is numbered
by generation corresponding to the chemical distance from the seed which itself
is taken as the Oth generation. The ./ sites are vacant and the x sites form the
perimeter to be checked for the next generation.
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that all sites within the cluster belong to a shell of certain generation defined by
the chemical distance from the seed. The chemical distance (I) of a certain site
is the shortest path between that site and the seed.

The clusters grown using the breadth-first search form finite clusters. The
growth can either stop naturally, or is terminated after the cluster obtains a pre-
determined number of sites (5) or reaches a chemical distance {, such that all sites
contained within the cluster have a chemical distance { < I,. These clusters will
be referred to as being in the (p, S) or (p,l) ensembles. Unless explicitly stated
no distinction between the clusters that naturally stopped growing {equilibrium
clusters) and the ones terminated (growing clusters) will be made.

Another way to grow finite clusters uses a variant growth rule. These clusters
will be referred to here as epidemic growth clusters. The epidemic growth clusters
are grown by selecting a perimeter site ( growth site) at random for the determu-
nation if the site is occupied or vacant. When the site is found to be occupied, it
is connected to the cluster and then its unchecked nearest neighbors immediately
become members of the set of growth sites. The epidemic growth clusters are
not built up shell by shell but rather represent an epidemic growth process[50].
Both the equilibrium breath-first search and epidemic clusters form an identical
ensemble. However, we have observed[51] that there are differencies between the
still growing clusters depending on if grown from the breath-first search or epi-
demic growth rules. In this thesis, the differencies are of no concern because they

enter only as correction terms to the leading scaling behavior. We give a detailed
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comparison in ref.[51] where it is noted that the breath-first search and epidemic
clusters were referred to as the Leath and Alexandrowicz clusters respectively.

On the square lattice, another method in generating large single site percolation
clusters was used. Here a square mesh of side L which contains L? sites is first
defined. Each site is independently determined to be occupied with probability p
(otherwise vacant). Then all nearest neighbor occupied sites are linked together.
If a connected path between the top and bottom sides as well as the left and right
sides are found to exist then the system is percolating. Note that what is meant by
a connected path between opposite edges is that if periodic boundary conditions
were used, then the resulting medium would contain an infinite cluster extending
in both the x and y directions. Figure 2.4 shows a configuration which is not
percolating according to the above rules.

If a percolating cluster is not found then the realization is thrown away, oth-
erwise only the percolating cluster is retained and the remaining isolated finite
clusters are thrown away. With free boundary conditions, the procedure in deter-
mining the isolated finite clusters is straight forward. With periodic boundaries,
additional links are actually formed between sites on opposite edges and therefore
some would be finite clusters become part of the percolating cluster as Fig. 2.5
demonstrates. The clusters generated in this fashion will form a (p, L) ensemble.

In all of the above cases, p = p, was used in generating the clusters to create
the self-similar fractal structure of interest. Although the correlation length £ is

infinite at p., the self-similarity property at large length scales obviously breaks
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Connected to Bottom

Connected to Top

Figure 2.4

A square mesh of side L = 10 containing 100 sites. The colored sites are occupied.
A connected path exist from top to bottom but not from right to left based on the
strict definition that a periodic system must form a connection from —oo to +o0.
Thus this configuration is rejected.
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Figure 2.5

Sites with an x, +/ or are colored define occupied sites. As seen from the colored
sites the system is percolating. The x sites (forming isolated clusters) are thrown
away. The |/ sites are (thrown away, connected) for {free, periodic) boundary
conditions.
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down for finite clusters. Also self-similarity breaks down in the so called “infinite”
(pey L) clusters when periodic boundary conditions are implemented because of the
enforced periodity of length L. Therefore, in the numerical analysis of the mean
squared displacement corrections due to finite size effects (ie. the number of sites
considered in a cluster is finite) and the type of boundary conditions muét be taken
into account to extract d,,.

Also on the square lattice, DLA clusters were generated to produce a different
type of fractal structure.[49, 52] A typical DLA cluster is shown in Fig 2.6. In
Appendix A, a short description of how the clusters were constructed is given.
Basically, the DLA model

starts with a seed site at the origin and a random walker (diffusing particle)
starting from infinity. Eventually the walker will sweep by the seed at a nearest
neighbor distance. When the walker is at a nearest neighbor distance from any
other particle of the aggregate there is a probability of p to stick. If the walker
sticks it stays there forever and becomes part of the aggregate. Once the particle
does stick, then another random walker is injected from infinity. As the cluster
(or aggregate) grows in size, the easier it becomes to catch a random walker. The
process is terminated when the cluster reaches a predetermined size S. The clusters
form a (p, S) ensemble were p denotes the sticking probability. The DLA clusters

generated here had a sticking probability of p = 1.
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Figure 2.6

A typical picture of a diffusion limited aggregate. This aggregate was generated
on a square lattice and contains 5000 sites.
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2.3 Critical Exponents for Random Walks

The walk exponent d,, in Eq. (2.3) can be obtained from the mean squared
displacement. A mathematical formalism suitable for studying discrete time ran-
dom walks on a lattice is presented and then used to estimate d,, for the myopic
and blind ant random walks. The choice of notation has been made for clarity
and consistency throughout the thesis. Included in the discussion is the numerical
methodology in the extraction of d,, from the numerical data. Furthermore, a
comparison of the mean squared displacement on clusters generated with free and
periodic boundary conditions is made for the square lattice.

For a given cluster, the mean squared displacement after n steps is expressed

(R(n)*) = ([7(sa) = 7(50)]*) (2.14)

where (s,) is the position vector of site s,. More specifically 1 < s, < 5 where S
is the total number of sites in the cluster. The subscript n on s, simply refers to the
nth random event which defines discrete time. The sequence Q, = {so, $1,...,5n}
specifies one Brownian path (realization (,) of a random walker. The entire set
of all realizations {2,} form the ensemble over which the average in Eq. (2.14)

is taken. Only Markov processes are considered here so that the probability of a

Brownian path is given by

P[] = ﬁ w(si, Si-1) (2.15)

izl

where w(sy,s,) gives the probability to hop from site s, to site s;. Note that
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w(sy, S,) is an element of a transition probability matriz (W) in a S dimensional
state space. Books on stochastic processes should be consulted for more details.[12,

53]

The step displacement auto-correlation function (SACF) is given by

(A(r) - F(0)) = ([7{(sn41) — F(sn)] - [T(s1) = 7(s0)]) > (2.16)

and many other auto-correlation functions can be constructed such that their av-
erages can similarly be expanded into terms of the form ({s;) - 7(s.}). The latter
function itself is a position auto-correlation function which will be written more
simply as (r(i) - 7(n)).

In addition to knowing the probability for each Brownian path, the initial con-
dition of the random process must be specified by P,[so] which gives the probability
that the walker started at site s; at n = 0. Stationary processes will be the main
focus here. Therefore let us begin by choosing the initial condition to be defined
by the state vector Vj(sq) where V] is an eigenvector of W with eigenvalue 1. An
eigenvalue of 1 must exist as it is a consequence of conservation of probability.
Moreover, all the sites in a cluster are connected and only random walk models
that allow for the walker to reach any point on the cluster from any starting point
is considered. Therefore, it follows that the eigenvalue 1 is nondegenerate.[53]

A discrete time derivative of a function F(n) will be defined as

d -
—F(r)=F(n+1)=F(n) . (2.17)



With stationary initial conditions it follows that

(R(")z)cq = 2[(7'2(0)):9 = {f(n) - 7(0))eq ] (2.18)
(Fn+ 1) - FO)Neg = 5 g (Rl ) (2.19)

where the subscript eq denotes that the system is in equilibrium. The equilibrium
state is assumed to be described by the stationary initial condition since no exter-
nal biases are being considered. The mean squared displacement and SACF can
be obtained by simply calculating the position auto-correlation function which is
explicitly given as
d n

(f(n} - 70))eg = ; {§,. zj(sn)2;(50) l;I1 w(si, $i-1) Vi(s0) (2:20)
where z; is just the jth component of the position vector. Note that Eqgs. (2.18
and 2.20) are valid only for finite clusters with free boundary conditions.

It follows from expanding Eq. (2.14) that the mean squared displacement
can be calculated from the quantities (r(0)?), (r(n)?), and (r{n) - 7(0)) for non-
stationary initial conditions. In particular, if the random walker starts at the
origin (f(so = 1) = 0) with the initial probability given by §,,1, then the mean
squared displacement is equal to (r(n)?), where the subscript o denotes starting
at the origin. Furthermore, by expanding Eq. (2.16) it follows that the SACF can
be calculated from {#{n) - #(0)} and (#(n)- #(1)). However, the simple relationship

between the SACF and mean squared displacement as given in Eq. (2.19) will not

be valid.
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A configurational average must now be performed on Eq. (2.20). For simplicity
only the jth component of the vector dot product will be considered. With a

rearrangement of terms, it follows that

(zi(n)z;(0))es = ZC:P(C) > zilsn) ﬁw(s;,s;-l | C)z(s0)Vi(so)  (2:21)

{si}n i=1

where C is a random variable corresponding to a given cluster. The probability
P(C) is determined by the model of disorder and choice of ensemble. Explicit
reference to the cluster C is made in the transition matrix to stress that this matrix
is itself a random “variable”. Note that the dimension of the state space and the
stationary eigenvector are dependent upon the cluster C. The configurational
average is done by averaging the results over many randomly generated clusters.
Therefore, explicit reference to the configurational average will be dropped since
numerically one cluster is dealt with at a time.

The formalism developed above is useful for finite clusters with free boundary
conditions. However, if a cluster was generated from the (p, L) ensemble with peri-
odic boundary conditions, then the position auto-correlation function is undefined
because 7(s) is not unique. However, the SACF is well defined since it only in-
volves step displacements of the random walker. An expression for the SACF will
be developed here in matrix notation. Let the matrix P have all zero off-diagonal
elements and the diagonal elements are just given by the initial probability FP,.

Also define a matrix Opj such that its elements are given as

opj(sh S0) = w(sfyso)ixj(sf) = J*'J'(so)] . (2.22)
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Then the SACF is given by

(3(n)5(0)) = i:TR[ 0,,W™10, P] forn>1 (2.23)
and
d
(p(0)*) = Z Y zi(s1) — zi(so)P wisy, s0) Pols0)  (2.24)

where the n = 0 term is treated as a special case.

Since the ensemble of realizations {{2,} in principle includes S™*! elements,
to assist in the calculation of the mean squared displacement, SACF or other
average values, Monte Carlo simulation can be performed[38, 39, 40]. However,
in most applications w(sy,s,) is short ranged reducing the size of the ensemble
greatly. Therefore it becomes not only possible but practical to perform an ezact
enumeration which sums over all Brownian paths[41] using recursion relations
involving matrix multiplication. Specific details on the algorithms used can be
found in Appendix B. These algorithms are extensions to that of Majid et af[31]
because they can be applied to the calculation of correlation functions, and all
starting points can be enumerated simultaneously. In particular, we consider the
myopic and blind ant random walk models where the term “ant” refers to the
random walker as introduced by de Genes.

A myopic ant will move to any of its occupied nearest neighbors with equal
probability per step. Thus the myopic ant can see what options are available one
step ahead. The myopic ant always makes a jump at each time step. Defining

¢(s) as the number of nearest neighbor occupied sites to site s the elements of the
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myopic ant transition matrix are given by

C—é:)- for nearest neighbors
w(sys,5,) = (2.25)
0 - otherwise
Furthermore, from detailed balance, the normalized stationary eigenvector is given

by
S
Vi(s) = ¢(s)/ 32 ¢(s") (2.26)

si=1

A blind ant tries to move to any nearest neighbor site of an underling lattice
with equal probability per time step. If the ant encounters a wvacant site, then
it cannot move and must stay at its current position. Thus the blind ant cannot
see ahead. Defining z as the coordination number of the underlying lattice, the

elements of the blind ant transition matrix are given by

for nearest neighbors

w(sy, o) = ¢ 5:5;(-531 for sy = s, (2:27)

0 otherwise

.

Furthermore, from detailed balance, the normalized stationary eigenvector is given
by
Vi(s) =1/8 (2.28)

The mean squared displacement for the myopic and blind ant on a typical site
percolation cluster on the square lattice from a (p. = 0.593, S = 5000) ensemble
is shown in Fig. 2.7. The lattice constant is taken to be the unit of length

(a = 1). This data was obtained using stationary initial conditions. Because all
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the Brownian paths are enumerated at every starting point within the cluster, the
mean squared displacement is a very smooth function. It is found that at early
times the myopié ant explores more of the cluster than the blind ant. However, at
extremely long times, both ants will explore the entire cluster. Obviously, because
the cluster is finite the mean squared displacement will saturate to a maximum
value characteristic of the cluster size. The curvature seen in the mean squared
displacement in Fig. 2.7 is caused mainly by the fractal nature of the cluster
as opposed to a simple consequence of saturation. The saturation values of the
mean squared displacement for the myopic and blind ant for this cluster are 4249
and 4255 respectively. At time n = 10000 the myopic (blind) ant has explored
approximately (R(n)?)/R%, = 18% (14%) of the cluster. Of course finite size
effects do play a role in the curvature, therefore, they either need to be minimized
so that they can be safely neglected or appropriate corrections must be taken into
account.

There are two simple approaches to overcome the finite size effects. The first
approach[31, 38, 54] is to use large clusters and start the random walker near the
seed site. Then the probability for the random walker to reach the outer limit is
sufficiently small so that the cluster appears infinite as long as the number of time
steps is not too great. A problem of this approach is that thousands of large clusters
and long times (without saturation effects) are required to accurately obtain d,,.
The other approach is to use stationary initial conditions which decreases the

number of random clusters needed for a configuration average. However, it becomes
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Figure 2.7

The mean square displacement for the myopic ant () and blind ant (O) on a
typical percolation cluster of size S = 5000 at the percolation threshold. All
starting points are enumerated with stationary initial conditions.
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necessary to incorporate the saturation of the mean squared displacement by fitting
the numerical data to a suitable function. The fitting function is in some sense
phenomenologicé,l. Although, both methods are reasonable solutions in overcoming
finite size effects, the latter approach is much less sensitive to the fit range as we
pointed out{41].

The data will be fitted to a function given by
n
(R(n)’) ~ Ry [1 - 4 exp(~(5)°)] (2.29)

where A, B, and C are fitting parameters. Note that this fitting function works
well for a single cluster. The leading term in the Taylor expansion of Eq. (2.29)
should be independent of the size of the clusters for configurational averaged data.
Therefore we can identify C = 2/d,, and it follows that B o« (R%,)%/?. Note
that B defines a crossover time for which saturation becomes dominant. For all
the data that Eq. (2.29) was fitted, the ratio n/B < 1 so that saturation effects
were not dominate. The saturation level of the mean squared displacement can be

calculated exactly from

S s
R: =221’(3)2‘/}(3)—2[21"‘(5)1/1(5)]2 : (2.30)

s=1

Note that R%, is just the radius of gyration of the cluster if Vj(s) is interpreted
as the “mass” of site s. It has been shown|[38] that R}, o« S%? which implies
B  Sdw/ds,

Some particular details of the fitting procedure to extract d,, are discussed

here for the case of a square lattice. The numerical data for the mean squared



52

displacement was usually calculated in the range (1 < n < 10000). The results
for the myopic mean squared displacement from a configurational average over 100
clusters from a (p. = 0.593, S = 60000) ensemble is plotted on a log-log scale in
Fig. 2.8. This data set corresponds to the largest size clusters generated. The
maximum ratio of n/B occurring at n = 10000 was only = 0.008 and therefore
the finite size corrections are indeed small. After throwing away the first 100 time
steps of the data (to assure that we meet the condition a < L), a least squares fit
over the two remaining decades results in d,, = 2.80. This approach is very simple
and quick, but it is too simple minded. Before this value is accepted, one should
check for systematic tendencies in the fitting procedure.

Although Fig. 2.8 shows a nearly straight line, the slope is obtained over
different time step domains. From a least squares fit the slope (hence d,,) is found
for time steps between (100 < n < N), where N may vary between 200 to 10000.
The walk exponent is now a function of NV as Fig. 2.9 shows. Clearly there is a
remarkable curvature to the line in Fig. 2.8. Thus, this simple estimation for d,,
is very sensitive to the range of fitting. This curvature is not attributed to the
asymptotic power-law corrections but rather to the finite size of the clusters. With
stationary initial conditions, finite size corrections appear immediately because
many walks start at or near the perimeter of the cluster. Therefore, the fitting
function of Eq. (2.29) will be used to account for the curvature.

The fitting of Eq. (2.29) to the data can be obtained by multivariable non-

linear regression. However, it was found that the best way to estimate A, B, and
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Figure 2.8

Typical plot of the mean square displacement for the myopic ant. This data has
been averaged over 100 clusters of size 60000 sites at the critical threshold on the
square lattice. The slope of this line yields 2/d,,.
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The walk exponent as obtained from a log-log plot of the mean squared displace-
ment as a function of N where the fitting range over step number (n) was performed
between (100 < n < N). These fits were taken on the same data as in Fig. 2.8.
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C was to guess A and apply a standard linear least squares fit to the data set
{X(n),Y(n)} where X(n) = In(n) and

?W — (R(n)2) ” . (231)

R
Y(n)=In| ln| A,

If Eq. (2.29) is approximately correct, then for the best value of A it should
produce a linear Y verses X plot. Indeed this is found to be true, and by guessing
many values of A a global minimum in the error can be found in order to obtain
the desired three parameter fit. The slope of the ¥ verses X plot is equal to C'

and the In B is just the Y intercept.

Again the estimated value for d,, should not be accepted until the dependence
on the step range is checked. The procedure of obtaining a global minimum is re-
peated for various step ranges. The parameter A is varied slightly around its global
minimum as a way to estimate uncertainties and to observe internal consistency in
the procedure. Therefore the walk exponent is viewed as a function of N and A as
shown in Fig. 2.10. A two parameter fit was performed for each specified value of
A. The collection of fits show a large spread in the estimates for d,,, however, the
extreme limits that are plotted are not nearly as good fits as in the center regions.
Therefore, by knowing the optimal fit as well as seeing the maximum spread that

define reasonable fits, an estimated error bar can be assigned to the extracted d,,.

The optimal fit shown in Fig. 2.10 is not as sensitive to the fit range as the

direct two parameter power-law fit. But more importantly, the direct power-law
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Figure 2.10

The walk exponent as determined from Eq. (2.28) is viewed as a function of (N, A)
and is plotted verses N for various values of A. R}, = 61123.5 as calculated from
the same data as in Fig. 2.8. The value of A ranges from 0.5 x 10~° to 8.5 x 10~3
in increments of AA = 1 x 107°. Note that the lines (x) of constant A do not
intersect, and the (lowest, greatest) A corresponds to the (bottom, top) curve. The
optimal fit (A not constant) is shown by the solid line. Also Fig. 2.9 is repeated

(O) for comparison.
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fit is an unreliable procedure because inevitably it indicates that d,(N) — oo as
N — oo. In contrast, the optimal fit for Eq. (2.29) will level out as the finite
size corrections become stronger. Note that after 10000 time steps the myopic ant
only explored approximately 1.5% of a cluster and yet Fig. 2.10 already indicates
a convergence of d,, = 2.83. As long as Eq. (2.29) is a good representative fitting
form (as verified from residual plots) a better fit can be obtained when the walker
is allowed to explore more of the cluster. Interestingly, the initial problem was
to avoid the finite size of the clusters, but now the finite size actually helps to
estimate d,,. Note that the fitting form is valid in the range 1 < n < B allowing
an ant to explore as much as 50% of a cluster. Additional details can be found in
ref.[41] on clusters of average size ~ 12000.

A summary of the estimated values for d,, on various lattices for the myopic
(blind) ant is given in Table 2.1 (2.2) and the best fit parameters obtained for Eq.
2.29 are given in Table 2.3 (2.4). A summary of the crucial points in the fitting to
Eq. (2.29) are as follows: (1) The method is self consistent in the sense that d,,
is insensitive to the fitting range. (2) The overall spread in the estimated value of
d,, decreases as NV increases. (3) As N increases the fitting error per data point
remains nearly a constant. (4) The method is also insensitive to the size of the
clusters. For example, the estimated d,, for clusters of size § = 15000 are in good
agreement with those of S = 60000.

Our final estimate for d,, for the (blind, myopic) ant is given as (2.84 & 0.03,

2.83+0.03) on 2—d percolation clusters, (3.594:0.04, 3.5740.04) on 3—d percolation
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The large scale results for the estimates of the walk exponent for the myopic ant

are summarized here.
abe Average size of the clusters at L = {300,200, 100} respectively using a (p., L)

ensemble.

trial { lattice | p S cluster # d,

M1 | bec |0.245| 30000 100 3.621£0.03
M2 sc | 0.312 | 60000 100 3.65 +0.03
M3 sq | 0.593 | 60000 100 2.83 £0.04
M4 sq | 0.593 | 15000 200 2.84 £0.03
M5 sq [ 0.593 | 5000 60 2.84 £ 0.02
M6 sq | 0.593 | 32944° 20 2.83 £ 0.03
M7 | sq |0.593 | 14465 20 2.84 £ 0.04
M8 sq |0.593 | 3740° 20 2.80 +0.04
M13 | fcc {0.200} 10000 20 3.51 £0.02
Mi14 | fcc | 0.200 5000 20 3.54 +0.03
Mi15| tr |0.500| 15000 20 2.82+0.03
M12| sq | DLA | 15000 100 2.63 +0.04
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Table 2.2

The large scale results for the estimates of the walk exponent for the blind ant are
summarized here.

trial | lattice | p S cluster # d,

Bl bcc | 0.245 | 15000 20 3.63 £0.04
B2 sc 0.312 { 15000 20 3.61 £0.03
B3 fec 0.20 | 15000 20 3.61 £0.04
B4 fcc 0.20 | 10000 20 3.57 £0.03
B5 fcc 0.20 | 5000 20 3.54 +£0.03
B6 sq |0.593 | 5000 60 2.85 +0.02
B7 sq | 0.593 | 15000 20 2.82 +0.03

B8 tr 0.50 | 15000 20 2.84 £0.03
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Table 2.3

A summary for the myopic ant on the parameters {R%,, A, B,C} where R%, was
calculated exactly with Eq. (2.29) and the remaining parameters were obtained
from fitting to Eq. (2.28) over a time step range 100 < n < 10000.

Ao ?
trial | R%, A B C

M1 | 10471.5 | 1.00061 | 1.196 x 10° | 0.55261
M2 | 6057.34 | 1.00042 | 3.360 x 10° | 0.54796
M3 | 61123.5 | 1.000045 | 3.640 x 10° | 0.70670
M4 | 14400.7 | 1.00021 | 4.805 x 10° | 0.70440
M5 | 4361.4 | 1.00070 | 8.821 x 10* | 0.70440
M6 | 25990.0 | 1.00009 | 1.091 x 10° | 0.70750
M7 | 11406.0 | 1.00022 | 3.500 x 10° | 0.70470
M8 | 2869.0 | 1.00059 | 4.740 x 10* | 0.71120
M13 | 2965.43 | 1.00104 | 2.029 x 10° | 0.56900
Mi14 | 1792.74 | 1.00126 | 3.349 x 10° | 0.56421

Mi15| 17928 | 1.00010 | 8.535 x 10° | 0.70320

M12 | 35731.0 | 1.00005 | 8.524 x 10° | 0.76030

—
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Table 2.4

A summary for the blind ant on the parameters {R%,, A, B,C} where R%, was
calculated exactly with Eq. (2.29) and the remaining parameters were obtained
from fitting to Eq. (2.28) over a time step range 100 < n < 10000.

trial | R3, A B C

Bl [ 6017.33 | 1.00076 | 1.402 x 10° | 0.55052
B2 | 1986.23 | 1.00074 | 1.024 x 10° { 0.55344
B3 | 4004.55 | 1.00071 | 1.581 x 10° | 0.55413
B4 | 2972.9 | 1.00079 | 8.693 x 10° | 0.56054
B5 | 1792.74 | 1.00126 | 3.349 x 106° | 0.56421
B6 | 4378.7 | 1.00043 | 1.394 x 10° | 0.70250

B7 | 14437.9 | 1.00009 | 7.132 x 10° | 0.70950

B8 | 17928 | 1.00010 { 8.535 x 10° { 0.70320
- I S—




clusters and d,, = 2.63 &+ 0.04) for the myopic ant on 2 — d DLA clusters.

Since the particular boundary conditions become less important as the sur-
face to volume ratio decreases, it is also interesting to compare the mean squared
displacement results of finite clusters with free boundary conditions to those gen-
erated with periodic boundary conditions. As a first step, a simple comparison is
made here without incorporating corrections for either type of boundary condition.
This comparison will demonstrate the difficulties in estimating the walk exponent.

A comparison of the myopic mean squared displacement for clusters (on the
square lattice) in the (p. = 0.593, L) ensemble with free and periodic boundary
conditions is made from a total of six sets of data where each set represents a con-
figurational average over 20 clusters. Three different mesh lengths of (L, = 100,
L, = 200, Ly = 300) have been considered. Every cluster that was used in the
ensemble was percolating as discussed in Section 2. For each configuration gen-
erated, either free boundary conditions or periodic boundary conditions were im-
posed. The average size of the clusters were (S; = 3740, S; = 14465, 53 = 32944),
and (S} = 4680, S; = 17914, S5 = 37882) for free and periodic boundaries respec-
tively. The number of sites increases with periodic boundaries because connections
between occupied sites are made between opposite edges.

As shown in Fig. 2.11, the mean squared displacement for each data set are
compared. It is seen that as the cluster size increases, the influence of the boundary
condition decreases as expected. Apparently, the mean squared displacement from

(free, periodic) boundary conditions is an (under, over) estimate. This is not
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a surprising result either, since there is saturation in the finite clusters and an
apparent homogeneity in the “infinite” clusters. However, note that almost no
change occurred in the mean squared displacement for the clusters with a periodic
boundary condition when increasing from L; = 200 to Lz = 300. This result
implies that up to time step n = 10000, the effects of periodicity does not enter
the mean squared displacement. Therefore, a third approach in estimating d,,
could be with using a (p, L) ensemble with periodic boundary conditions.

Continuing in the same way as before, the walk exponent is obtained from a
simple power-law fit over a variable fitting range and d,,(N) is plotted in Fig. 2.12
for all six data sets. Clearly there is an amazing difference in d,,(V) for the clusters
with free verses periodic boundary conditions. The characteristics of d,,(/V) for the
clusters with free boundaries in the (p., L) ensemble are the same as the clusters
generated from a seed site.

From a simple power-law fit applied to the clusters with periodic boundaries,
an estimation as low as d,, = 2.75 could be made. This result unfortunately puts
a big question mark as to the true value of d,, and the validity of using the finite
size clusters. However, from studying random walks that start only from a seed
site[31, 38, 54] (also done in the next section) it appears that d,, > 2.80 which
suggest that more analysis with periodic boundary conditions is needed. It is
noted that when we applied Eq. (2.29) to a fully occupied cluster but finite in
size, we found d,, = 2.04. We suspect that the margin of error should be less in

the disordered case because of the overall slower diffusion.
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Figure 2.11

The mean squared displacement is plotted for six different data sets each repre-
senting an average over 20 clusters on the square lattice from a (p = 0.593, L)
ensemble. Three different mesh lengths of L, = 100, L, = 200 and L3 = 300 were
considered. The above curves (O, A, x) correspond to the (L;, L, L3) ensemble
with free boundary conditions applied. The above curves ((, +, <) correspond
to the (L,;, L, L3) ensemble with periodic boundary conditions applied.
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Figure 2.12

The walk exponent as obtained from a log-log plot of the mean squared displace-
ment as a function of N where the fitting range over step number (r) was performed
between (100 < n < N). These fits were taken on the same data as in Fig. 2.11
where the above curves (O, +, <) correspond to the (L;, Lg, L3) ensemble with
periodic boundary conditions applied.
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If anything, the periodic boundary condition would tend to decrease the global
ramification, and since the ensemble considered consisted of only percolating clus-
ters in a strict seﬁse, the results here may be biased. For example, if the percolating
state is defined as having a connected path between top and bottom edges (without
rapping around) then there would be a mixture of finite and “infinite” clusters in
the ensemble. When the finite clusters are included in the ensemble, the estimated
value for d,, would increase. Further analysis on clusters in the (p., L) ensemble has

not been made, but the resolution of the above discrepancy should be pursued.

2.4 Random Walk Scaling and Mean Field Approximations

By Fick’s second law, the probability density for the displacement is given by
Eq. (1.13) and the mean squared displacement is linear in time (d,, = 2). How-
ever, the mean squared displacement on fractal percolation and DLA clusters is
anomalously slow as Tables (2.1 and 2.2) indicate since d,, > 2. Apparently, Fick’s
second law does not hold on fractal objects. The reason is that in the anomalous
regime, long-range correlations in the step displacements exist and furthermore,
the central limit theorem breaks down. Therefore the probability density for the
displacement will deviate from a Gaussian[55, 56, 57). A modified diffusion equa-
tion is required[58] to obtain the appropriate probability density. These and many
other interesting features of diffusion on fractals have been reviewed by Havlin and
Ben Avraham(35].

A mean field approximation is developed for p(s,n | so,0) which gives the
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probability that a random walker (confined to a given cluster) is at site s after n
time steps given that it started at site s at time n = 0. No reference is made to
any particular rﬁodel in the following derivations, however, all explicit calculations
have been done with the blind ant for site percolation clusters at p = 0.593 on the
square lattice. A similar derivation can be done in the continuum([51)] to arrive at
the probability density for the displacement given by P(ﬁ,t | 0,0).

Intuitively, particles are expected to diffuse faster along directions with the
least number of restrictions corresponding to regions of high connectivity between
sites. Clearly the local bond or site density will be a major factor in the diffusion
profile. The approximation separates p(s,n | sg,0) into a geometrical and dynam-
ical part. The nature of the approximation assumes that any typical cluster will
have a similar dynainical characteristic provided they share the same global fractal
properties. The local geometrical differences are assumed to be responsible for the
dominant fluctuations in the mean squared displacement.

Without loss of generality, the initial site will be chosen as the origin of co-
ordinates. For simplicity p(s,n | s¢,0) will be written as p(s,n). Let p(s,l,n)
define a joint probability that the walker is on site s and in chemical distance
shell ! at the nth time step. This allows the structure of the cluster to be coarse
grained into separate bins defined by chemical distance shells. A summation over

all chemical distance shells recovers the usual site probability p(s,n). A mean field
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approximation is now made to the function p(s,l,n) given by
p(s,1,n) = g(s,1) p(l,n) (2.32)

where g(s,!) is defined as

1 ifsite s is in shell {
g{s,l) = (2.33)
0 otherwise

The function g(s,[) is purely geometrical, and it follows that the number of

sites contained in the [th shell is given by

G() = X005, (2:34)

s=1

and the total number of sites in the cluster up to chemical distance [, is given by
lo

S)=>Y_ G . (2.35)
i=0

The entire time dependence of Eq. (2.32) is contained in 5(l,n) which gives the
mean probability per site that the walker is located at chemical distance [ at time
n. In other words, if p(I,n) is the probability for the random walker to be located

in chemical distance shell [ at time n then

- _ pli,n)
all,n) = —G(l) . (2.36)

Physically, the approximation ignores the fluctuation in probability among sites
at the same chemical distance from the origin. This approximation should be valid
if the fluctuations in p(s,n) are small compared to the mean value p(i,n). As an

explicit check, Fig. 2.13 shows a normalized distribution of the ratio p(s,n)/5(l,n)
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obtained from 600 random epidemic growing clusters generated from a seed site.
Before normalization, a histogram was created by counting the occurrence of all
ratios p(s,n)/p(l,n) within a given chemical distance shell from all the clusters
generated. These distributions (one per shell) were found to be the same for differ-

ent chemical distances provided y = I/n}/%v is constant, where the exponent d', is
P y _ p ’

defined through the relation (i(n)?) ~ n?/%. Furthermore, the distribution broad-
ens as the scaling variable y increases. This sort of behavior suggests multifractal
characteristics in the diffusion process[57]. As Fig. 2.13 suggest, the approxima-
tion is good for y = 3 or less, but becomes poor as y increases. Fortunately, the
region where the approximation becomes extremely poor is in the tail of the p(l, n)
distribution where the discrepancy is less important because of the rapid decay in
p(lyn) aslfn — 1.

Using the approximation of Eq. (2.32) the mean squared displacement can be
calculated by

(R~ 3 STRIT()]5(,7) | (2.37)

where T (1) is the moment of inertia tensor of the Ith shell about the origin. A
further mean field approximation is now made by replacing p(I,n) by its configu-
rational average denoted by p(I,r). Our motivation for this approximation is that
it is plausible for any typical cluster of the ensemble to share similar dynamics in

the mean probability per site because local spatial fluctuations should not influ-

ence the overall scaling property which is believed to be the essential feature. It is
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Figure 2.13

The probability density of the ratio of the site probability divided by the average
probability per site over the set of sites contained within the same chemical distance
shell. All the distributions collapse as functions of | and n into one curve such that
. I/nYd =y A different distribution results for each value of y.
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possible that the dominate fluctuations in the mean squared displacement derive
from local spatial fluctuations. If this is the case, then a configurational average
effectively smoothes over the non-essential properties.

A subtle point to this approximation is that the simple substitution of the
configurational average, #(l, »), in place of j(I,n) will not allow for pfoper nor-
malization. This is because the normalization of p is dependent on the cluster

configuration:

ij(l)ﬁ(l,n) = gp(l,n) =1. (2.38)

{=0

Thus, in order to preserve this form of normalization, we must replace f(l,n) by

B(l,n)/C(n) where C(n) is a normalization coefficient defined by

C(n) = f:G(I);’;(l,n) (2.39)

=0
which depends on the structure of the cluster through G(!). Therefore, this second

mean field approximation retains some of the cluster to cluster fluctuations within

the normalization coefficient.

More generally, a position correlation matrix can be defined as
P(n) = (f(n) R (n)) (2.40)

which in two dimensions is explicitly given as

B n) = (z(n)z(n)) (z(n)y(n)) . (241)

(y(n)z(n)) (z(n)y(n))
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Analogously, a geometric matrix T (1) is defined as (remaining in two dimensions)

f(1)=§ z(s)z(s) =(s)y(s) ool) | (2.42)

=] u(s)z(s) z(s)y(s)

which can be extended to three dimensions as well. The position correlation matrix
allows the study of anisotropic diffusion. With these definitions it follows that the

mean field expression for the position correlation matrix is given as

o o TR T()(Tn)
P ™ e G R (243)

The result of Eq. (2.43) leads to a nice physical picture of the diffusion process.
If m were independent of /, then the position correlation matrix would just
equal the radius of gyration tensor. However, §(l,n) is a time dependent weight-
ing function that determines the relative importance of the sites within chemical

distance shell I. The usefulness of Eq. (2.43) becomes clear when we consider

the scaling properties of p(l,n). The function p(l,n) is expected to have the same

emietmiiittnn.

scaling behavior as p(I,n)/G(l). Havlin et al.[55] showed from exact enumeration

of random walks that p(l,n) has a scaling form given by
Ip(l,n) = y*exp(—~by®) , B, =19%0. (2.44)

when using the similarity variable y = [/n1/% as before. The relationship S(I) ~ I

defines the exponent d;. Noting that G(I) ~ al®~! we make the scaling anzatz that
B(l,n) = ®(y)n~4/? | (2.45)

where d, = 2d;/d', is the same spectral dimension as defined earlier.
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From 400 breath-first generated clusters of chemical distance { = 200 and an-
other 400 clusters of chemical distance of { = 400 and using four different time
frames at time sieps 500, 1000, 2500 and 5000 the scaling properties of (I, ) has
been checked. With the values of d, ~ 1.30 and d!, ~ 2.54 as determined by Havlin
et al.[35] we indeed observed scaling. The smoothed plot for the scaling function
®(y) is shown in Fig. 2.14. In addition to (I, n), we have observed scaling in the

following fluctuations given by

o(p(s,,n) — p(l,n)) = Ag(y)n~%/ (2.46)

B n)2 — 5, n) )/? = Ad(y)n~4/2 (247)

where ¢ in Eq. (2.46) refers to the root mean square of an ensemble of sites s
contained in shell ! of one cluster. The scaling functions A¢(y) and Ad(y) are also
presented in Fig. 2.14. We find that the fluctuations defined above are of the same
order as the mean probability density per site and furthermore, from Fig. 2.13 we
can expect these deviations from the mean to be a few orders of magnitude for
large y. However, the essential physics can still be captured in Eq. (2.43) since
P(l,n) decays rapidly over many decades for large y.

The | In[®(y)] | is plotted against y on a Log-Log plot in Fig. 2.15. The
scaling function ®(y) is found to be approximately a stretched exponential for large
values of y with the power 8, = 1.65 £ 0.05. We note here that this value of g, is
consistent with the theoretical prediction of Havlin et af[55] that 8, = d', /(d!, —1),

P

although they were considering the scaling of Ip(l,n) (not p(I,n)). The direct
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The scaling functions ®(y), Ad(y) and AP(y) are plotted against the similarity
variable y = I/n/% with [ having a range from 0 to 400. The symbols specify
different times: 0O, n=500; (), n=1000; A, n=2500; ¢, n=5000 and the solid
lilnes are obtained from smoothing the collapsed data. In this plot d, = 1.30 and
d,, = 2.50.
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scaling of p(l, n) was also checked, and was approximately equivalent to the product
#(1,n) x G(I). For large values of y there is no difference between the average of
the product to that of the product of the averages. Moreover, the exponent 3,
remained the same.

Although the data in (fig. 2.14 and 2.15) pertain to breath-first generated
clusters, the same results were found for the epidemic growth generated clusters.
With 600 epidemic growing clusters and 800 breath-first search generated clusters
totaling to 1400 clusters, it is found that the best data collapse was obtained when
d, = 1.30+0.02 and &', = 2.47+0.05 yielding the power §, = 1.65%0.05 as above.
The uncertainties in these numbers were determined from the extreme limits on
successful data collapse.

As a consistency check, the configurational average of the position correlation

matrix as given in Eq. (2.43) should reproduce the correct time dependence for

the mean squared displacement. In this case, it follows that

2y ZReTRIT ()50
(R(n)") RO (2.48)

Performing a configurational average over an ensemble of clusters of a given chem-
ical distance, the asymptotic scaling behavior of the time dependence can be ob-
tained from Eq. (2.48) by simply replacing TR[’I'. ()] (simply denoted as T,(1))
and G(I) by their configurational averages. Since G(I) ~ {*~! and as we have pre-

viously shown[51] T, (1} ~ I% where dj = (2 + d;)d;/d;, it follows that the leading
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Figure 2.15

The | In ®(y) | is plotted against the similarity variable y on a logarithmic scale.
The symbols specify different times: O, n=500; O, n=1000; A, n=2500; o, n=5000
and the solid line is obtained from smoothing the collapsed data. The scaling
function ®(y) is asymptoticly a stretch exponential with the power 8, = 1.65+0.05
when chosing d, = 1.30 and d', = 2.50.



time dependence at long times of the mean squared displacement is given by

nlér-D/ds [5° yd1-1 @(y) dy

nldi—1)/d}, [ y%1 9(y) dy ) (2.49)

{(R?(n)) ~

where summations have been replaced by integrations. Noting further that d;/d’,

is equal to d;/d,,, we finally obtain
(R%(n)) ~ n*/% | (2.50)

Thus the correct power-law dependence of the mean-square displacement is recov-
ered.

The initial motivation for constructing a position correlation matrix was to
study the anisotropic properties of diffusion on ramified clusters. At each time
step the position correlation matrix for a given cluster can be diagonalized. In two
dimensions, a measure of the anisotropy is taken as the difference of the minimum

from the maximum eigenvalue of the position correlation matrix. In particular, let
(AQ(n)) = (4()*) maz — (4(1)*)min (2.51)

where (g(n)?}maez,min denote the eigenvalues of the position correlation matrix at
the nth time step. It has been found that

189 ., g.36 (2.52)

(R2m))
independent of n for n > 100. Therefore, the degree of anisotropy remains roughly
a constant. This result is similar to the geometric anisotropy[48]. These results
imply that an ensemble of walkers starting from a common origin will diffuse

anisotropicly.
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The approximations made in Eq. (2.43) are assessed by studying the evolution
of the position correlation matrix first by numerically calculating the righthand
side of this equafion for a set of randomly generated clusters and then comparing
these results with the actual ones obtained from the exact enumeration method.
Within the anomalous diffusion regime (a < n'/% < £) we have incorporated the
scaling form for (I, n) explicitly. This reduces Eq. (2.43) to

s IS T () e(int) dI

P) ~ T 60 o (i) d (2.53)

where again the summations have been replaced by integrals.

The evaluation of the righthand side of Eq. (2.53) consisted of generating a
cluster, calculating the number of sites and the moment of inertia tensor for each
chemical distance shell, and then numerically summing the integrals using the
smoothed numerical fit for the scaling function ®. To facilitate this, the scaling
function is stored in a table consisting of y and ®(y). The scaling variable is
calculated for each chemical distance at each time of interest. The method of
linear interpolation was used to find ®(y) for values of y not contained in the
table. Furthermore, reasonable comparison is expected for n}/% > a where the
scaling form for 5(I, n) is valid.

A plot of (R(n)?) and {AQ(n)) verses n on a logarithmic scale is given in
Fig. 2.16 for both the mean field approximation and the actual data from a
configurational average over 23 clusters. Also in Fig. 2.17 the typical accuracy of

the approximation for the mean-square displacement is presented for two different
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clusters out of the set of 23 clusters. Clearly, the approximations are excellent over

the whole range of n studied.
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Figure 2.16

Comparison of the mean field results to the exact results of a configurational aver-
age over 23 clusters for (R(n)?) and (AQ(n)) verses n on a logarithmic scale. The
mean field result for {R(n)?) is denoted by a O and (AQ(n)} is denoted by a ().
The solid lines going through the symbols are the exact results.
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A typical plot of (R(n)?) verses n on a logarithmic scale for two different cluster
realizations. The symbols (O and () correspond to the mean field calculation for
each cluster and the solid lines give the exact results.
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3. BROWNIAN MOTION WITH LONG TIME CORRELATIONS

3.1 Anomalous Diffusion

An anomalous diffusion process may either be a very surprising result or an
obvious one depending on ones perspective. As discussed in Chapter 1 at great
length, the normal diffusion process can be summarized very simply by the mean
squared displacement of the random motion of particles being proportional to time
at long times. By definition, a diffusion process is determined to be normal or
anomalous by its asymptotic properties of the mean squared displacement being or
not being linear in time. Faster than normal diffusion has been noted in turbulence
by Richardson[59] where {R()?) ~ t>/2 had been observed as early as 1926. From
the defining relation that (R(t)?) ~ t*/?, it follows that in this case d,, = 4/3.
More recently, slower than normal diffusion has been found to occur in fractal
media (d, > 2) as discussed at length in Chapter 2. It would seem that normal
diffusion is a “special case” in that d,, = 2 exactly, however, it is perhaps the most
common case and understandably so because of the powerful central limit theorem
and law of large numbers.

As discussed in Chapter 2, a disordered structure may have fractal character-
istics over a limited length scale (a < L < £). It is often said that up to time ¢,

for which the tracer particle is beginning to explore regions of length scale greater



83

than ¢, the diffusion is anomalous, but this usage of anomalous diffusion does not
follow the strict distinguishing factor originally defined at asymptotic times. If
one is willing to use this weaker sense of the term anomalous diffusion, then the
concept of normal diffusion becomes more restrictive in that the mean squared
displacement should be linear in time at all times. If this is the case, anomalous
diffusion (in this weaker sense) is not surprising at all, and “normal” diffusion will
not be so common because usually the short time behavior in the mean squared
displacement is more complex than a linear time dependence.

The mean squared displacement is related to the velocity-velocity correlation

function or more simply velocity auto-correlation function (VACF) by the obser-
vation that

R(t))e, / dt, j dtz (5(tr) - 5(t2))eq - (3.1)
The correlation function is time translationally invariant, therefore, by suitable

change of variables and reordering of the integrations it can be shown that

(R( t)’)_ztj(ut) 5(0)) ¢’ -2] #(t') - 5(0)) dt (3.2)

where the subscript eq has been dropped. Often times the VACF is a rapidly
decaying function of time, such as an exponential decay, as modeled by the simple
Langevin equation from Chapter 1. The full time dependence for the mean squared
displacement from an exponentially decaying VACF has been given in Eq. (1.19).
Clearly at long times, the mean squared displacement is linear in time, and thus

the diffusion process is normal.
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Generally, an exponential decay in the VACF is an over simplification. It has
been shown from molecular dynamic studies by Alder and Wainright[60] that in
three dimensions the VACF for self diffusion in hard-sphere fluids at long times
deviate from an exponential decay. At long times there is a positively correlated
VACF decaying as a power-law ~ C(t/t,)"%/% with C > 0 for two and three
dimensions where ¢, is the mean collision time. This positive long time tail is a
non-Markovian effect[62, 60, 61] caused by hydrodynamic vortex modes that couple
to the diffusing particle.[62, 63] As another example, negative correlated long time
tails were found by computer simulation of the Lorentz gas model. Basically, the
Lorentz gas model consist of a tracer particle in the presence of a low concentration
of fixed scatterers. The mechanism responsible for these negative correlations can
be attributed to the particle’s higher probability to be scattered backward than
diffusion without fixed scatterers. From microscopic calculations[64, 65, 66], the
VACF should decay as ~ —t~(¢+2/2 however, there had not been satisfactory
agreement with simulations{66, 67] until very recently[64]

A simple look at Eq. (3.2) can help categorize what type of VACF will lead to
anomalous diffusion (in the strict sense) or to normal diffusion. Since asymptotic
power-law decays have been found in the VACF for various systems as the above

examples demonstrate, we choose to consider a VACF of the form
Cu(t) = (v(t) - 9(0)) ~ c,t™ asymptotically. (3.3)

The VACF will be considered to be equal to the leading contribution as given



85

above for times ¢ > T, and for times ¢t < T the function is left unspecified. Then
by direct substitution into Eq. (3.2) the mean squared displacement for times

t 2 T is found to be

4

By(T)t + m=525t*" — By(T) a#l,a#2
(R(t) =1 AT)t+ctlnd —c(t—T)— AT) a=1 (3.4)
B,(T)t —-c,In% — ¢, — A(T) a=2

with the following definitions:

T
A(T) = jo C.(2) dt (3.5)
T
A(T) = /0 1C,(t) dt (3.6)
B,(T) = AoT)—+==T""° (3.7)
B(T) = A(T)-z==T"" . (3.8)

From these results, Table 3.1 is constructed to list the different cases for which
anomalous or normal diffusion occurs. This list is complete for simple power-
law decays, although other situations are possible. For example, the leading time
dependence in 2 VACF that has an oscillatory component may not correspond to
the leading time dependence in the mean squared displacement. For a system in

equilibrium, the VACF is related to the mean squared displacement as

-1

2
Cult) = {30) - 50N = - T (R(Y - (39)

Thus it may be the case that if (R(t)?) ~ At¥% then ¢, = A2/d, (2/d, — 1)

and a = 2/d, — 2, however, if there is an oscillatory component in the mean
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squared displacement such as t2/4v~% cos(wt) where 0 < z < 2, then the leading
characteristic of the VACF will be oscillatory given by —w?t?/w—= cos(wt). More
details are given by Muralidhar et al[32] about the asymptotic properties of the
VACF and mean squared displacement. The important term that determines the
type of diffusion process is the leading asymptotic non-oscillating term in the
VACF.

Both fast and slow anomalous diffusion necessarily arises from long time tails in
the VACF for which a characteristic time scale is not present. For slow anomalous
diffusion the first moment of the VACF will diverge {(ie. A;(T — o0), but this is
not a sufficient condition because the zeroth moment is required to equal zero (ie.
A,(T — o00) =0 ). The absence of a characteristic time scale alone implies that
the stochastic process is non-Markovian in character because the tracer particle
retains memory of its past velocity. The stochastic process for slow anomalous
diffusion was modeled by a Markovian random walk in Chapter 2 at the expense
of specifying the entire configuration. If one restricts the random variables to
velocity space, then the past history of the velocity can be used in a Langevin
formalism to be discussed in the next section. No unit of time can be chosen for
which the past history of the tracer particle can be neglected and thus the central
limit theorem does not apply.

Another way to characterize the diffusion process is to study the various cor-
relations in the frequency domain. Making use of the Fluctuation-Dissipation

Theorem(5], the frequency dependent self diffusion coefficient is defined as the
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complex Laplace transform of the mean squared displacement of the tracer parti-

cle. In particular, the frequency dependent diffusion coeflicient is given by
—w? foo 2 —ut
D(w) = o [0 (B(8)%)ope™ dt (3.10)
where the Laplace variable u is taken to be
u=7—w in the limit  — 0% . (3.11)

The derivation of Eq. (3.16) was given by Scher and Lax[68] applied to hopping
models. However, in this thesis the complex conjugate of their expression is used.
The choice of using the complex conjugate of their expression comes from hind-
sight, so that in Chapter 4 the expressions for Drude-like mobilities will agree with
convention.

A more conventional definition for the frequency dependent diffusion coefficient
is given by

D(w) = —é% / (5(t) - 5(0))eqe" dt (3.12)

which is equivalent to Eq. (3.10) provided that at small times the time dependent
diffusion coefficient goes to zero. In other words, % (R(#)?)ce]t=0 = 0 which is a
physically reasonable condition to satisfy. However, in hopping models the time of
flight between hops is taken to be instantaneous (surely an unphysical assumption)
in comparison to the mean waiting time at a site. Therefore, in these cases the two
expressions from Eq. (3.10) and Eq. (3.12) can be made equivalent by introducing

a Dirac delta function for the VACF in Eq. (3.12) at t = 0.
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Additional motivation to calculate the frequency dependent diffusion coefficient
and focus on the self-diffusion properties of charge carriers is to find the electrical
conductivity. The electrical conductivity for a system of charge particles is given

by the Kubo formula[6],

1
VdkgT

o(w) = [TG® 5(0)ege at (3.13)

where V is the volume of the system and J is the current density. Since J = gé(M)v,

it follows that Eq. (3.13) and Eq. (3.12) can be matched to obtain the Einstein

relation generalized to all frequencies so that

ng?
kBTD(w) (3.14)

o(w) =
where n is the charge carrier density and ¢ is the charge of one carrier.

The generalized Einstein relation [69)] of Eq. (3.14) is a very simple result but
not valid in general. Some restrictions include, one type of charge carrier, non-
interacting particles and no spatial dependence in the transport coefficients (ie
o(Z,w)). The first restriction is for convenience, and could be relaxed if necessary.
The second restriction derives from a fundamental assumption which works surpris-
ingly well. Finally, the third restriction of spatial homogeneity for the transport
coefficients for homogeneous disordered systems is usually not a practical prob-
lem because the wave length of the probing signal is large enough to self-average

the disorder. The pertinent information about the structure of the disorder is

contained in the time response of the mean squared displacement or VACF.
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If the mean squared displacement is linear in time at all times, then D(w) = D
at all frequencies characteristic of normal diffusion. If the diffusion is anomalous
with a long time tail in the VACF of the form ~ {72, it follows from the complex
Laplace transform that D(w — 0) — w™"! for a # 1. More generally, deviation
from a constant diffusion coeflicient is considered to be anomalous diffusion in the
weaker sense where it is expected that the same power-law dependence in D(w)

will be present at high frequencies but over a limited frequency range.

3.2 The Generalized Langevin Equation

The Langevin equation from Chapter 1 attempts to model the dynamical nature
of the forces acting on a tracer particle. The forces acting on the tracer particle
were broken into a systematic part and a random part. Once the separation is
made, the systematic part defines a linear equation in terms of velocity (only
linear systems should be used in the Langevin approach[12]). The random part is
considered to be an external driving force acting on the linear system, therefore,
the Langevin equation becomes a stochastic linear differential equation.

A linear differential equation may describe the response of a certain hinear
device in many engineering applications. The output of some system is determined
once the input (or forcing function) is known. Noise in the input signal will affect
the response of the system, but Athere is no special relationship between the kind
of noise present to any characteristic of the system. In contrast, the Langevin

equation must be designed so that the response of the system is self-consistent
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with the driving force in order to maintain equilibrium.[70] Thus the random part
of the force and systematic part are not independent at all.

A generalized Langevin equation[32] is required to describe the dynamics of
Brownian motion with long-time memory of the tag particle’s velocity. For

isotropic media we can write,

-gt-v(t) = —/_:o k(t —t)v(r)dr + % , (3.15)

where M is the mass of the tracer particle, and the systematic frictional force
is represented by the memory kernel £(t). The random force f(t) represents the
rapid thermal fluctuations and is required that (f(¢)) = 0 and (v(0)f(t)) = 0 for
t > 0. The systematic forces are those that are correlated to the velocity and
ultimately describe the macroscopic response of a systemn that has been perturbed
slightly from equilibrium. The random force is projected out from the total force
such that it is uncorrelated to the velocity. This defining constraint provides a
self-consistent dynamical equation, and when combined with the assumption of

stationarity leads to the second fluctuation dissipation theorem

(flte + V() _
=R (3.16)

The generalized Langevin equation considered above applies to isotropic media.
However, as demonstrated using two dimensional percolation clusters in Chapter
2, the diffusion process is typically anisotropic about any starting point. Fortu-
nately, we have observed numerically that when stationary initial conditions are

used the diagonal terms of a velocity correlation matrix (defined by the elements



91

(vi(t)v;(0))) are nearly equal to one another, but typically two orders of magni-
tude larger than the off-diagonal elements. The result of using a stationary initial
condition is to a,-vera.ge over all the locally preferred directions, thereby regaining
essentially isotropic diffusion. Therefore it is justifiable to consider an isotropic
memory kernel as done above.

With the use of Eq. (3.15) and the stated properties of the random force, the

Laplace transform of the VACF is related to the friction kernel by

5 1
CU(Z) = ;T-I:CTZ_)- (317)

Noting the asymptotic properties of the VACF in the time domain from the pre-
vious section, it follows that lim),|¢ #(z) = 0 implies anomalous fast diffusion.
Furthermore, limy,;)_o %(z) — oo is a necessary condition for slow anomalous dif-
fusion. The memory kernel, in the Langevin formalism, accounts for the effects of
the media in a mean field way with all structural details of the disordered media
lost. As demonstrated by R. Muralidhar, et al[51} a memory kernel of the form

C

k(1) = mr"’ (3.18)
where I'(z) is the gamma function is sufficient to produce slow anomalous diffusion.

It is noted here that the generalized Langevin equation can be used to simulate
diffusion in fractal media once the statistical properties of the random force are
determined. The random force has been determined not to be distributed as a

Gaussian[56] in the case of diffusion on two dimension percolation fractals. Rather

the probability density in the magnitude of the tracer particle’s displacement was
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found to be a stretched exponential. It appears that the random force must be
chosen to be a non-Gaussian fractional noise. The generalized Langevin equation
has the potential to serve as a starting point to derive partial differential equa-
tions of diffusion (the analog of the Fokker-Planck equation) which would serve
as an equivalent mean field characterization of ihe fractal media. This approach,
however, has not been pursed in favor of using a master equation.

3.3 The Continuous Time Master Equation: The Mapping to a Discrete Time
Random Walk

The central quantity of interest in the study of Brownian motion is the prob-
ability density P(F,t | 75, 0) which also gives the diffusion profile. In applications
of thermally activated hopping transport[71, 72], including atomic diffusion in
solids[73, 74, 75], the allowed particle locations are discrete. On the other hand, if
the movement of the particle is in the continuum as in the case of an electron in a
metal, the trajectory of the particle will be coarse grained. Therefore, the Brow-
nian motion will be characterized in this thesis with the function P(m,t | m,,0)
where m defines an “allowed state”. Then P(m,t | m,,0) is the probability that
the random walker is in state m at time ¢ given that it was in state m, initially.
Note that the state m may simply refer to a given site in a cluster as before, but
it may be more complex than that.

The Brownian motion will be modeled by a continuous time master equation{33,
34] written as

2 P(mt ] m,0) = —7(m) Pm,t | me,0) + 3 T(m,m) P(m', | mo,0) (3.19)
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where y(m) = Y. I'(m’,m). This equation defines a stochastic Markov process
where ['(m,m,) > 0is the rate at which a particle attempts to change its state from
m, tom. The first term on the right side of Eq. (3.19) is the total rate at which the
particle will leave state m. The net change in the occupation probability of state m
is equal to the flow of probability. into minus the flow out of state m. The rates are
assumed time independent because we restrict our attention to static disordered
configurations and to a system of independent particles. The probability flow into
or out of a state at time ¢ is determined at a single instant of time, therefore, no
memory of the particle’s trajectory is required.

The continuous time master equation can be mapped into a discrete time ran-
dom walk with exponential waiting time distributions[9, 33]. Multiple waiting time
distributions arise in static disordered systems because the diagonal terms {y(m)}
are not identical. Note that waiting time distributions other than exponential can
be considered[9, 68, 69, 76], but these models do not map to a simple master equa-
tion. The most straight forward way to accomplish the mapping is to consider
two random processes at once. For example, if a random walker just entered state
m, at time £ = 0, then for each infinitesimal time dt the probability for escape
is 4(m,) dt and the probability to remain in state m, will decay exponentially as
exp(—v(m,)t). Once the particle does exit state m,, it will enter state m; with
probability given by the ratio I'(mi,m,}/v(m,). The instant the particle enters
state m; the process continues as described above. Clearly one random process

corresponds to a sequence of waiting times and the other to a discrete time ran-
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dom walk. Usually it is assumed that I'(m,m) = 0 for all m because a nonzero
diagonal term contributes nothing to the right side of the Eq. (3.19). By remov-
ing this assumption, however, we are able to reduce the entire set of exponential
distributions to one distribution function.

For convenience, Eq. (3.19) will be rewritten in matrix notation as
9 . .
5P = [T =4]P() (3.20)
with the initial condition that P(t = 0) = 1. When the master equation is scaled to
a time scale that is at least as fast as the fastest process occurring in the system,

then it will be shown that only one waiting time distribution is necessary. To

accomplish this let 4., 2 max{y(m)}. A new matrix will be defined as

W=l =2 (3.21)
77713:
and it has the properties that 0 < w(m,m,) <1 for all {m,m,} and that
Y w(m,m,)=1 foralm, . (3.22)

m

Therefore, the matrix W is interpreted as a transition probability matrix. The
matrix W retains all the appropriate variations in jump rates defined by the original
equation as well as all the spatial information throughout the system. The master

equation can now be expressed as
g - - Al =
:'it-P(t) = Ymax [W - 1] P(t) (323)

and has a formal solution given as

-~

Py =y mazt) wn (3.24)

n

ne—'vmnt
!

n=0
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The formal solution for the continuous time master equation involves a single

Poisson distribution which will be denoted as

n,=Ymazt
(Ymest)"e . (3.25)

n!

h(Ymast, n) =
The function h(z,n) gives the probability that n random events occur within the
unitless interval z = 4,,,.t. The entire random time process has been successfully
decoupled from the random walker’s trajectory. The different waiting times that
exist for various states are now accounted for by the diegonal terms of the
transition probability matrix. A diagonal transition described by W is a random
event, although a change of state does not occur. Note that the blind ant model
from Chapter 2 Section 3 is an example where diagonal transitions are random
events. The diagonal transitions correspond physically to “wasting time” and thus
accounting for the true waiting time.
Given that the position vector of the particle in state m is given by r{m), the

mean squared displacement is given by

(R()?*) = 3 | #{(m) = 7(m,) | P(m,t|m,,0)Py(m,) , (3.26)

m,me

where P, is the initial probability distribution. Using the above expression for the
mean squared displacement in Eq. (3.10), it follows that the frequency dependent

diffusion coefficient can be expressed as

D) = 57— T (R(n)?) ! . (3.27)

d"’mu n=0 (1 - 1_“‘_)11-*-1

Tmaz

The above expression for D{w) is not too useful because as the summation is

carried out its convergence properties are quite bad. Usually (R(r)%) — oo as
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n — oo unless the particle is trapped in a finite region. An integration by parts
can be performed in order to arrive at an expression which has better convergence
properties. Effectively, the derivation can easily be done within the framework of

discrete time. The mean squared displacement can be written as
(R(n)?) = (R(n +1)*) = De(n) (3.28)

where D,(n) was defined in Eq. (1.20) as a local slope. The subscript e indicates
that D is a function in terms of random events. Substituting the above expression

into Eq. (3.27), it follows after one resummation that

D(w) = ZD( ) T oy m),,“ (3.29)

n=0
where T = 1/%pnaz. This new expression for D(w) contains the same information
as Eq. (3.27) except that it has better convergence properties. For example, for
normal diffusion at long times the mean squared displacement diverges linearly,
yet D.(n) goes to a constant.

Since integration by parts worked so well, it is tempting to do another one.
However, in order to arrive at a simple and useful expression, the restriction of using
stationary initial conditions is required. Although stationary initial conditions
should be used when calculating equilibrium fluctuations in Eq. (3.27) or Eq.
(3.29), these formulae do not a priori assume this to be the case. In contrast, it is

now explicitly assumed that stationary initial conditions are used so that

D.(n)=D.(n+1)-2(p{n+1)-p(0))ey forn>0 (3.30)
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and (p(0)%)., = D.(0) where § is a nearest neighbor displacement vector. Once
these relations are taken advantage of, Eq. (3.29) can be partially resummed

agained with the final result given as

N
D, N) = 5= [(p(0)e + 23 () A0V =iy ] 83D

where an explicit cut off NV in the number of terms summed over has been in-
troduced. The true diffusion coefficient is obtained in the limit that N — oo,
although often times Eq. (3.31) will converge at w = 0 very quickly.

It is interesting to note that using D(w) from Eq. (3.31) and combining it with
the general expression of Eq. (3.12), the continuous time velocity auto-correlation

function (VACF) can be related to the step displacement auto-correlation function

(SACF) as

2 o0
(3(2) 90)eq = T2 et 30 () F(O))eq blmects )

+ (p(0))er T2 6(1) (3.32)

The singular part will always be present as a consequence of using the frame work
of hopping transport because the particle waits for a random interval of time in
a state and will then make a transition to another state in a time much shorter
than the average waiting time. The time of flight is so small that there is no short
time structure to be characterized. The singular part is a consequence of modeling
the time of flight between states as instantaneous but is an unphysical artifact in

the case of a coarse grained model. Therefore, a coarse grain length scale sets
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a limit to the high frequency response. In other words, although the details of
the short time behavior cannot be determined, the long time behavior is correctly
represented using a delta function impulse.

Again considering a simple random walk, the SACF is zero for all time steps
n > 1 and at n = 0 (p(0)?)., = a*. Therefore only one term is present in Eq.
(3.31) to find that D(w) = a?/2dr at all frequencies. The other expressions for
D(w) of Eq. (3.27) and Eq. (3.29) would have required an infinite number of
terms. As this example demonstrates, the rate of convergence is much faster by
considering the SACF rather than the mean squared displacement of the random
walker. Therefore, in the next section the myopic and blind ant models will be

considered again, but in terms of the SACF.

3.4 Example: Blind and Myopic Random Walks

The blind and myopic ant random walks have been discussed in Chapter 2
Section 3 and explicitly defined in Eq. (2.27) and Eq. (2.25) respectively. The
focus of that section was on the mean squared displacement and the calculation of
the walk exponent d,,. In this section, the focus will shift to the step displacement
auto-correlation function (SACF). First some numerical results for the blind and
myopic ants will be presented. The behavior of the SACF for the myopic ant is
found to be more complex than that of the blind ant. The SACF will be analyzed
by decomposing an expression involving the transition probability matrix into an

eigenvector expansion. Some exact properties, and general scaling arguments are
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given; including the conjecture that the envelope for the oscillations in the my-
opic SACF on bipartite lattices decay as a power-law with exponent given by half
the spectral dimension. Furthermore, the spectral dimension has been numeri-
cally determined for the square, simple and body centered cubic lattices. Finally,
the SACF from the blind and myopic walks are used to determine the frequency

dependent diffusion coefficient.

3.4.1 Complexities in Autocorrelation Functions

The SACF will be denoted as C,(n) to simplify the notation. A typical SACF is
shown in Fig. 3.1 for the blind ant on a square lattice. Unless otherwise stated, the
function C,(n) is calculated using stationary initial conditions as calculated from
the transition matrix. From the same data set that was used for the mean squared
displacement, as shown in Fig. 2.7, the SACF as plotted in Fig. 3.1 is from a blind
ant on one percolation cluster in a (p. = 0.593,S = 5000) ensemble. The decay in
the SACF appears to to be very rapid, but in fact the decay is algebraic. The first
several time steps have been omitted for clearity. It is observed that C,(n) < 0 for
n > 0 with C,(0) being the only positive correlation. In particular, C,(0) = a*{/z
for the blind ant on lattices having all equal nearest neighbor bond lengths. For
example, the average number of bonds per site was found to be ¢ = 2.5100 for the
cluster used in Fig. 3.1 and with a =1 it follows that C,(0) = 0.6275.

Assuming that (R(n)?)., ~ An%*4v  then the SACF is expected to decay as a
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Figure 3.1

The step displacement auto-correlation function (SACF) for the blind ant on a
given percolation cluster generated on the square lattice in the (p. = 0.593,5 =
5000) ensemble is plotted above. The resulting mean squared displacement from
two summations has been plotted in Fig. 2.7.
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power-law such that

12,2 a,

() - A0))es = Cplm) ~ 57 (5 — D (3.33)

where d, = 2 — 2/d,, analogous to two differentiations in continuous time. As
calculated using Eq. (2.19), the SACF is plotted in Fig. 3.2 on a log-log scale ver-
ifying the above expectations. For example, from the mean squared displacement
it has been found that A ~ 1.00+0.13 and 2/d,, = 0.706, thus predicting that the
amplitude of the SACF should be A’ ~ 0.105 and d, ~ 1.29. As determined from
Fig. 3.2 with A’ = 0.076 £ 0.004 and d, =~ 1.25 it is seen that rough agreement
is obtained. Moreover, the simple power-law behavior that is found for the blind
SACF from differentiating the leading term in the mean squared displacement
twice is observed for all lattices considered.

Of course we expect deviations in C,(r) from a pure power-law decay since the
mean squared displacement itself has various corrections associated with the free
boundary conditions. This is why only rough agreement is obtained when simple
log-log plots are compared. Furthermore, it would be possible to see a crossover
from a power-law to an exponential decay if the random walk is calculated to
extremely long times. This crossover is caused by the fact that the transition
probability matrix is of finite size so that the largest eigenvalue less than one will
become the dominant contribution[77) in the limit n — oo. However, this crossover
is not of interest here, and as discussed before, this time regime is easily avoided.

Because the mean squared displacement saturates to a maximum value, the local
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Figure 3.2

From Fig. 3.1 the magnitude of the SACF, denoted as | C,(n) | and represented by
a O symbol, clearly decays as a power-law as demonstrated on the above Log-Log
scale. Also plotted in this same figure is the magnitude of the two parts of the
myopic SACF denoted as | C,(n) | and | C,(n) | and represented by the O and
A symbols respectively. Both the myopic and blind ant data are from the same
cluster generated in a (p. =~ 0.593,S5 = 5000) ensemble. It is noted that C,(n) of

the blind ant is essentially the same as C,(n) of the myopic ant.
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slope D.(n — oo} — 0 implying that

C,(0)+23 Cofn) =0 . (3.34)

n=1
The crucial point of this sum rule is that the negative correlations are collectively
important over long times.

The SACF for the myopic ant on the square lattice is plotted in Fig. 3.3 for the
same cluster used for the blind ant above. The first several points are not plotted
for clarity. We note that C,(0) = a? for the myopic ant on lattices with equal
bond length where a = 1 for the square lattice. There is a remarkable difference
between the myopic SACF to that of the blind SACF. As clearly seen, the myopic
SACF undergoes a change in sign at each time step where a positive (negative)
correlation in the step displacement relative to the initial step displacement is
found at all even (0dd) time steps. The two curves that form an envelope (one for
the even time steps and one for the odd time steps) are not symmetrical about the
time axis, but rather are skewed downward. These regular oscillations are found
to persist for all time and will generally not decay to zero. A residual oscillation
amplitude of | C,(n — o00) |= 6.595 x 10> was found for the myopic SACF that
was plotted in Fig. 3.3.

The myopic SACF is split into two parts defined by C,(r) = C,(n) + C,(n)
where

Con) = 5 {Colm) + 3 [Cyln = 1) + Cyln + 1]} (3.35)



104

0-010 L] T lo& L) L] L] L l 1] T T T ] T T T T
% .
- °°°oo .
L. OOOOQ —
0.005 0o,
B 00000 4
Co Cco o0 oo
E i .
o 0.000 ‘ -
i oooo°°°°°E
0o© °© _
-0.005 [ oo°°
- o°°° -
- o® i
S ooo -
o
- 0 i
-0.010 NP - B B
0.0 50.0 100.0 150.0 200.0

n (number of random events)

Figure 3.3

The myopic SACF for the same generated percolation cluster as used for the blind
ant in Fig. 3.1 is plotted above. For clarity, all even and odd time steps are plotted
up to n = 50, then every other odd-even pair {(53, 54), (57,58), ...} is plotted up to
n = 100 and finally a skip of two odd counts {(103,104),(109,110),(115,116),...}
is plotted. Note that the resulting mean squared displacement obtained after two
summations has been plotted in Fig. 2.7.
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is the center part of the SACF and
, 1 1
Cy(n) = 5 {Col(n) ~ 3 [Coln ~ 1)+ Cyln 4 1)]) (3.36)

defines the oscillating part of the SACF. The function C;(n) is also positive
(negative) for even (odd) time steps, however, the two envelopes that are formed are
nearly symmetrical about the time axis. Therefore, the envelope of the oscillating
component to the SACF is taken to be the absolute value of C,(n). Although
the terminology has not been used in this thesis, the SACF has been called[41] a
discrete time velocity auto-correlation function for obvious reasons. In this context,
it is noted here that C)(n+1) = %‘-%Cp(n) and is equal to 1/4 times the discrete
time acceleration auto-correlation function.

Similarly the function C)(n) could be split into two parts such that C, =
C’; + C}, and then C} can be split into two parts, etc. If any oscillations are
present at all, then they will show more strongly in higher order correlation func-
tions. This continued process, however, does not lead to any advantage in the
analysis of the SACF. In fact, splitting C,(n) into two parts (C",,,C:,) has been
found advantageous only in cases where there is a strong oscillating component
in C,(n) as usually obtained by the myopic ant. Because the mean squared dis-
placement is obtained from two summations over the SACF, (analogously two
integrations over the VACF) the rapid oscillations that are present in the myopic
SACF sum up into a negligible contribution for the mean squared displacement.

Thus the ever present negative contribution from C,(r) for n > 1 is responsible
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for the anomalous characteristics of the mean squared displacement.

The SACF for the blind ant can also be split into the two parts C, and C,.
However, because C,(n) has a relatively smooth power-law decay, it follows that
C,(n) = C,(n) with no essential difference between these functions. Moreover,
with the exception of the first ten to twenty time steps, the functionvC:,(n) can
be completely neglected since it decays as a power-law with exponent —2 — d,.
Therefore the function C,(n) for the blind ant is compared with é'p(n) for the
myopic ant in Fig. 3.2 on a Log-Log scale. These two functions exhibit the same
power-law behavior. The leading power-law characteristics in the mean squared
displacement of the myopic ant is determined by (:’p(n). Also shown in Fig 3.2 is
the envelope of the strong oscillating component contained in C,(n) as described
by | C,(n}) |- The envelope for the oscillations decay as a power-law but much
slower with an exponent of =~ —0.70.

A strong oscillation envelope for the myopic ant is present when the cluster
is bipartite. A bipartite cluster can be separated into two subsets of sites with a
definite “parity” defined by an even or odd chemical distance. That is, for nearest
neighbor connection rules, a site can only connect to another site with one higher
or lower chemical distance. Obviously, no connections can be between sites with
the same chemical distance. In general, a large randomly generated cluster will
not be bipartite unless the underlying lattice is bipartite such as the sq, sc or bec
lattices.

Three distinct types of characteristics have been found for the SACF for the
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Brownian motion on statistical fractals depending in part on the type of ant and
whether the clusters are bipartite or not. A smooth power-law decay is obtained
for the blind ant on any type of lattice. The myopic SACF will oscillate strongly
with an envelope decaying as a power-law for bipartite clusters. Furthermore, the
oscillation envelope will generally decay to a finite value. For non-bipartite lattices
the myopic SACF will have a oscillation envelope that decays exponentially to
Z€ero.

A comparison of the function | C,(n) | for the blind and myopic ants is given in
Fig. 3.4 for the fcc lattice. These results are from a configurational average over 20
clusters within the (p. = 0.200, S = 1000, 5000, 10000) ensembles for the myopic
ant and the (p. = 0.200,.5 = 5000) ensemble for the blind ant. Also included in
the figure is the results for the myopic ant for the bcc lattice from an average over
100 clusters in the (p. = 0.245,S = 30000) ensemble. The results up to a time
step of 10000 for the blind ant on the fcc lattice and myopic ant on the bec lattice
are independent of the size of the clusters provided S > 1000. The three curves
for the myopic ant on the fcc lattice demonstrate that | C;(n) | has a specific
characteristic time dependence. Unfortunately, large variations in crossover times
(as indicated in Fig. 3.4 as 7; and 7;) prevented us to parameterize the curves as
a function of cluster size.

The oscillation envelope for the myopic ant on the bec lattice decays as a power-
law with an exponent of &~ —0.66 and is the same for the sc lattice at criticality

indicating universality. For the myopic ant on the fcc lattice, there appears to be



108

three distinct regions as indicated by Fig. 3.4. For time steps less then n, the
oscillation envelope decays roughly as a power-law. This power-law regime is very
short lived and the exponent does not tend to follow the bec or sc results. Between
time steps n, and n; the oscillation envelope, | C/(n) |, decays exponentially fast.
Consequently, after time step n;, the myopic C,, is essentially the same as that of
the blind ant. The blind C; does not describe an oscillation envelope but rather a
smooth positive power-law decay.

We expect that the even-odd oscillations in the SACF for the myopic ant is an
indication of a more general result that oscillations with longer period can occur
from multiple scattering events (or equivalently from consecutive scattering of a
random walker from different vacancies.) At sufficiently high dilution the occu-
pied sites on a lattice will form a precarious network with many singly connected
bonds, and thereby reduce the distinctions among different lattice structures. For
example, the myopic SACF did contain oscillations in the close packed fcc lat-
tice. Even in the continuum, ill-connected networks are expected to give rise to
multiple scattering events and consequently develop oscillations in at least some
auto-correlation functions. However, the other important ingredient is to have a
myopic like dynamics for the random walker.

Multiple scattering events also occur on regularly shaped clusters that are com-
pletely filled containing no vacancies, but are bounded by the last chemical distance
shell. In these regular geometric structures, the myopic and blind ants have os-

cillations with an exponential decay in their SACF for bipartite lattices and no
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Figure 3.4

The function | C,(n) | is plotted for 5 different cases. The line with the + symbol is
for the blind ant over an average of 20 clusters of size S = 5000 on the fcc lattice.
The three curves with symbols A, (), O correspond to the myopic ant over an
average of 20 clusters on the fcc lattice of size S = 1000, 5000, 10000 respectively.
Finally, the line with the x symbols is for a myopic ant over an average of 100
clusters of size S = 30000 on the bec lattice. The oscillations in the myopic SACF
on the fcc lattice decay exponentially between n; < n < n, . In this figure, {n;, n;}
refer to the curve defined by the O symbol.
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oscillations for non-bipartite lattices. This gives an indication that oscillations
may be present for mesoscopic and macroscopic disordered media. On the other
hand, these resuits also suggest that a coarse grained model may artificially affect
the oscillations in the correlation functions depending on the choice of a bipartite
or non-bipartite lattice grid. Of. course, the oscillations (if they exist) only play
a role in the fine structure in the description of the random walk. Herein lies the
reason that these oscillations had not been reported earlier by a large body of
literature now available on diffusion on fractals[35, 45] or on various Lorentz gas
models[66]. Obviously, there are a large number of complexities involved which

depend on the details of the medium and dynamical model.

3.4.2 Analysis of the Transition Probability Matrix

To understand the general features of the SACF, Eq. (2.20) will be expanded in
terms of the eigenvalues and eigenvectors of W. In the case of the blind ant W is a
Hermitian matrix (real and symmetric,) thus the eigenvectors form a complete set
and the eigenvalue spectrum is real. Although it is not always possible to diago-
nalize a transition probability matrix, a sufficient condition for diagonalizability is
that a detailed balance relation exits with respect to a positive definite stationary

state vector(12]. For the myopic ant, the detailed balance relation
w(s', s)Vi(s) = w(s, s' YW (s) (3.37)

can be used to transform W into a symmetric matrix W, = M™! WM , where M

is a diagonal matrix with its elements given by /V]. It follows that both the left
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eigenvectors {U, } and right eigenvectors {V, } are complete with a real eigenvalue
spectrum, being identical to the spectrum of the Hermitian matrix W,. As N. Fuchs
became interestéd in calculating the myopic eigenvalue spectrum|78] he notice the
above transformation, and then it was pointed out by R. Muralidhar that this is

a general result.

In general it is possible to construct stochastic models for which W can-
not be transformed into a Hermitian matrix. It can happen that W is not
diagonalizable{12] so that the eigenvalue spectrum is degenerate and the set of
eigenvectors are not complete.[12] If W is diagonalizable without detailed balance,
then a complete set of eigenvectors exist but the eigenvalue spectrum will include
complex numbers where | A |< 1. However, these additional complications are not

present for either the blind or myopic ant models.

The position auto-correlation function for the blind and myopic ants as de-

scribed by Eq. (2.20) reduce to
(7(n) - 7(0)) = T an A” (3.38)
A

where the eigenvalues are real with range —1 < A < 1. The coefficients a, are
given by

ap = [; Valss)(s)] - [; Un(s0)7Ts5)Va(50) ] (3.39)
in terms of the left (U,) and right (Vi) eigenvectors. The eigenvectors are chosen

such that

s
z Ur(s)Var(s) = banr . (3.40)

s=1]



Assuming no permanent traps the eigenvalue A = 1 is non-degenerate, and noting

Uy(s) = 1, the sum rules

s s
Z Va(s) = 6, and z Ur(s)Vi(s) = éan (3.41)

a1 s=1

immediately follow from the above orthonormality condition. These sum rules

can be used to show that with the exception of A = 1 the coefficients a, are

independent of the origin of coordinates. All the coefficients are non-negative as
can be verified easily by working in terms of W,.

Noting that the mth order discrete time differentiation of the position auto-

correlation function is given by

A ) 7)) = S an AT (A= 1) (3.42)
A

dn™

and using Eq. (2.18) it follows that
Co(n) = =D AMA-1)% . (3.43)
A

The higher order correlation functions, which correspond to higher order deriva-
tives, have expansion coefficients proportional to as(A — 1)™ where m = 2 for
Co(n), m = 4 for C}(n), etc. Thus, (A~1)™ is just a kinematic factor that weights
the negative eigenvalues increasingly more strongly as m increases.

We now prove that the eigenvalue spectrum of the myopic ant on a bipartite
cluster is even. We label the sites of a cluster as s;; where ! denotes the chemical

distance shell relative to an arbitrarily chosen seed site, and 7, 1 € j < G(D),
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labels the sites within that chemical distance shell. From the myopic ant rules

(Eq. (2.25)), it follows that
w(sp ity S15) < bpaay (3.44)

If V, is an eigenvector of W with eigenvalue A then consider the vector V'(s;;) =

(—=1)'V(s1;). Then the operation WV” is explicitly given as

> wisigy e i) (=) Valsry) = 3 (=1)* w(sij,sv)Valsey)  (3.45)
'ljl

15

= (—1)"F'AVa(siz) = —AV'(s1;) . (3.46)

As proved by construction V' is an eigenvector, indicating that the eigenvectors

themselves separate out into pairs as determined by the parity, (—1)', of each
component.

Clearly, the —1 eigenvalue is responsible for the residual oscillation amplitude
that is present for the myopic ant on bipartite clusters. From Eq. (3.43) the
residual value for the SACF (defined as C,(o0) =| Cp(n — o0) |) is given as 4a_;
and similarly C)(o0) = 4a_;. An undamped oscillation in a correlation function
physically implies a deterministic process is present. The residual oscillation in the
myopic SACF indicates that if the ant started on an even parity site, then at all
odd (even) time steps it must be on an odd (even) parity site. It is possible that
a_; = 0 even though this deterministic mechanism is present, as in the case of a
diamond shaped configuration on the square lattice. Note that the mean squared

displacement for a myopic ant on a finite bipartite cluster for n — oo will oscillate
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indefinitely such that (R(n)?) = R%, 4+ a_;(—1)" which Eq. (2.29) neglects the
oscillating part.
For finite clusters with free boundary conditions, the coefficient a.; can be
calculated from
ar = (570 () (DO (o) (3.47)

s=1 =1

where I(s) is the chemical distance of site s. If periodic boundary conditions are
used, there may be no saturation in the mean squared displacement, however, a
finite residual value for the SACF will generally occur. An alternative expression
for C}(o0) which can be used for free or periodic boundary conditions as derived

from Eq. (2.24) is explicitly given by

d

Cp(00) = 301 3 05, (57, 86)(=1) N (o) P/ 13 C(8) PP (3.48)

j=1 34.%
The configurational average of C,(c0) is expected to be a function of the size of

the clusters.

3.4.3 Scaling of the Myopic Oscillation Envelope

The dependence of _Cm on S has been argued by Jacobs and Nakanishi[41}
to be proportional to 1/S independent of the fractal nature of the clusters. The
basic argument begins by observing that the residual oscillation amplitude can be

written as a sum over all nearest neighbor step vectors within the cluster. It then

follows that C'(oo) = @ - i where

i=—3 7 (3.49)
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and N; is the number of bonds contained in the cluster. The vectors j; are chosen
to be directed from the positive to the negative parity sites. For homogeneous
disorder, correlations between the set of vectors {g;} are neglected for any large
cluster and/or after a configurational average. The nearest neighbor vectors are
treated as independent random variables where the probability distribution for g
is isotropic. Note that the clusters themselves may be anisotropic because each
cluster is a single realization. Therefore, & = 0 and from the central limit theorm

it follows that C’(o0) ox 1/N;. Noting further that

———

No(S) = 25[1 - AS™ +...] , (3.50)

-1 Pt

we expect m o 1/S to hold for large clusters where the neglect of correla-
tions is more justified and the number of nearest neighbor vectors is proportional
to the number of sites. The results from numerical simulation as summarized in
Table3.2 show fair agreement with the above argument.

The data, in the case of free boundary conditions, were acquired by generating
clusters from a seed site until they naturally stop or reach a maximum allowed size
Smaz. Usually the maximum size was chosen to be 40000. The residual amplitude
C,(o0) (as well as R};) is calculated for a certain set of sizes {S;}. A generated
cluster of size S € S,,.; is used to represent all clusters of sizes S; < S. Thus,
a given generated cluster is broken down into as many subclusters as possible.
Also periodic boundary conditions were used for site percolation clusters on the

square lattice at the critical threshold. The mesh length L was gradually increased
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from 12 to 340 where L is always even to ensure a bipartite structure. The exact
sizes cannot be predetermined, but a good spread of sizes ranging from S = 50
to S = 70000 wé.s obtained. Qur data consisting of a total of 15492 clusters was
binned (for example 10 bins per decade on a logarithmic scale) to arrive at the size
dependence of C'j(o0).

For site percolation, the sample data will generally have a different number of
realizations for different size clusters (or bins) for either type of boundary condition.
In Table 3.2, the range in the number of clusters refers to the minimum and
maximum number of clusters averaged over for a given size. Whenever there were
different number of clusters contained in different bins, a weighted least squares fit
was performed where the weight factor of a given bin is the ratio of the number
of clusters contained in that bin to the average number of clusters per bin. The
results of the weighted fits were very near those of a standard least squares fit.
In the case of DLA clusters, they were all grown (with free boundary conditions)
until they reached the size Sp,z, therefore a weighted fit was not necessary.

As Table 3.2 indicates, the residual oscillation amplitude scales in terms of
the size of the clusters as m & AS™" where the exponent z was found to
be nearly one. Unfortunately, an exact value of one is found to lie outside the
uncertainties. It appears that either z = 1 + ¢, where for example ¢ = 0.06 for the
square lattice, or corrections to scaling throw off the estimate for z when fitted
to a simple power-law. For example, corrections to the simple proportionality

between N, and S will cause curvature in the scaling of the residual oscillation as
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a function of size. Indeed, the direct scaling of m with respect to N, showed
less curvature (e = 0.02), however, this could not completely account for all the
curvature.

To test whether the true asymptotic size dependence scales as 1/S, Fig 3.5
shows a plot of SC(c0, S) verses S for the p = 0.6 square lattice data. IThis data
set is the largest and was chosen so because the residual oscillation amplitude of
the SACF for percolation clusters on the square lattice near p. appear to deviate
from the expected 1/S behavior the most. The choice of p = 0.6 was to ensure
that large clusters up to Sp.; = 100000 could easily be generated. From Fig 3.5 it
appears that corrections are present but become negligible for sizes § > 10000. In
view of this supporting evidence, the leading asymptotic scaling of the oscillation
amplitude is taken to be proportional to the inverse of the size of the clusters.

The time dependence of the decay in the oscillation envelope for the myopic
ant on a bipartite lattice is conjectured using the result that m x 1/S. After
some time, the random walker will only explore a part of the cluster. Therefore,
it is expected that C)(r) o 1/5(n) where S(n) is the typical number of sites that
the random walker will experience after n time steps. Since S(n) can be estimated
as S(r) o« [(R(r)?)]%/2, it follows that C’(n) &< n=%/? which is the same result
(and basically the same scaling argument) as the return to the origin probability.

The crossover between the power-law decay to the residual oscillation amplitude
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The residual oscillation amplitude of the SACF is multiplied by the size of the
clusters and plotted against the cluster size. I the oscillation amplitude scales
asymptotically as 1/S, then the graph will be a flat line. Indeed it appears that
this is the case for S > 10000.
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can be accounted for very accurately using the fitting form

ACD)

~Fexpl-(5)7] (331

| Cy(m) I~ 5

which assumes a single stretched exponential similar to what was done for the mean
squz}red displacement in Eq. (2.29). Since C){co) can be calculated exactly, there
remains three parameters (A, B, C) that need to be fitted. After making an initial
guess for A, the inverse of both sides of Eq. (3.51) is taken and then linearized in
the same way as described in Chapter 2 for Eq. (2.29). For a given value of A, a
standard linear least squares fit yields B and C. This procedure is repeated many
times to find the best value of A that obtains a global minimum in error for the
final three parameter fit. Observing that W x 1/S and for times n/B < 1
the function C'(n) should be independent of the size of the cluster, it follows from
a Taylor expansion of Eq. (3.51) that B ~ §%/41 and C — d;/d, = d,/2 as
suggested by the simple scaling argument. Note that the parameters (A, B,C)
used in Eq. (2.29) for the mean squared displacement and Eq. (3.51) for the
oscillation decay are unrelated.

The parameter C is obtained from a given fit over the step rangeof 100 <n < N
for a particular value of A. The spectral dimension ds = 2C is viewed as a function
of (A, N) like the exponent d,, as discussed in detail in Chapter 2. A typical plot
of d,(A,N) verses N for a range of values of A is given in Fig 3.6 for the square
lattice data from an average over 200 clusters of size S = 15000. The uncertainties

for the estimate of d, are obtained from this kind of plot. In this example, from
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Fig 3.6 the spectral dimension was found to be d, = 1.36 £ 0.03. Conservative
error bars have been placed on the exponent estimates because the width in the
spread of d,(A & §A, N) is of course dependent on the choice of 6A. Typically
86A = 1.6 x 10~ for clusters of size less than or equal to S = 15000, and half that
much for larger clusters. The range is set so that, in the extreme limits, the error
per data point from these fits are between one to two orders of magnitude greater
than the best fit.

The percent error between the best fit and the actual data over the step range
of 100 < n < 10000 is shown in Fig 3.7. The “percent error residual plots” for the
estimation of d, from Eq. (3.51) (as well as for d,, from Eq. (2.29)) typically look
like Fig 3.7. In this example, the data used is the same as that used in Fig 3.6.
As in this case, the range of error for the best fit is always less than 3% and often
times less than 1%. Note that direct power-law fits yield percent error residual
plots having a range in error typically two to three times as much. Although the
stretched exponential fitting form used here does not produce residual plots that
have a randomn scatter characteristic, the fitting function of Eq. (3.51) for d, (Eq.
(2.29) for d,,) has been used because it does possess the correct generic saturation
features. Moreover, this fitting form performed the best in comparison to other
three parameter fitting functions.

Estimates for the spectral dimension from myopic ant random walks on
fractal bipartite clusters are given in Table 3.3, and the corresponding values

{C,(0),A,B,C} from the best fits over the step interval 100 < n < 10000
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Figure 3.6

The spectral dimension as determined from Eq. (3.51) is viewed as a function
of (A,N) and is plotted verses N for various values of A. The data presented
here is from an average of 200 clusters of size S = 15000 for the myopic ant on
the square lattice at the critical threshold. These results correspond to trial M4
as summarized in Tables (3.3 and 3.4). The values of A range from 1.00017 to
1.00049 in increments of 2 x 10~ where the (lowest, greatest) A corresponds to
the (top, bottom) curve.
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The percent error between the fitting function of Eq. (3.51) (denoted as F(n)) and
the actual data (denoted as f(n)) is defined as E = 100 x [ F(n) — f(n)]/F(n).
The percent error residual and is plotted over the range 100 < n < 10000 for which
the function was fitted. The data and fitting parameters used here are from trial
M4 as summarized in tables (3.3 and 3.4) respectively.
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are given in Table 3.4. The final spectral dimension estimate for percolation is
d, = 1.35 + 0.03 in two dimensions, d, = 1.34 % 0.03 in three dimensions and for
DLA clusters d, = 1.19 £ 0.03 in two dimensions. Recall that the spectral dimen-
sion obtained from the best data collapse in the mean site probability was found
to be d, = 1.30 £ 0.02 on two dimensional percolation clusters. It is uﬁclear why
better agreement has not been obtained from these two independent approaches.
However, the estimated value for d, for the DLA clusters is in good agreement

with the final estimate of d, = 1.19 £ 0.02 by Sahimi et al[54].

3.4.4 The Frequency Dependent Diffusion Coefficient

The frequency dependent diffusion coefficient, D(w), is calculated using Eq.
(3.31) with the numerical data for the step displacement auto-correlation function
(SACF or C,(n)) taken from the myopic ant results on the simple cubic and square
lattice. The numerical data is from an average over 10 clusters from the (p., S =
60000) ensemble for both cases and ranged to 10000 time steps. Single precision
accuracy was used throughout the summation over the numerical data and complex
variables were directly used. However, after realizing that more time steps were
needed for convergence, in Chapter 5 the summation was performed with double
precision for both the real and imaginary parts separately using cosine and sine
functions. Although the SACF for the blind and myopic ant models can differ
considerably, the function D(w) as calculated from the blind ant random walks are

practically identical to the myopic walks on corresponding lattices.
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Since the models have not yet been devised to correspond to a particular phys-
ical system, the choice of the characteristic waiting time 7 is completely arbitrary.
Although it is pfobably best to display the function D(w) on a frequency scale
in units of 1/7, for definiteness the time scale has been chosen in these examples
to be 7 = 1 x 107! seconds. This time scale is a physically reasonable choice
because many a.c. conduction experiments on disordered solids having carrier
hopping transport (such as amorphous semiconductors,[22, 79] ionic conductive
glasses,[73, 80] and superionic conductors(81] ) exhibit an increasing conductivity
at high frequencies up to a cut-off frequency of the order 10?Hz. At higher fre-
quencies still, experiments show that the conductivity levels off and/or decreases.
However, the high frequency response greater than 10'?Hz will begin to be influ-
enced more by resonance effects and less so by the free carrier hopping. These
observations suggest that the maximum rate in these systems are in fact typically
of the order 10'?Hz.

The real part of the function D(w, N = 10000) is plotted in Fig. 3.8. The true
frequency response D(w) can be inferred for sufficiently large frequencies where
convergence is obtained in the summation of Eq. (3.31). From the general form
of Eq. (3.31), it is clear that at sufficiently high frequencies (wr > 0.1) the sum-
mation will converge even if C,(n — o0) = constant. Moreover, at extremely
high frequencies (wr > 10) the only contributing term in the sum for D{w) will
be C,(0)/2dr. Therefore, at very high frequencies D(w) levels out to a constant

denoted as D, and this result is a general feature of hopping models. In a coarse
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grain model, this saturation is an unphysical artifact in chosing a finite minimum
length scale.

When the SACF is such that C,(n) < 0 for n > 1 the function D(w) will be an
increasing monotonic function of frequency until saturation at D is reached. The
d.c. diffusion coefficient D(w = 0, N —+ 00), denoted as D,, will be the lowest value
of diffusivity. Unfortunately, unless the sum over the SACF converges sufficiently
rapidly, the d.c. properties will not be able to be determined using this numerical
approach. In Fig. 3.9 the rate of convergence in the sum of Eq. (3.31) is monitored
at different frequencies. This plot is used to determine the range of frequencies for
which the function D{w, N) accurately converges to D{w). For a slowly converging
SACF, the general rule of thumb that N = 1/wr will usually be sufficient for a
minimal acceptable level of convergence. As Fig. (3.9) shows, a summation over
10000 time steps is just enough to see Eq. (3.31) begin to converge at wr = 1074,
The wiggles seen in Fig. 3.8 in this frequency range are erroneous. If the SACF
does not decay rapidly, the best one could hope for using this method is to obtain
D(w) for frequencies wr > 10~® corresponding to a million time steps.

We found in Chapter 3 Section 1 that the d.c. diffusion coefficient for frac-
tal media is zero, and moreover D, = 0 for finite clusters with free boundaries.
However, a finite d.c. diffusivity is obtained when the frequency range plotted in
Fig. 3.8 is extended to lower frequencies because the summation of Eq. (3.31) is
truncated. Thus, slow convergence in the SACF makes the estimation of D, very

costly in CPU time if not impossible. As a side remark, note that a random walker
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Figure 3.8

The real part of the frequency dependent diffusion coefficient D(w) verses frequency
w is plotted. The function D{w) was calculated from the myopic SACF for the
square O and simple cubic () lattices using a characteristic time of 7 = 10~'?sec.
Only for w > 10° rad/sec has the summation over the SACF converged.
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The real part of the function I{w, N) is plotted verses N for various values of
frequency. The function was constructed by summing over N terms on the SACF
using a characteristic time of 7 = 1072 sec. The curves with the symbol (z,
+, &, O, O) correspond respectively to wr equal to (10-1,1072,1073,1074,10~%).
Acceptable convergence has set in at wr = 1073, although wr = 10™* is just
begining to converge.
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confined to a finite cluster will have the property that RE[D(w — 0)] « w? as
derived by Scher and Lax[22].

A general feature of a.c. conduction in disordered systems is that the real
part of D(w) often times increases as a power-law (RE[D{w)] x w®) over a re-
stricted range in frequency. For example, s = 0.8 is typically found in amor-
phous semiconductors[71, 73]. However, these power-laws are at best only approx-
imate. As seen in Fig. 3.8 power-laws are present with exponents determined
as s = 0.28 £ 0.01 and s = 0.45 & 0.01 for the square and simple cubic lattice
respectively. These estimates were made from a standard least squares fit over the
frequency range 10°rad/sec < w < 10*'rad/sec. It is expected that this power-law
region will extend to many decades below. At much lower frequencies still, the
exponent will crossover to s = 2 characteristic of the finite size of the clusters.

Of course the power-laws for the frequency dependent diffusion coeflicient derive
from the fact that the SACF decays as a power-law. In a simple minded way, if the
SACF is viewed as an exact power-law in continuous time, then a Laplace transform
from the time domain to the frequency domain shows that s = 1 —2/d,. Using
typical estimates from Tables (2.1 and 2.2) the expected values are s = 0.2940.02
and s = 0.45 3 0.02 for the square and simple cubic lattice respectively which are
in good agreement with Fig. 3.8. Without much dispersion in the jump rates, it
is seen how the long range spatial correlations in the geometric structure plays in
important role in the frequency response of the diffusivity or conductivity. The

imaginary part of D{w) is plotted in Fig. 3.10. Since bound charge influences
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the dielectric coefficient to a large degree, the response from just the free charge

carriers is not complete, therefore the focus in this thesis is placed on the real part.

It should be noted that in both the blind and myopic ant models, there are
only a few different characteristic rates built into the master equation.. That is,
the dispersion in the frequency dependent diffusion coefficient does not result from
a broad distribution in waiting times. Although a broad distribution in jump
rates may lead to dispersion in the diffusion coefficient, it was noted by Haus et
al[82] that a necessary condition for a non-constant D(w) was to break inversion
symmetry in the rates. In other words, if for any given direction the rate for a
particle to hop a certain distance is the same as in the opposite direction without
exception, then normal diffusion will occur regardless if there is dispersion in the
rates. This is easy to understand in terms of the SACF since by symmetry C,(n) =
C,(0)8pn. Thus, the dispersion in D(w) from either the blind or myopic models
comes from the fact that the media is highly ramified.

Various effective medium approaches approaches[69, 71, 72, 83] typically at-
tribute the dispersion of D(w) to the dispersion in jump rates. Although the
dispersion in jump rates are a physical reality and major player in determining
the frequency dependent diffusion coefficient, it follows from the blind and my-
opic ant models on disordered media that the geometry is an important aspect as
well. As a final remark, it is noted that the generalized Langevin equation could

describe anomalous diffusion in terms of a non-Markovian process, where as the
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Figure 3.10

The imaginary part of the frequency dependent diffusion coefficient D(w) verses
frequency w is plotted. The function D(w) was calculated from the myopic SACF
for the square O and simple cubic () lattices using a characteristic time of 7 =
10~"?sec. Only for w > 10° rad/sec has the summation over the SACF converged.
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same physical system is described later using Markov chains as derived from the
continuous time master equation. Of course the reason that this is possible is that
the Markov property is recovered at the expense of using a coordinate state space.
Thus, the ramification in the geometry translates to a time process that depends

on the entire history of the particle’s trajectory.



Table 3.1

A summary of certain conditions that follow from equations 3.4 to 3.8 to obtain
anomalous or normal diffusion. The presence of a bar in a column indicates that
the sign of the coefficient is arbitrary. Also included is the possibility of the particle
being trapped, implying a saturation in the mean squared displacement.

diffusion type | exponent | B,(T — o0} | ¢

fast a<l _ >0
normal 1<a >0 —
slow l<a<?2 =0 <0

trapped a>2 =0 >0
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Table 3.2

The residual oscillation amplitude in the SACF for the myopic ant on bipartite
lattices is expected to scale as a function of cluster size. The numerical results
for site percolation clusters with free boundary conditions on the sq, sc and bcc
lattices as well as for DLA clusters on the sq lattice were fitted to a simple power-
law form given by C/(c0,5) = AS~~.

¢ Periodic boundary conditions were used and the cluster sizes were binned.

trial range in

Lat.| p cluster # Smaz A X

sq |0.593 | 780- 1160 40000 | 0.22 £0.005 | 1.073 £ 0.007
sq 0.6 | 27040 - 24180 | 100000 | 0.21 £0.015 | 1.039 £ 0.004
sq 0.8 400 - 420 40000 | 0.23 +£0.025 | 1.064 £ 0.01
sq 0.9 1060 40000 | 0.26 £ 0.07 1.07 £ 0.02
sq | 0.593 60 - 763 50118 | 0.12+0.01 | 0.98 +£0.004
sc | 0.312| 440-1780 40000 | 0.53 £0.04 | 1.015%0.005
sc 0.4 460 40000 | 0.48 £0.05 1.03 £ 0.01
sc 0.5 480 40000 | 0.28 £0.06 0.95 £ 0.02

beec | 0.245 | 140 - 1040 40000 | 1.83+0.13 | 1.02 +0.006

sq | DLA 123 40000 | 0.078 +0.007 | 1.024 £ 0.006
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Table 3.3

The spectral dimension d, is obtained from the oscillation envelope and the Alexan-
der and Orbach relation. Here d,, is obtained from the mean squared displacement
as summarized in Table 2.1. In calculating d,, we used d; = 1.896 for 2-d perco-
lation clusters, d; = 2.51 for 3-d percolation clusters and dy = 1.666 for 2-d DLA
clusters.

¢ As obtained from fitting to Eq. {3.51)

b As calculated from the Alexander and Orbach relation.
¢, 9, ¢ Average size of the clusters at L = {300,200, 100} respectively.

trial | lattice | B.C. P S cluster # d, ¢ %%{- b

M1 | bee | free | 0.245 | 30000 100 1.34 £0.03 | 1.39 £+ 0.06
M2 sc free | 0.312 | 60000 100 1.36 £ 0.03 | 1.38 + 0.06
M3 sq free | 0.593 | 60000 100 1.35+0.04 | 1.34 £ 0.05
M4 sq free 10.593 | 15000 200 1.36 £ 0.03 | 1.34 £ 0.04
M5 sq free | 0.593 | 5000 60 1.35+0.02 | 1.34 £ 0.03
M6 sq free | 0.593 | 32944 20 1.394+0.04 | 1.34 £ 0.04
M7 | sq | free | 0.593 | 144657 20 1.35+0.04 | 1.34 £ 0.05
M3 sq free | 0.593 | 3740° 20 1.35+0.03 | 1.35 £ 0.05
M9 sq pbc | 0.593 | 37882° 20 1.44 +0.05 | 1.37 £ 0.06
M10 sq pbc | 0.593 | 14465¢ 20 1.43 £0.03 { 1.37 £ 0.05
M11| sq | pbc |0.593 | 4680° 20 | 1.55+0.03 | 1.41 £0.05
MI12| sq free | DLA | 15000 100 1.19 £0.03 | 1.27 £ 0.05
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Table 3.4

A summary on the parameters {C,(c0), A, B,C} where C)(occ) was calculated
exactly with Eq. (3.48) and the remaining parameters were obtained from fitting
to Eq. (3.51) over a time step range 100 < n < 10000.

trial C;(o0) A B C

M1 | 4.6981 x 10~° | 0.99995 2.332x105' 0.6719
M2 | 1.8650 x 107> | 0.99994 | 1.405 x 10° | 0.6789
M3 | 2.7000 x 10~° | 1.00009 | 4.928 x 10° | 0.6783
M4 | 1.0496 x 105 | 1.00033 | 6.564 x 10° | 0.6804
M5 | 2.8445 x 10~% | 1.00084 | 1.649 x 10° | 0.6742
M6 | 3.0739 x 10~° | 1.00006 | 3.453 x 10° | 0.6927
M7 | 7.4018 x 10~® | 1.00021 | 1.140 x 10° | 0.6762
M8 | 4.7077 x 107° | 1.00194 | 6.817 x 10* | 0.6789
M9 | 2.5022 x 10~° | 0.99999 | 3.429 x 10° | 0.7206
M10 | 5.8403 x 10~¢ | 1.00003 | 1.075 x 10° | 0.7141

M11 | 4.5189 x 10™° | 0.99915 | 4.252 x 10* | 0.7746

M12 | 1.6624 x 10~° | 1.00006 | 3.230 x 10° | 0.5948
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4. PERSISTENT RANDOM WALK MODEL

4.1 Drude-Like Mobility in Homogeneous Media

The objective of this section is to construct a random walk model such that
the resulting Brownian motion of a particle with charge ¢ in homogeneous media
is well characterized by a simple Drude-like mobility.[84, 85, 86, 87] A Drude-like

mobility has the familiar form of

= e
plw) = 1 - wn, D

were [, is the d.c. mobility and 7 is the transport time or the mean free time
between scattering. The electrical conductivity is given by ¢ = gnp where n is
the concentration of the free charge carriers. The frequency dependent diffusion
coeflicient and mobility are related by the generalized Einstein relation as D{w) =
%y(w). In terms of the Brownian motion of the free charge carriers, the Drude-
like frequency response is the consequence of an exponential decay in the real
time velocity auto-correlation function (VACF). As discussed in Chapter 1, the
Langevin equation is a stochastic model which yields an exponential decay in the
VACF. The simple random walk with a Poisson waiting time distribution is an
inadequate model to produce Drude-like diffusion because there is no correlation

in the particle’s velocity (ie. step displacement.) Therefore, the scenario used here
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is to incorporate correlated displacements|9, 21, 77] into a random walk model. To
be more specific, a two dimensional persistent random walk for infinite media will
be introduced uéing a square lattice. Although the one dimensional case is easier
to present, the solution does not offer a form that can be visually extended to
d-dimensions. Following the analysis for the homogeneous case, scattering rules at
the interface between different media are defined. These results will carry directly
over to Chapter 5 where persistent random walks are studied on a disordered square
lattice.

From the relation given in Eq. (3.31) the complex frequency dependent diffu-
sion coefficient is obtainable from the step auto-correlation function (SACF). The
relation is valid for hopping transport where the mean waiting time spent at a
local site is much longer than the time of flight between sites. In contrast, elec-
trons (treated semi-classically) in the conduction band of a given material remain
in the same velocity state until a scattering process occurs which is assumed to be
virtuely instantaneous. However, by interpreting a site to correspond to a coarse
grain cell of certain volume, a lattice network of these cells can be constructed
such that almost surely the electron will be found in some cell and not between
cells. Thus the coarse graining artificially divides the electron’s time of flight into
cells with the result that space has been discretized. The collection of these cells
(or sites) define a discrete state space for which the hopping transport formalism
can be applied.

The correlated random walk model in homogeneous media as discussed in the
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introduction[12, 77] is revisited here but in a different context. An exponential de-
cay in the VACF can be produced by a forward persistence in the random walker’s
step displacemeﬁt. The persistence is incorporated by introducing z internal states
within each cell where z is the coordination number of the lattice. A random walker
is allowed to hop to a nearest neighbor cell (site) or to make a transition to an
internal state while remaining within a cell as Fig. 4.1 schematically shows. The
internal transitions are responsible for the random walker to lose its memory of its
initial direction upon entering the cell. They should not be viewed as real phys-
ical scattering processes, although they are supposed to account for them in an
effective way.

A continuous time master equation is used to define the hopping model. The
time is then discretized, so that the master equation maps to a discrete time
random walk with a random Poisson process in time. As discussed in Section 3 of

Chapter 3, the transition probability matrix W is defined (recall Eq. (3.21)) by

. =5 .
W=—"T41 (4.2)

Ymaz

where qmq.- can be any rate greater than or equal to the maximum hopping rate
of the system. Thus 4}, sets the unit of time for the coarse grain time scale, or
more simply the mean time between steps. Once the W matrix is defined the focus
of attention turns to a discrete time random walk. In this application, the general

state m of Eq. (3.19) goes to (s, j) where s denotes the site as before and j defines

the internal state runing from 1 to z. Refer to Figure 4.2 for the general layout of
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Figure 4.1

A schematic picture illustrating that many scattering processes could take place
within a coarse grain cell before the walker exits.
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the state space. The internal states are used to define a preferred direction. A
random walker in the state (so,j) can either make an internal transition to state
(s0,7") where j‘- # j or it can hop out of the cell (refer to Figure 4.2) into state
(s;,7) where s; denotes the nearest neighbor site which is in the j direction relative
to site so. For example, if the particle is in the internal state j = 1 of a given site,
the preferred direction is to the right. Thus the random walker can either change
its preferred direction { upward, to the left, downward } by making an internal
transition to j = {2,3,4} respectively or hop to the nearest neighbor site to the
right while maintaining the preferred direction.

A general element from the matrix W is denoted as w(s 7171 | 803 30) which gives
the probability for the random walker to make a transition from the initial state
(80, Jo) to the final state (sy,js). In this model only internal transitions or nearest
neighbor transitions are allowed. In the case of homogeneous media 7 = 1 so that
with the choice of 4,,,, = 7 all the diagonal terms of the probability transition
matrix are zero. Restricting attention to homogeneous media, an entire infinite
medium can be represented by one cell using periodic boundary conditions. In
this case the transition probability matrix is completely defined by the internal

states and requires a 4 x 4 matrix for a square lattice. The form of the transition
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Figure 4.2

The general layout of the state space for the persistent random walk on the square
lattice is shown. Each cell is identified by a site label {sq, s, s2,...} and contains
four internal states § = {1,2, 3,4} indicating a preferred direction (denoted by the
arrows) to the { right, upward, left, downward } respectively.
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elements reduce to w(jy,Jj,) where

\
( Prh P+ Pb Ds
- Ds Pn Ps Do
W= (4.3)
Po Ps Prn Ps

\ Ps Po Ps Ph
and (ps,ps, ps) denote the probability for the walker to (hop in the preferred di-
rection, change the preferred direction side-ward, change the preferred direction
backward) respectively.

Using the same example as above, the probability for the random walker to
hop from state (sp,1) to state (sq,1) is given by the diagonal term w(1,1) = p,
in the reduced matrix. The non-zero diagonal terms are an artifact of choosing
a single cell. I four cells plus periodic boundary conditions are used, then the
size of the state space would increase by a factor of 4 (16 states) and provided
that 4mar = 7 all the diagonal elements would be zero. The reduced matrix will
be used for further analysis for homogeneous media, and the freedom of choosing
Ymor greater than v will be explicitly demonstrated.

Let the ratio e = 4/4mq: Where 0 < e <1 for a particular choice of 4,,,.. From

Eq. (4.2) the probability transition matrix for one cell with periodic boundary
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(4.4)

with the scaling factor e explicitly incorporated. The result of chosing a maximum

rate greater than + is seen to reduce the off-diagonal elements by a factor of e and

introduce (1 — e) as a constant diagonal term. It is easy to see that the stationary

eigenstate is uniform and by inspection the remaining eigenvectors and eigenvalues

can easily be obtained. The set of eigenvectors and eigenvalues are given as;

-
1
11
Vx=Z
1
1
1
0
Vo =
-1
0

Ar=1

Ay = (pr— m)e+ (1 —€)

(4.5)

(4.6)
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0
1
Va= Az = (pr —po)e+ (1 —¢) (4.7)
0
-1
1
-1
Vi= As=(pn+p—2p;)e+ (1 —¢) (4.8)
1
-1

where A; and A; are degenerate. The quantity of interest is the SACF from which
the frequency dependent diffusion coefficient and/or mobility can be determined.
To calculate the SACF, the evaluation of (p.(n)p-(0)) is first addressed. 1t is

convenient to define a step displacement matrix in the x-direction given by

(aphe 0 0 0
0 0 0 0

0 0 —apre O

\ 0 0 0 0 /
where a is the lattice constant. All of the off-diagonal terms are zero because in
this case they represent internal transitions within a cell. The (positive, negative)
non-zero diagonal term corresponds to a step to the (right, left) of step length
a with the probability p,e to hop. Moreover, the two diagonal terms that are

zero are such because they correspond to movement in the y-direction having no
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z component. For discrete time n > 1, the expression
(pz(n)p=(0)) = TR[ﬁ,W("-l)ﬁ,Vl] (4.10)

is valid since the first and last steps of the walker correspond to two different

random events. Therefore, noting that
o 1
pVr =3V, (4.11)

the n — 1 multiplications of the W matrix on the V; eigenvector becomes trivial

and the final result is given by

(pa(m)pe(0)) = —H=ATY . (4.12)

For the case n = 0, the walker only takes one step so that the first and last
step are the same single random event. By explicitly considering all possible step
displacements to neighboring cells with probability pse it follows that

(p2(0)) = (e + 0+ (—a)® + 0)% (4.13)

where the factor of 1/4 enters from the stationary initial condition.

The same procedure can be repeated for all the other elements in the step
correlation matrix, but by symmetry the cross correlations are zero and the step
displacement correlation in the y-direction is the same as in the x-direction. Thus
the SACF for the persistent random walk model in homogeneous and isotropic

media is given by

(p*(0)) = a’pue

((n)-(0)) = a’pre’l(pn—mle+(1—€)]"V n>1 (4.14)




146

which is an exponential decay dependent on the scale factor e. As e — 0 the
SACF decays slower since the average real time between steps (y,., = €/7) is
also proportional to e. As Eq. (4.14) clearly shows, the correlations in the step
displacements are dependent on the time scale of interest. It is noted that Eq.
(4.14) has the same form for a hypercubic lattice of d dimension.

The frequency dependent diffusion coefficient can be calculated using Eq. (3.31)

with the SACF of Eq. (4.14) yielding the result

a’pher, a’piety, 1
D - 'mar h 'mazx )
() 24 T 4 I-hti= (4.15)

for one component in the diffusion tensor in d dimensions. Defining 7 = 1/~ as
the characteristic time for the walker to make transitions, then the maximum rate

. Furthermore, noting that

can be expressed as Ymaz = =

1- Az =e[l = (px — ps)] (4.16)

the expression for D(w) can be writen as

a’py a®ph 1
_ , 4.17
D)= v E - = (417

where A = p, — p, which is the eigenvalue of the V; and V; eigenvectors for the case
e = 1. An important feature of the above equation is that it is independent of the
scale factor e as should be since D(w) is a physical quantity. Although p, does not
appear in the solution for D(w) it is not an independent parameter because of the
normalization constraint that py + 2(d — 1)p, + p» = 1. Moreover, p, determines

the coupling strength between the different directions. For example, if p, = 0 on
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the square lattice, then the random walker is confined to move in either the z or
y direction set b.y the initial condition at all time.

The persistent random walk parallels the Boltzmann approach(86] in calculat-
ing mobilities in the sense that the transport time is dependent on the particle’s
persistence. As a particle undergoes a scattering event, the more forward the scat-
tering angle the less detrimental is the event on the mobility. The transport rate
of scattering is obtained from an angular weighted average on the total scattering
rate v where {ps,p,, s} are a coarse set of weights.

The solution for D(w) in Eq. (4.17) is in a form that identifies 7/(1 — A) as the
transport time. However, the solution is not consistent with a Drude-like mobility
because the term a?py,/2dr shifts the diffusivity by a real constant. The presence
of this additive constant can be traced back to the coarse graining scheme and the
shift in D(w) is not necessarily small. The deviation from a Drude-like mobility
will increase as the coa.r;e grain length scale (defined by the lattice constant) is
increased, especially in the high frequency limit. Therefore, as a consequence of
taking a coarse grain approach, a cut-off frequency w. will exist such that for

w < w, the solution will be acceptable.

4.2 Model Parameters
The first task of this section is to determine the parameters required to match
the model solution to the Drude form. The Drude form for the frequency dif-

fusion coefficient is completely specified by the d.c.  diffusion constant D and
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the transport time 7,,. More specifically, the model parameters {py, p,, ps, 7} are
desired as functions of {D,7,a} where D and 7, are physical quantities and a
is a non-physical coarse grain length scale that is free to be varied. The second
task is to determine the cut-off frequency w,, also as a function of {D, 7, a}, for
which the model can be applied with reasonable accuracy. Finally, some general
remarks about the persistent random walk model for homogeneous and isotropic
media and a comparison between the simple random walk results are given.
Unfortunately, the solution for D(w) from this persistent random walk model
can not be perfectly matched to a Drude form because of the additive real constant
a®py/2dr which derives from the coarse graining. However, from physical intuition
it is expected that the low frequency properties of the diffusion process should be
relatively unaffected by any reasonable coarse grain length. Therefore, realizing
from the start that the model solution will fail at high frequencies, a i)erfect match
is demanded at w = 0 only. Furthermore, the match is made for the real and
imaginary parts separately. The real part is directly matched since the real part of
the complex diffusion coefficient corresponds to the physical diffusivity. However,
the imaginary part of the complex diffusion coefficient is first divided by w since
this is equivilent to matching the dielectric loss.[84] Therefore, the physical and

model parameters are matched through the real part by

. a2Ph GQP;".
D= l:_rg RE[D(w)] — dr + (-4 (4.18)
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and the imaginary part by

DL“’)] o (‘1’ fh/\)’ (4.19)

D7y = lim IM [
where D and 7;, are the physical paremeters which characterize a material with
a Drude-like mobility.

As will be seen below, it is convenient to define a unitless parameter, =
a/\/dD, that compares the coarse grain length scale a to the mean free path
| = \/2D7,, of the particle. In two dimensions 7 = a/l, but as defined 5 is more

generally only proportional to a//. Proceeding to work with Eq. (4.19) first, it

follows that

1—A=npy . (4.20)

Note that p, will not be zero for any problem of interest, although it can be
arbitrarily small. Therefore, without loss of generality, p, and py can be set pro-
portional to p,. After constructing these proportionalities, from Eq. (4.20) and
with the normalization constraint ps + 2(d — 1)p, + p» = 1 for a hypercubic lattice,

it 1s found that

_242d-2)6  _ns __ p(l—8)
Pr = Ad y Ps = Ad y Do = Ad (4'21)
Ag =2+ 2(d - 2)§ + (1 + (2d — 3)6) (4.22)

with0 < d<1lford>1and § = 0 for d = 1. This means that, the random
walker has a probability p, to hop forward or has the probability of 1 — p, to

stay in the cell. If the walker remains in the cell it has a probability of 6 to take
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a step in an orthogonal direction. Although it would be interesting to consider
anisotropic cases, and/or to explore the § — 0 or 6 — 1 limits, in this work only
the case § = 1/2 where p, = p, has been considered. The motivation for chosing
§ = 1/2 is that neither extreme limit is approached. The § — 0 limit decouples the
orthogonal directions from one another and therefore may be pathological which
is to be avoided here. On the other hand, two internal transitions are required
(instead of one) for the walker to back track in the worst case for § = 1.

Substituting Eq. (4.20) into Eq. (4.18) it is found that

247

> (4.23)

T = Ter P

With this expression for the characteristic transition time and using Eq. (4.20),

the model solution for the frequency dependent diffusion coefficient can be written

as
] 2 D

D 4.24
241 +2+771+iw‘r"2—;"1 ( )

D(w | 7) =

for any component in the diffusion tensor for homogeneous and isotropic media
in d dimensions. Clearly as the coarse grain scale is made smaller the model
solution indeed approaches the Drude result which is given by D(w | = 0). Since
D(w | ) is an expression for a physical quantity and yet dependent on the coarse
grain scale through 7, a cut-off frequency exists such that for w < w.(n) the error
between D(w | n) and D(w | 0) will be within exceptable bounds. However, a
careful analysis will not be done because only the general features of a Drude-

like mobility can be expected from this crude model. Nevertheless, the general
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dependence of the cut-off frequency on n will be explored presently.

The biggest deviation between Eq. (4.24) and the Drude result, is that the
model solution gives 7er(1 + 3n) as the prediction for the transport time. The
transport time of the model denoted as 7, is greater than the physical transport
time 7, and can produce large errors at high frequency in the dielectric loss. In
particular, the percent error between the real parts of D(w | ) and D(w | 0)
denoted as ER, as well as between the imaginary parts of D{w | )/w and D(w |
0)/w denoted as E; are calculated seperately. Using the physical transport time
as a reference time scale, the errors will be functions of {z,n} where z = wr,. As
it turns out, the error as a function of 5 is greater for the dielectric loss than the

diffusivity. The percent error in the imaginary part works out to be

1+ z?
1+ z2(1 + 0.59)?

E; = 100 1] (4.25)

and is negative at all frequencies. Using Ey = —1% as an exceptable bound,
Figure 4.3 displays the dependence of the cut-off frequency on the degree of coarse
graining. The essential features of a Drude-like mobility are captured, although
the persistent random walk model considered here does not identically reproduce
the Drude result. These features include the distinction between a transport time
and characteristic transition time.

Once 7 is specified, all of the model parameters {ps,ps,ps, 7} as well as the
cut-off frequency w, are completely determined. By substituting the probability

to hop py from Eq. (4.22) into Eq. (4.23) it is interesting to note that the charac-
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Figure 4.3

The ratio of the coarse grain length to the mean free path of a tracer particle, 7,
determines the maximum frequency w. from Eq. (4.25) for which the model results
are within 1% error to the Drude result. This line is a plot of z = 7.w.(n) verses

7.
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teristic transition time is nearly linear in 7. As 7 is varied, both the characteristic
transition time and the degree of persistency are regulated together to obtain a
certain mean free path length. For p, # 1, the long time limit for the mean squared
displacement will be linear in time ensuring diffusive behavior. If <« 1 then at
early times the mean squared displacement will be quadratic in time corresponding
to ballistic motion. In the extreme case of no scattering events, the probability to
hop can be set equal to one ensuring ballistic motion at all times. More Generally,
the persistent walker will act in the ballistic (diffusive) limit at length scales less
(greater) than the mean free path. Note that the simple random walk becomes ap-
plicable in the diffusive limit. The transition time is the only adjustable parameter
for the simple random walk and is proportional to 7? because the process requires
four times the amount of time necessary to travel twice the distance.

The difference in character between these models become even more important
when a multi-component composite system is considered. The maximum coarse
grain length will be set by the geometry and degree of the disorder. In general
the coarse grain length will not be equal to the mean free path of any of the com-
posite materials. Moreover, it is expected that the accuracy in the estimation for
an effective conductivity increases as the coarse grain length is decreased. How-
ever, the simple random walk model enforces the successive displacements to be
uncorrelated. Therefore at some level of coarse graining the simple random walk
will not be applicable. In contrast, the persistent random walk is more accurate

as the coarse grain length is decreased and by design not sensitive to changes in
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the coarse grain length at low frequencies. In short, the simple random walk can
account only for the real part of D(w = 0) and the persistent random walk has an
extended range of validity in modeling both the real and imaginary parts of D(w)
for 0 € w < w,.

Although the central parameter 5 of the persistent model is unitless, it is useful
to obtain some typical values of the diffusion constant and transport times for the
charge carriers in metals. In applications to mesoscopic disordered systems, a
convenient unit of length is the nanometer and the unit of time is chosen to be in
seconds. Thus the diffusivity will be measured in units of nm?/sec. Table 4.1 lists
the concentration of charge carriers, conductivity, diffusion constant and transport
times for a few metals at various temperatures. The mobilities for semiconductors
and insulators can be more than 100 fold that of metals.[87] However, the large
conductivity in metals derive from the large charge carrier concentrations whereas
in the non-metals the carrier concentration is orders of magnitude lower. The
temperature dependence on the effective d.c. conductivity is not considered here
explicitly, but the scale factor n is an implicit function of temperature (and presure)
through the diffusion constant and transport time. Taking copper as an example,
Ty & 2 X 10~ sec at room temperature and 7, = 2 x 107%sec at 4K.[85] In the
case of non-metals, the concentration of charge carriers will be a strong function
of temperature as well. One additional restriction on the persistent (and simple)
random walk model is that only one charge carrier type is followed at a time.

Nevertheless, the persistent random walk model has the flexibility to control the
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Table 4.1

The Einstein relation D = kgTo/ne? and the reference tables (1.1,2,3) from
Ashcroft and Mermin were used to obtain typical diffusion constants for charge
carriers in metals at various temperatures. The slight temperature dependence
in the concentration of charge carriers (n) was neglected while using the room
temperature value at all other temperatures considered.

|

metal | T (K) | n (1022/cm?®) | o (pohm —em)™! | D ( nm?/sec) | 7, (sec)
Cu 7 8.47 5.00 2.5 x 101 2.1 x 10713
273 6.41 x 10! 1.1 x 10" | 2.7 x 1071
373 4.46 x 10™? 1.1 x 10 1.9 x 10~
Au 177 5.90 2.00 1.4 x 101 1.2 x 1013
273 4.90 x 10™? 1.2 x 10 ]3.0x10"™
373 3.52 x 1071 1.2 x 101 2.1 x 10714
Al 77 18.1 3.33 7.7 x 1013 6.5 x 10714
273 4.08 x 107! 3.3 x 1012 8.0 x 1071°
373 2.82 x 107! 3.1 x10? [55x10°%
Pb 77 13.2 2.13 x 101 6.7 x 1012 5.7 x 10718
273 5.26 x 102 5.9 x 1012 14 x 1071
373 3.70 x 10~2 5.7x 102 9.9 x1071®
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mean free path of any given tracer particle for different materials. The problem of
Brownian motion in a multi-component composite medium can now be addressed
with the assurance that the Brownian motion within each material forming the

composite is described properly.

4.3 Scattering Rules at Interfaces

The persistent random walk model will be extended to disordered media in
this section. The disorder will be modeled using site percolation on a hypercubic
lattice where each site has a definite characteristic of either an A or B type material.
Both materials A and B are assumed to have Drude-like mobilities characterized by
{DA, 72} and {D?B, 7B} respectively. For short, it will be said that each site is of
either A or B phase. The coarse grain scale is set equal to the lattice constant and
the characteristic transition time for each phase {r4,7%} are initially calculated
from Eq. (4.23) using {n%,n?}, respectively. The maximum rate (¥pmq;) for the
disordered system is determined by the largest reciprocal from 74 or 78. The scale
factors e? = ¥4 /4mer and € = 45/~,.,. are then calculated; one of which will
equal unity. Once the scale factors have been found, the transition probabilities
for each site s, as initially calculated from Eq. (4.22), are scaled by the factor
e(s) to arrive at the final set of probabilities {px(s), ps(s),ps(s)} where the site
dependence is through the phase only. Thus the characteristic transition time for
each phase in the disordered system will be equal and given by 7 = 1/9me.. The

above procedure can be extended to any number of phases in the system, and is
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tantamount to factoring out the maximum rate from the master equation allowing
passage to a discrete time random walk.

We need to introduce a set of scattering rules for the persistent random walk
model as we did for the simple random walk on disordered lattices. The blind and
myopic ant models derive from two different scattering rules for the simple random
walk. The scattering rule for the persistent walk between neighboring A and B
cells is displayed in Fig. 4.4. The general form used in this thesis for the non-zero

elements in the transition probability matrix W, are given by

w(ssd1 | 80y 71) = PalSolt + po(se)[1 — 1) (4.26)
W(SosJ1 | S0vJ1) = 1—¢€(S0) + pa(so)[1 — 1]Oy (4.27)
W(So,J2 | S0vJ1) = Ps(So) + P(so)[l — 1]Os (4.28)
W(SoyJa | Sovj1) = Po(80)E + pa(so)[1 — 2], (4.29)
W(SeyJa | Sos1) = Ps(80) + pa(s0)[l —1]O, . (4.30)

The above matrix elements should be read with 5, =1, j, =2, 73 =3, and 3, = 4
or any cyclic permutation of these indices. Note that site s; is a nearest neighbor in
the j;th direction relative to the s, site. The parameters {t,%} must be restricted to
a range between (0 < t,t < 1) and are treated as probabilities. The form of these
matrix elements were designed so that the normalization 3_;, w(s,Jj | s0,J.) = 1 is
preserved. Therefore, the characteristic time scale of a given phase is not changed
by the scattering rule, but rather the local correlation is altered by the modification

in the transition probabilities of site s,. For instance, if a walker tries to hop to site
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Figure 4.4

The probability flow in fig(a) leaving state 1 of the left cell is for no scattering at
the interface. The probabilities (ps, ps,py = 0,ps) define the random process in
the homogeneous case. In fig(b) we see a schematic of how the interface modi-
fies the transmission probabilities to (p;, p), P}y, pi). The relationship between the
unperturbed and perturbed probabilities is discussed in the text. The transmis-
sion probabilities {¢,7} and the additional probabilities {©,;0,0,} taken together
define the scattering rule.
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s !- from site s, with probability ps(s,), then across an interface boundary there will
be a probability of ¢ for the walker to pass through and a probability of 1 — ¢ that
it will be reflected. Furthermore, if the walker is reflected back into site s,, then it
will have a probability of {©y,0,,0,} to { keep its preferred direction, change its
preferred direction orthogonally, or reverse its preferred direction } respectively.
On the other hand, the probability ps(s,) to reverse the walker’s preferred direction
{without the interface) is reduced by a factor of ¢ and the probability to hop is
enhanced.

It is possible to construct other scattering rules which do not conform to the
form of the W matrix as given above. However, even within this constraining
framework there are an infinite number of possible scattering rules! The particular
choice for the function O, for example, is one way to alter the scattering rule. For

the square lattice the choice for © in this work is given by

9; 1+4a(l - a)
2a(1 — a)
©. 1+4da(l — a)
_ (1-a) .
% = 1+ 4e(l - a) (4.31)

where «a is a parameter dependent only on the phase of the initial site with range
0 < a £ 1. This parameterization is arbitrary and is intended to satisfy the
normalization condition ©; + 20, + ©, = 1 and at the same time decrease the
number of “ free ” parameters that will be varied. Other ways to change the

scattering rule is by varying {t,i}; possibly in accordance to the details of the
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local configuration at the interface.

The main concern in developing the scattering rule at an interface is, (1) to have
the freedom to control the relative concentration of charge carriers between the two
phases and (2) to find an exact expression for the stationary initial state vector
for any disordered configuration. With suitable restrictions on the parameters
that define the transition matrix as given above, the solution for the stationary
state eigenvector is given by Vj(s,j) = v(s) where all the internal states of each
cell are weighted equally and v(s) = vy if site s is of phase X. Moreover, this
solution generalizes to any number of phases present in the system. The required
restrictions are « = 0, and the probabilities {t,7} need to be functions of the initial
and final phases across the interface. With these restrictions, it can be shown by

construction that v4 and vg of the stationary eigenvector are related by
valpitaa + pi'(1 — ipa)] = [Pitan + py (1 — {45)lve (4.32)

which is an extended detailed balance expression. For this reason, this special rule
will be referred to as an eztended detailed balance scattering rule.

The persistent random walk model does not obey a detailed balance rela-
tion because neighboring sites are coupled together in an alternating pattern of
mismatched internal states. More specifically, if w(sq2,7 | 51,7) # 0 then it imme-
diatedly follows that w(s;,j | s2,j) = 0 since the interchange of s; with s; reverses
the direction of the hop making the preferred direction of the internal state j in-

consistent. On the other hand, the probability for the tracer particle to hop from
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site s, to site sy is given by w(s;,Jc | $2,3.) # 0 where j. is the complementary
internal state to j having a reversed direction, and therefore it also follows that
w(s2,Jc | $1,3c) = 0. Thus it is impossible to have a detailed balance relation
of the form w(mg,m;)V(m,) = w(m;,m2)V(m;) even in homogeneous media.
Without detailed balance, it is possible that the eigenvalue spectrum of W will
contain complex eigenvalues although their presence is not guaranteed. With the
extended detail balance rule, the internal states of each cell are degenerate giving
the appearance of a generalized blind ant model applied to the sites. Moreover,
the eigenvalue spectrum of W will consists of real eigenvalues only, and the step
displacement correlation matrix will be symmetrical.

A model with an extended detailed balance scattering rule predicts (from the
stationary state) that the concentration of charge carriers for any region in the
disordered system of given phase maintain a uniform value. Therefore the ratio
of the occupation probabilities v4/vg must equal the ratio of the concentration of
charge carriers n# /n?, thereby producing a constraint for determining the trans-
mission probabilities {t45,i48,tB4,t54}. It is assumed that the charge carrier
concentration within each phase is the same as if in homogeneous medium. Thus
the extended detailed balance scattering rules do not allow for inhomogeneities in
the carrier concentration within a cell or between different cells of the same phase.
Although there may indeed be concentration inhomogeneities, the above constraint
will be referred to as a physical constraint. Since there are four parameters to be

determined with one physical constraint, the additional non-physical constraints
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of tag = tga, tga = t4s and max(tsp,t54) = 1 are applied in order to proceed
with a working model. The first two constraints are imposed so that the burden
of maintaining the difference in carrier concentration will be shared somewhat “
equally ” between each phase. For example, if the probability to hop from phase
A to phase B is decreased (because of the phase boundary) then cdncurrently
the probability to hop from B to A is increased. The last constraint enforces the
maximum possible coupling between the different phases consistent with the other
constraints. Again the last three constraints are arbitrary and have been used
mainly to obtain a particular scattering rule which will be referred to as extended
detailed balance rule #1. Although many different rules were considered in the
initial stages of developing the persistent random walk model in disordered media,

the results of the extended detailed balance has been the focus of attention.

4.4 Simulation of Persistent Random Walks

The emphasis of this thesis is on the use of the exact enumeration method.
Exact enumeration over all Brownian paths has been extremely useful in calcu-
lating the mean squared displacement (Section 3, Chapter 2), probability density
profile (Section 4, Chapter 2) and the step displacement auto-correlation function
(Chapter 3). However, it is advantageous to consider a Monte Carlo simulation
of the random walks as well[88, 89]. For example, in cases where one may want a
large sample of the disorder, (ie a large state space is needed) the exact enumer-

ation becomes very time consuming. Moreover, it may be of interest to look at
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much longer times than 10000 time steps after which the exact enumeration again
consumes much CPU time. Also one may be interested in observing the typical
fluctuations thaf the random walker encounters, rather than the exact averages.

The method that was used in simulating the random walks is sketched here.
This method was applied to the persistent random walk in disordered media and
is quite general. The random walk was simulated in terms of discrete time so that
the results for the mean squared displacement can be directly compared to that
obtained using the exact enumeration. When using Monte Carlo simulation, very
little CPU time is needed for one random walk, however, to acquire good statistics
many walks need to be generated. For the case of disordered media, it is best to
use many different configurations with fewer walks per configuration in order to
maximize the number of different environments encountered.

According to the persistent random walk model the walker may remain in the
same state, hop to another internal state within the same cell or take a step into
another cell. One matrix multiplication in the exact enumeration corresponds to
one random event. For small hopping probability, many matrix multiplications are
needed before there is a substantial chance that the particle will exit a cell. This is
a deficiency in the exact enumeration method that can be overcome using Monte
Carlo simulation. The basic idea behind simulating the random walk is to follow
the tracer particle at each step displacement in contrast to each random event.

The Monte Carlo simulation performed here was done on the square lattice.

The description of the method will be in the context of a square lattice, although
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everything can be extended to other lattices and dimensions. The random walker
will be followed from cell to cell in the simulation. At any instant of time only the
local surroundinés of the particle need to be known. The “local configuration” is
defined by the specification of the phase of a given cell and its nearest neighbors.
Disregarding orientation degeneracy, there are 2*+! possible local configurations
for a binary disordered Bravais lattice with coordination number z. The square
lattice has 32 possible configurations.

In addition, there are four internal states available to the walker within a cell.
The important information that is needed in the simulation is to know the internal
state of the walker when it first enters a cell. Because of the Markov property,
the random walker can be viewed as starting from that internal state as an initial
condition. The details of the internal state transitions within a cell need not
be tracked, but rather follow only the final outcome consisting of which nearest
neighbor cell the particle hopped and the time required for hopping. Recall that
when the particle hops, the final internal state of a nearest neighbor cell is uniquely
defined by the step direction of the hop. As a result, the random walk is split into
two distinct processes.{89] The first random process is the trajectory of the particle
which disregards internal state transitions. The second random process accounts
for the many internal state transitions (number of random events) that occurred
before successfully escaping a cell.

The trajectory of a particle can be simulated with the specification of a set of

probabilities {p$?(k)} for each possible type of local configuration as identified by
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the label k, where 1 < k < 32 for the square lattice. The j index of {1,2,3,4} are
initial state labels referring to the preferred direction {right, up, left and down}
respectively. The ¢ index of {5,6,7,8} corresponds to the final internal state of
{1,2, 3,4} for the nearest neighbor cell in the {right, up, left and down} direction
respectively. For example, p?%(k) is the probability that the random walker will
hop to the left nearest neighbor (i = 7) given that the walker started in state
7 = 2 of a cell having a kth type of local configuration. In total there are z22+?
probabilities to be specified. However, the set of probabilities {p{f(k)} are stored
using only 2**! memory locations in the simulation program. This reduction in
storage is possible by defining a preferred direction as a reference instead of using
the fixed coordinate axes.

Eventually, a particle in a given cell must exit to a nearest neighbor as indicated

by the sum rule

Sk =1 . (4.33)

=5

For each initial state j, the interval between 0 and 1 is partitioned into four bins
each proportional in size to the probability that the particle will escape in a given
direction. The method of tracking a particle consists of the following items. 1)
Determine the local configuration. 2) Set the initial condition by choosing the
preferred direction j to be in the direction of the previous hop. 3) Generate
a uniformly random number between 0 and 1, and take a step in a direction

determined by the bin that the random number fell into. Then return to item one
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to continue.

The probabilities p?(k) are obtained by constructing a special transition proba-
bility matrix W, where the subscript A stands for absorbing states. The elements
wy (i, 7) for ¢,7 = 1,2,3,4 are identical with the probability transition matrix w.
Furthermore, the elements {wa(5,7), wa(6,7), wa{(7,7), wa(8,7)} give the prob-
ability to hop (also identical to W) from state j to a nearest neighbor in the
{right, up, left, down} direction respectively. The elements {w4(5,5), wa(6,6),
wa(7,7), wa(8,8)} are all equal to one and are therefore absorbing states. A dif-
ferent 8 x 8 absorbing transition probability matrix Wa(k) is constructed for each
local configuration labeled by k. For the moment, let us drop explicit reference to
the label k. An eight dimensional vector space is defined through W,.

By exact enumeration, the function
Pl = ZI;[W,,"],-, V,(1) where V,(I) = 6; (4.34)
can be calculated where V, is the initial state vector. The function
[l =p%— p{}"l forn>1 (4.35)

gives the conditional probability that the tracer particle will hop to a particular
nearest neighbor (ie {i = 5,6,7,8}) after precisely n random events given that it
started from state j. In other words, the function f7} is the first exit probability.
Alternatively, p; gives the probability that the particle, initially in state j, had
taken a step to the ith nearest neighbor after m random events such that m < n.

In the limit that n — co the set of probabilities p{? are obtained.
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The time required to make each hop needs to be included to completely describe
the Brownian motion. After a step displacement is realized, the waiting time dt
must be detemﬁned. The random time process is specified through cumulative
distribution functions defined by ¢} = pJ;/p§7. The difference between ¢f; and pJ;
is that ¢} is a conditional probability given that the particle does exit the cell
from the j state to state ¢ and therefore ¢ = 1. To realize a time dt, another
independent uniformly random number r between 0 and 1 is generated. Then dt
can be found by using the distribution function ¢f; where : corresponds to the

realized nearest neighbor. A comparison between r and the function ¢} such that
q; = max{q;} of theset {g[;} <r (4.36)

implies that dt = m. Although this is a straight forward way of generating dt, as

will be shown later, the determination of dt is generally more involved than this.
In principle the functions {p[;}, which give all the dynamic information needed

for the simulation, could be calculated analytically from W,. However, at long

times the limiting form for p; is expected to be
P = p% — (o5 —PRAL™ forn2>m (4.37)

for sufficiently large m. The function p?; was numerically obtained using exact
enumeration. For Eq. (4.37) to be valid it was found that m could be chosen as
small as 8 in some cases or as large as 20000 in other cases. It was also observed
for n > m that pf/pi; — constant independent of n. Therefore, it is possible to

find (or at least estimate) py from which ¢7; can be obtained.
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For small m, it is easy to store the function ¢} in memory for all n up ton = m,
and then for n > m Eq. (4.37) is used in place of memory storage. However, if
m is large, the .rnethod of storing the function g7 in memory is not practical.
Therefore, it would appear that diagonalizing W, for each distinct configuration is
necessary to obtain the solution for pl;. The manipulation of this generé.l solution
for determining df is quite complicated, because the solution will involve a sum
over four exponential decays plus a constant (four of the eight eigenvalues equal
one.) An approximation can be made (which amounts to choosing a coarser time
scale) that leads to a simple alternative method. Since m needs to be larger when
the walker takes longer to exit a cell, m is dependent on the diagonal terms in
W,. In particular the problem of large m arises when the non-absorbing diagonal
elements are close to unity.

In the case of the extended detailed balance rule, all the non-absorbing diagonal
matrix elements of a given phase are equal. Let us consider the matrix element
wa(1,1), and defining 1 — wy4(1,1) = z for 0 < £ < 1 we denote the smallest m
necessary for Eq. (4.37) to be valid as m,. It is not implied that m, is only a
function of z since it also depends on the probability to hop out of a cell. However,
we can reduce m; by changing the time scale. Therefore we first fix the value of
z, if 1 —w4(1,1) > = no change in time scale is made so that the scale factor e is
set to unity. Otherwise, the scale factor is chosen such that e = [1 —w4(1,1)}/z.
The approximation is made by using a rescaled absorbing probability transition

matrix with elements given by w/i(z,5) = wa(z,7)/e for i # j, w)(i,2) = 1 for
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: = {5,6,7,8} and w'(j,j) = 1 — z for j = {1,2,3,4}. The absorbing diagonal
probabilities of unity are not changed by the scale transformation because regard-
less of its arrival fime, a particle cannot escape an absorbing state. The off-diagonal
processes are speeded up so that the particle will exit the cell with less number
of random events. One random event defined by the rescaled transition matrix on
average corresponds to 1/e random events of the original transition matrix. The
smaller 2 becomes the greater the approximation. For all cases considered, it was
found that for z = 0.1 that m, < 50 which is a reasonable number of terms to
store in memory.

From exact enumeration pgf(k), Ai;(k), m;;(k) and ¢} for all n < m;;(k) (where
m;;(k) is chosen to be the smallest possible number for which Eq. (4.37) is valid)
are determined for each distinct configuration. All of this information is acquired
and stored in memory before the simulation part of the program is started. As
an example, consider a local configuration consisting of a cell of phase A having
all nearest neighbors of phase C where the physical properties of mobility and
the model parameters are specified in Table (4.2 and 4.3) respectively. For this
configuration, it was determined that p3} = 0.34293, ms, = 20, ¢20 = 0.45200 and
log,o Asy = —6.583x1073. Also the results for (i = 6,7,8 j = 1) are identical where
p3 = 0.21902, mg, = 40, ¢80 = 0.39849 and log,; Aey = —6.671 x 1073, The first
passage probabilities f} are plotted in Fig. 4.5for ({ = 5,7 = 1) and (i = 6,5 = 1).
After n > 20 for fg; and after n > 40 for fg both functions converge to nearly

the same curve. Each curve is characterized by a single exponential decay. In this
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case e = 0.001 is the scale factor. An important feature of the model, as nicely
displayed by f§ in Fig. 4.5, is that the effective waiting time distribution for a
single nearest néighbor step displacement is nol a simple exponential decay but
is modified considerably by the internal transitions within a cell.

The time interval dt is considered to be continuous (real variable in FORTRAN)
and the function ¢} is interpolated to the continuum. Once this is done, the waiting

time is realized according to

q:.; —-r 1 n-—1 n
dt=[n—-——5]-+05 forg; ' <r<gj (4.38)
q; —4q;; ¢

when the random number r is less then ¢[}. Note that the indices ¢ and j are
determined by the trajectory of the particle and m is determined by the local
configuration. In the case r < q}j, it may occur that dt < 1, however, if this occurs
then the choice of dt = 1 is made instead because it takes at least one random
event for the walker to hop out of the cell. Technically, the time interval dt should
be taken as the greatest integer of the right hand side of Eq. (4.38) without the
addition of one-half. Since dt is considered as continuous, the addition of 0.5 allows
the net sum of time to be correct on average. On the other hand, if r > ¢} then
log[75%

1 m
dt = [-1'-0?1'\":;— + m}; forr > 9i; (439)

having used Eq. (4.37). In the case that the random number r is greater than
g7 it is seen that m/e < dt < co which covers all the remaining possible waiting

times.
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Figure 4.5

The first passage probabilities f: are plotted for the two cases fs, and fg corre-
sponding to the O and () symbols respectively. A simple exponential decay occurs
after n = 20 for fs; and after n = 40 for fg;. This plot is for the case when the
scale factor was set at e = 0.001 which implies that between each random event
on this graph there are actually 1000 random events with respect to the original
time scale.
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The random walk is finally constructed by combining the two separate random
processes together. The simulations that were performed were on the same size
configurations used in the exact enumeration, so that the entire configuration was
stored in memory. Therefore, the stationary initial state vector was calculated and
then used to determine which state the random walker starts. Once the random
walker is released, the total time of the walk is calculated from the summation

over all the individual waiting times between each step. Mathematically,

t(N) = i dt; R(t)=Y @ (4.40)

i=1 i=1
where #(N) is the total time that took place during the set of N random step
displacements {7;}n that define the trajectory of the particle. The position infor-
mation of the random walk data, is stored for a pre-selected set of times {¢;} that
are logarithmicly spaced. Since the random walker remains in the same cell for the
waiting time dt, the position of the particle is precisely known at any time ¢.

The method of calculating dt turns out to be very crucial in obtaining the
correct statistics. The method presented here should not be regarded as the best,
cleanest or even fastest way, however, the simulation results are in good agreement
with the exact enumeration. A word of caution should be made, however, that
as the total simulation time is increased, small errors can accumulate very rapidly
in the calculation of the total time t(N). It is believed that the procedure de-
scribed above, should reliably put the simulation results (with good statistics) to

be within 10% error to the exact enumeration. That is, the d.c. diffusion constant
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Table 4.2

For the square lattice (a = 1nm), the physical properties of mobility is summarize
for three different phases. The transport times of phase A and B are equal, the
diffusion constant of phase B and C are equal and the mean free path of phase C
and A are equal. Refer to Table 4.3 for the model parameters.

parameter | phase A | phase B | phase C

D nm?/sec | 10 101 101

Tir SEC 10712 10-12 10-16

n 7.07107 | 0.07071 | 7.07107

as measured by the simulation should be within 10% of the true value and this
estimate is quite useful. The simulation technique can be much faster than the
exact enumeration, especially if both phases are poor conductors where each phase
have long waiting times for the walker to hop out of a cell. Unfortunately, if one
phase is a poor conductor and the other a relatively good conductor, then a large
fraction of the particle’s trajectory may be spent in the good conducting phase and
the simulation will not have any speed advantages over the exact enumeration.

A comparison of (X(n)?) from Monte Carlo simulation and exact enumeration
is given here for a disordered configuration as specified in Fig. 4.6. The configura-
tion is not a site percolation realization, although it models a percolating network.
Periodic boundary conditions are applied, therefore, the diffusion process will be

normal. Three different types of materials denoted as A, B and C are specified
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in Table (4.2 and 4.3) and have been taken in pairs to represent the percolating
and non-percolating phases. The d.c. conductivity of each phase (in homoge-
neous medium) was chosen to be identical (denoted as o,), however, each phase
is uniquely distinguishable. Phase A and B have the same transport time, phase
B and C have the same d.c. diffusivity and finally phase C and A have the same
mean free path.

As Fig. 4.7 shows, the x-component of the mean squared displacement from
simulation and exact enumeration agree with one another for each of the six dif-
ferent cases considered. Each case is labeled as Y X where (Y, X) denotes the
(percolating, non-percolating) phase of the configuration presented in Fig. 4.6.
The exact enumeration used about 35 min of CPU time for each case to calculate
the step correlation and mean squared displacement in the x-direction up to 10°
time steps. Therefore, 1 hour and 45 min would have been required to calculate
the entire position correlation matrix. On the other hand, the sirmulation CPU
time is dependent on the parameters. In four simulations 40000 random walks
were generated except for cases AC and CA where 10° walks were necessary for
obtaining good statistics. The entire position correlation matrix up to 10° time
steps is calculated in the simulation. For case CB the simulation took about 6
hours, case BC took about 3 hours and the remaining cases took between 12 to 8
minutes.

Clearly the simulation is not always faster than exact enumeration. However,

the simulation CPU time is independent of configuration size and the total num-
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Figure 4.6

This is a single realization of a disordered configuration in a percolating state. The
lattice constant is chosen to be 1nm in this example. The black region in the pic-
ture represents the non-percolating phase and the white represents the percolating
phase. Periodic boundary conditions are applied to this configuration.
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The model parameters are summarized for the three different materials listed as
A, B and C as defined in table 4.2. Each section refers to a two-phase mixture
where the columns correspond to phase “X”. The d.c. conductivity for each phase,
the transport times of phase (A and B), the diffusion constant of phase (B and C),

and the mean free path of phase (C and A) are respectively equal. (a = 1nm).

| parameter |  phase A | phase B I phase C |
X-A phase mixture
Ph 0.15865 0.94964 0.15865
Ps 0.28045 1.67874 x 10~2 0.28045
ny /ﬂ._‘ql 1 104 104
txa 1 4.45464 x 10~2 1
T (sec) | 5.08798 x 10~'2 | 6.95236 x 10~ | 5.08798 x 10~!®
X-B phase mixture
Ph 2.16780 x 10~3 0.94964 0.15865
Ds 3.83216 x 1073 | 1.67874 x 102 0.28045
nx/ng 104 1 1
txp 1 1 1
7 (sec) |6.95236 x 10~ | 6.95236 x 1074 | 5.08798 x 10~!®
X-C phase mixture
Dh 1.58647 x 10~° | 6.94977 x 103 0.15865
Ds 2.80451 x 10~% | 1.22856 x 10~* 0.28045
nx/nc 1 1 1
txo 1 4.45464 x 10-2 1

T (sec)

5.08798 x 10~18

5.08798 x 10~16

5.08798 x 1071€
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Figure 4.7

Here is a comparison of the results for (X(n)?) between the exact enumeration
(solid line) and simulation (symbols) applied to the disordered configuration shown
in Fig. 4.6 for six different cases. The {<, x, A, 0,4+, (O} symbols correspond to
the case {CB,BC,BA,AB,CA, AC} respectively where the first letter identifies
the percolating phase and the second letter identifies the phase of the clusters.
The characteristics of phase A, B and C are listed in Tables (4.2 and 4.3). The

simulation results agree within 3% error.
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ber of walks can be divided among the configuration realizations, thereby making
Monte Carlo simulation more feasible as the number and size of the configurations
increase. For example, the CPU time for case CB from exact enumeration ap-
proaches the simulation CPU time for a disorder average over 10 configurations
provided 4000 walkers are released per configuration. The general technique used
in the simulation of persistent random walks in disordered media has been success-
fully demonstrated to agree with the exact enumeration. It is worth mentioning
that the simulation can calculate the time (number of random events) the walker
spends in each phase separately. The ratio of the time spent in a given phase to
the total time will give the stationary probability that the walker is in that phase.
This information is very useful if a non-extended detailed balance scattering rule
is used where the initial stationary state eigenvector is not known apriori. Another
feature of simulation is that the method can be extended to the continuum.

A full discussion about the effective d.c. conductivity of disordered composites
will be deferred to Chapter 5. However, note that the effective conductivity (in
the x-direction) for the configuration in Fig. 4.6 has been determined to equal o,
for the cases AC and CA, 0.51a, for the cases AB and CB, and equal to 0.390,
for the cases BA and BC. It is seen that the effective conductivity is lower than
the conductivity o, of either phase separately for four cases out of six. Moreover,
the same d.c. conductivity was obtained by substituting phase A for phase C or
vice versa.

These results indicate that the mean free path of a particle must be the same in
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both phases for the effective conductivity to be the same as the degenerate conduc-
tivity of the constituent phases. From Table 4.3 the only difference between phase
A and C is a time scale. Therefore, if the substitution A = C is made anywhere
within a disordered system, no change in the trajectories will occur, although the
time process does change. The effective d.c. conductivity is inva.ria.nt.under any
substitutions between phase A and C because from Eq. (4.32) it is seen that the
ratio in time scales are exactly compensated by the ratio in carrier concentration.
However, because the time process is drastically different, the Brownian motion 1is
different with the substitutional change.

To get an idea of how different the diffusion process can be among the six cases
considered, a single realization of a walker’s trajectory is shown in Fig. 4.8 for
case AC or equivalently case CA, Fig. 4.9 for case BC or equivalently BA, and
Fig. 4.10 for case CB or equivalently CA. Note that the plotted trajectories do
not give any information about the time passed. Also the start and finish points
are not labeled because the important information to convey is the characteristic
shape of a trajectory.

In cases AC and CA the non-percolating clusters are invisible to the random
walker. The trajectory of Fig. 4.8 displays no noticeable persistence. The reason
why the carrier concentration of phase A is 10* times as much as phase C is simply
because the average waiting time for a particle to hop form an A phase cell is 104
times as long than from a C phase cell.

In contrast, the cases BC and BA represent a situation of a particle having a
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Figure 4.8

Here is a single realization of a trajectory of a random walker released on the
disordered configuration of Fig. 4.6 at coordinates (25,25) for case AC which
denotes that phase A is percolating and the clusters are of phase C. The random
walker has taken 1000 random steps of which 324 of them are within clusters of
phase C. The black diamonds denote the locations along the trajectory for which
the particle travels through a cluster. The total time of the walk was 4.271 x 107
discrete random events corresponding to 22ns of real time.
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Figure 4.9

Here is a single realization of a trajectory of a random walker released on the
disordered configuration of Fig. 4.6 at coordinates (25,25) for case BC which
denotes that phase B is percolating and the clusters are of phase C. The random
walker has taken 1000 random steps of which 906 of them are within clusters of
phase C. The black diamonds denote the locations along the trajectory for which
the particle travels through a cluster. The total time of the walk was 21231 discrete
random events corresponding to 0.012ns of real time.




182

much longer mean free path in the percolating phase than the typical distance that
can be traveled before running into a cluster as Fig. 4.9 clearly displays. Here the
particle prefers to take steps in phase C or A over phase B. Therefore, a typical
trajectory looks like the particle leaps from cluster to cluster, while most of the
time is spent within a cluster. The effective conductivity decreases because the
clusters embedded in the B phase cause premature scattering to occur within the
B phase, thereby reducing the effective mean free path of the particle.

Finally, fig. 4.10 shows a typical trajectory of the cases CB and AB where a
particle in the percolating network has a mean free path shorter than the typical
cluster to cluster separation. Again the particle will prefer to take steps in phase
C or A over phase B. Therefore, more often than not the particle will take steps
within the percolating phase and will have to diffuse around the clusters. The
effective conductivity decreases because the tagged particle undergoes Brownian

motion in a ramified environment.
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Figure 4.10

Here is a single realization of a trajectory of a random walker released on the
disordered configuration of Fig. 4.6 at coordinates (25,25) for case CB which
denotes that phase C is percolating and the clusters are of phase B. The random
walker has taken 1000 random steps of which 32 of them are within clusters of
phase B. The black diamonds denote the locations along the trajectory for which
the particle travels through a cluster. The total time of the walk was 10938 discrete
random events corresponding to 0.006ns of real time,
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5. TRANSPORT IN TWO-COMPONENT DISORDERED SOLIDS

5.1 Introduction

In this Chapter, the main interest will be on the frequency dependent diffusion
coefficient in application to obtaining the effective electrical conductivity of disor-
dered media consisting of a two component phase mixture. The persistent random
walk is used here in order to model a Drude-like mobility of the charge carriers
within a given phase. The nature of the persistent random walk in disodered media
is studied here in more detail than Chapter 4. Preliminary results are given to de-
termine general features of the model and their physical implications. In addition,
further avenues of possible research will be discussed.

We begin by considering the ratio of the d.c. conductivities of two different

materials that can be expressed as

cq nt DA

e
gp nB DB

(5.1)
which follows from the Einstein relation. If the effective d.c. conductivity of a
disordered composite material only depends on o4, g and the geometry, then any

distinction as to why the conductivities of the different phases are different is

totally irrelevant. Equation (5.1) can be further broken down as

A 2 B
o n l T

OB nB 123 Ter



where 4 and lg are the mean free paths of a carrier in homogeneous A and B phase
respectively and 74 and 7,2 give the time scales for phase A and B respectively. In
a simple random walk, 7, — 7 since there is no concept of a “transport time”.

In the scaling argument given by Bunde et al[15] for the frequency dependent
conductivity of random binary composite materials, they assume an inifial anzatz
of 0.5y = 0.5s(w| 04,08, pa) Where py is the volume fraction of phase A. The im-
plications of this anzatz is that the microscopic details are not important, because
the effective conductivity is determined by the geometry of the disorder at large
length scales. They further assume that the ratio in time scales for the diffusion
process of a carrier is given as 78/74 = o04/0p. They also implicitly assumed
that the mean free path of a carrier in each phase is equal. With these two latter
assumptions, we can conclude that the ratio n4/n® =1 for consistency. They use
the time scale ratio to derive general consequencies from their scaling anzatz by
matching to known limits. If their anzatz is correct, it does not matter that they
considered a special case. In a later paper Straley[16] also assumes implicitly that
nd =nB 1y = lg and 78 /74 = 0, /0. However, he works with the scaling anzats
Degy = Degs(w | D4, DP, pa).

A disagreement between the results of Bunde et @i[15) and that of Straley[16]
was noted by Straley. This disagreement concerned itself with the assumption of
whether two time scales or one time scale exists in the problem. Because both
arguments have the same inherent assumptions, there is no difference between

forming the theory in terms of diffusivity or conductivity. Straley showed by
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computer simulation that indeed there is only one time scale, and although Bunde
et al also verified their results by computer simulation they could not run for
long enough times to verify a second time scale. However, their models used for
simulation were not equivalent. If microscopic details are in fact not important,
then the difference should not matter.

We looked at the problem from yet another angle. First we removed the con-
straint that n4 = n®, but assumed that each scaling anzatz is generally true. We
can have o4 = op, for two distinct cases, n4 = n€ and n? > nf. By the scaling
arguments in terms of conductivities, o.ss(w) = 04 at all frequencies for either case
of relative carrier concentration. In terms of diffusivities we see that D.ss(w) = DA
at all frequencies for the case n? = n®, however, D.;((w) # constant in the case
n4 > nP. Both results can agree in the d.c. limit without contradiction, but
clearly the two predictions for the a.c. properties are inconsistent.

It was not clear from either Bunde et al or Straley that their simulations en-
forced n? = n®. In general, however, it is possible to construct a generalized blind
or myopic ant model which can account for both a difference in concentration of
charge carriers as well as a difference in diffusion constants. Even in this case, the
relative diffusion constants are adjusted only through the time scales of each phase.
Therefore, we incorporate the persistent random walk model which allows us te
independently vary the carrier concentration, mean free path and transport time
for each phase. Under the assumption that the typical size of the domains of both

phases are much larger than the mean free path of the carriers, the effective d.c.
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conductivity will be independent of how the conductivity of a phase is modeled.
However, this is not necessarily true for the a.c. properties.

The persistent random walk is well suited for mesoscopopic disordered systems.
Our focus is on the interplay between the mean free path of a particle with the
disorder length scale set by the ramification of the medium. The persistent random
walk is at a coarse grain level, however, it is hoped that disordered systems with
typical cluster widths that are of the same order or smaller than the mean free
path of a carrier (with respect to homogeneous phase) can be accurately modeled
without resorting to a full microscopic theory.

This model is being pushed to the limit where a classical analysis can be ex-
pected to hold. The regions of phase clustering will in general have narrow necks
of width that will span less than the mean free path of a particle as defined in the
homogeneous phase. For example, in the thin gold film experiment by Laibowitz
[24] the typical length scale of the narrow necks of gold clusters was about 10
nanometers, and the electron mean free path at room temperature is also about
10 nanometers. It is also possible to have situations where the mean free path of
a good conductor can be 100 nanometers. However, it is assumed that the regions
defined by these narrow necks and islands are large enough such that the transport
properties of the particles are the same as in homogeneous material.

We approach the problem of calculating the frequency dependent conductivity
using the persistent random walk model as follows. Each material (phase X) is

characterized by the d.c. conductivity oy, diffusion constant DX, transport time
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7X and the concentration of charge carriers n*. From the generalized Einstein
relation it follows that the effective conductivity can be expressed by o.5f(w) =
nf;—TD, 77{w) where n is the total number of charge carriers in the system divided
by the volume of the system. The charge carrier density n of a two component

media of phase A and B is given by
n=n"ps +n°(1 - pa) (5.3)

where p4 is the volume fraction of phase A. The conductivity is determined by
both the concentration and mobility of the charge carriers.

The fractal characteristics of a disordered medium is expected to appear over
time scales such that the random walkers will remain confined within the cluster
boundaries [15] and the diffusion length scale is less than the disorder correlation
length £. Moreover, we expect that the persistent random walk and blind ant
results should be the same when the mean free path is much shorter than the
coarse grain length scale.

The ratio of the effective conductivity of the system o(w) to the d.c. conduc-

tivity of phase B is given by
o(w) nD(w)

o - nBDP (5.4)

where D(w) is numerically obtained from the SACF using Eq. (3.31) . The real
and imaginary parts of the effective diffusion coefficient are calculated separately

with the following

N
RE[D(w,N)] = 5[C(0) + 2L Co(wAW)" cos(nd)] ,  (53)

n=1
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and

N
IM[D(w,N)] = d_l'r 3" Co(r)A(w)" sin(n¢) (5.6)

n=1

where A(w) = (1 + (wr)?)~"/? and tan(¢) = wr.
The dielectric response ¢(w) is related to the imaginary part of the electrical
conductivity[84] given by
RE[‘—(;L)] =1—IM[%%)] (5.7)
where ¢, is the permittivity of free space. The relationship between e(w) and o(w)
takes into account all charge particles in the system. However, in most cir-
cumstances the bound charges tend to yield dielectric responses that are virtually
frequency independent at low frequencies, and strongly frequency dependent near
resonance frequencies. Moreover, these resonance frequencies are usually greater
than the plasma frequency. Therefore, it will be assumed that the part of the
dielectric response due to the bound charge is just a constant that can be added to
the part due to the free charge carriers at all frequencies up to the cut-off frequency

as determined by the persistent random walk model.

5.2 Inhomogeneous Medium: The Simple Couple

The simple couple as shown in Fig. 5.1 is the first application of the persistent
random walk to non-homogeneous media to be considered. Periodic boundary
conditions are applied to the opposing edges of the couple. This geometry is
chosen because there are only parallel interfaces allowing us to compare the static

results of the persistent random walk with predicted values obtained from analyzing
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the configuration as resistors in parallel or series. The couple geometry is useful in
testing the properties of the persistent random walk across an interface. The width
of the couple is set equal to one lattice constant because the periodic boundary
condition makes the x-direction infinitely long regardless of the specified width.
The effective d.c. conductivity is calculated by considering the two phases
in parallel along the x-direction and in series along the y-direction. From the
calculation of equivalent resistance for the couple geometry, the effective diffusion

constant is found to be
f

PAPBDADB da+dp 2 : .
d,q PsD +dBPAD 1l SEries

Deff = (58)

\ PyD* 4+ PgDB in parallel

where {d4, dp} give the dimensions of the geometry as specified in Fig. 5.1. These
equations are expected to be valid when all the geometrical dimensions are much
greater than the mean free path length of the particle for either phase. The proba-
bilities P4 and Pg are just the ratio of the number of carriers in phase A and B to
the total number of carriers in the system respectively. It follows that P4+ Pg =1

and in particular,
ntdy

= Ad, T nBdy (5.9)

Py

The theoretical prediction of Eq. (5.8) is restricted to the d.c. limit as well as
to the requirement that (I4/ds < 1, lg/dg < 1). When the latter requirement
is satisfied, then the predicted results of Eq. (5.8) should be valid up to a certain

frequency where the two phases begin to “decouple.” The decoupling occurs if
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)
~ ]

Figure 5.1

The geometry for the construction of a simple interface is shown. Phase A and B
are in a parallel combination along the x-direction and a series combination along
the y-direction. Periodic boundary conditions are applied making the width of the
couple irrelevant. The width is set equal to one lattice constant.
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an applied electric field changes direction too rapidly for the majority of charge
carriers to move back and forth across the interface. In other words, the time scale
is so short that the diffusion length is much smaller than d4 and dg. Therefore, it is
intuitively expected that at very high frequencies the effective diffusion coefficient
for the series configuration should approach the results for the parallel case.

In general, it is expected that at sufficiently high frequencies the effective dif-

fusion coefficient should go as
D(w) = P4D*(w) + PeD®(w) at high frequencies (5.10)

where “high frequency” is such that the corresponding length scales being probed
is much smaller than the typical cluster confinement lengths. If one is interested
in the effective conductivity at these high frequencies, then the specific details in
the carrier’s mobility will become important.

The ratio of the conductivities of two materials as expressed in Eq. (5.2) con-
veniently summarizes the different ways the conductivities can differ from one
another. Some properties of interest are the sensitivity of the results on the lattice
constant and the accuracy compared to the predictions of Eq. (5.8) for geometries
of macroscopic length scales. Furthermore, the dependence of the effective conduc-
tivity on the mean free path length, transport time and concentration of carriers
is investigated.

In the following analysis of the couple configuration, the diffusion constant for

phase B is fixed to be DB = 10'*nm?/sec with a transport time of 72 = 10~'%sec
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which corresponds to a mean free path length of Iz = /2 x 10'nm. Various
ratios in the conductivities for the two phases forming the couple are obtained by
changing the properties of the A phase. As summarized in Table 5.1, the ratio of
conductivities, carrier concentration and/or the d.c. diffusion coefficient will be
varied and compared.

We used scattering rule # 1, as defined in Section 3 of Chapter 4, so that a
particle scattering off an interface will reflect and reverse direction while satisfying
an extended detailed balance. With this rule, the walker’s motion tangent to an
interface is not affected by that interface. Hence, the effective conductivity o,(w)
in the x-direction corresponding to the parallel case agrees with Eq. (5.10) at
all frequencies. Therefore, only the effective conductivity o,(w) in the y-direction
corresponding to the two phases in series, will be discussed below.

We now address the question of coarse grain invariance. As explained in Chap-
ter 4, there is a high frequency cut-off dependent on the coarse grain length scale.
Below the cut-off frequency, the effective conductivity must be independent of the
coarse grain length scale within reason. Without coarse grain invariance, it would
be impossible to expect a coarse grain approach to be valid whatsoever.

As Fig. 5.2 demonstrates, the results for o,(w) is invariant under three different
coarse graining of the couple geometry as specified in Table 5.1 using cases A, B
and C. Note that the couple geometry remains the same as the coarse grain length
is varied. In particular, the interface is well defined provided that d,/a = integer.

The coarse graining is tantamount to dividing each region of phase in either smaller
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Table 5.1

The frequency dependent diffusion coefficient for a couple geometry have been ob-
tained for the cases tabulated here among others not listed. The physical properties
of the B phase were set fixed with DF = 10"nm?/sec and 7, = 10™'2sec corre-
sponding to a mean free path of about 14nm. Note that the length d, = d4 = dp
refers to both regions of phase A and B along the y-direction.

case | 4 g;} %:;— %-; :—i d, (nm) | a (nm)
A l102] 1 |1072{10'] 1 2000 100
B (10-2] 1 |107%2|10°'] 1 2000 10
C [1072] 1 J10°2}107'] 1 2000 1
D [1072} 1 (102]10°'} 1 |[2x10°]| 100
E [1072}] 1 [107%2}107'| 1 200 1
F [1072{ 1 [10°%2]107'| 1 200 10
G (1074|1072 |107% |10 1 200 10
H [10®]10-4|102 |10} 1 200 10
I j10°2| 1 |102|10'| 1 20 0.05
J 1072 1 J1072| 1 [107? 20 0.05
K [ 1072|1072 1 1 1 20 0.05




or larger grid sizes. This exercise illustrates the way in which the persistent random
walk model has been parameterized to maintain coarse grain invariance.

In the calculation of D(w), there is generally a finite window of frequencies that
can be obtained for a given coarse grain length scale. The upper frequency limit
is determined by the coarse grain length and the lower frequency limit will occur
when the SACF does not converge sufficiently rapidly (a typical case). In this
case, the best one may hope for is convergence in D(w) such that wr & 1076 as
explained in Section 3 of Chapter 3. The importance of coarse grain invariance is
that calculations for D(w) in different frequency ranges corresponding to different
coarse grain length scales can be matched to obtain D(w) over a much larger
frequency range. In the case of a disordered system, however, the nature of coarse
graining becomes a complicated issue because of the additional problem in correctly
representing the ramification.

In Fig. 5.3 the conductivity o,(w) for the cases B, D and E from Table 5.1
are compared to show the dependence of the decoupling crossover frequency on
the system size. Just above the decoupling frequency, the system will respond
in accordance to Eq. (5.10). The transition between the coupled and uncoupled
response is not too sharp because there are always free carries near the interface
that interact with it. The carriers near the interface consist of those particles that
are a distance away less than the diffusion length. As a simple picture, assume
that carriers farther from the boundaries than the diffusion length are decoupled.

As the time scale decreases, the diffusion length decreases and this eventually leads
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The real part of the effective conductivity for the two phase couple in the series
direction is normalized with respect to the d.c. conductivity of phase B and is
plotted verses frequency. Here 04/0p = 1072 and 7, = 10™'2sec for both phases.
The symbols {0, (), +} correspond to the cases {A, B,C} in Table 5.1 respectively.
The solid and dashed lines indicate the d.c. result for the series and parallel cases.



197

to a full decoupling between the two phases at high frequencies.
For the couple geometry, an estimate for the decoupling frequency can be made.
We arbitrarily define the decoupling crossover frequency to occur when 80% of the

free carriers are decoupled as suggested by the data used to obtain Fig. 5.3. Then

the time scale ¢X for phase X is estimated as:

fdy = [2DXX (5.11)

where in this case f = 0.1 so that 20% of the carriers will still be within the

diffusion length. Then it follows that

(5.12)

is the frequency for which phase X of width dy decouples. Although the fraction
f is somewhat arbitrary, it is clear that the decoupling frequency is inversely
proportional to the square of the linear size of the constant phase region. Since total
decoupling only occurs when both phases are decoupled, the relative concentration

of carriers in each phase is taken into account by a simple averaging to arrive at
We = PAwf + Pgwf . (5.13)

Estimating the decoupling crossover frequency using Eq. (5.13) has been successful
within an order of magnitude for many different cases in addition to those presented
in Fig. 5.3. The length dx cannot become arbitrarily large, however, because the

entire length of the couple should be much less than the wave length of the applied
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The same ratio o,(w)/op as plotted in Fig. 5.1 is plotted verses frequency for
three different sizes of the couple. Again o4/ocp = 1072 and 7, = 10~ %sec for
both phases. The symbols {O,(, A} correspond to the cases {D, B, E} in Table
5.1 respectively. The solid and dashed lines indicate the d.c. result for the series
and parallel cases.
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electric field in either medium. In this case, we are justified to consider an effective
conductivity.

As shown in Fig. 5.4 for the cases F', G and H from Table 5.1, the conductivity
os(w) obtained from the random walk is in very good agreement with the series
and parallel predictions using Eq. (5.8) at low and high frequencies respectively.
As the ratio of the d.c. conductivities o4/0p is decreased, it becomes clear that
the transition from the d.c. series result to the d.c. parallel result has a frequency
dependence of ~ w?. As o4 — 0 the physical situation of having the carriers in
phase B completely trapped is approached where (R(t — o0)?) — R2 ., and it
has been shown [68] that D(w) o w? at low frequencies with D(w = 0) = 0.

It is convenient to describe the real part of the conductivity in the series direc-

tion for the two phase couple as
os(w) = o5 + (0 — 03) F(w) (5.14)

where the function F(w) is defined through this equation. Solving for the function

F(w), it follows that

_ os(w) —oy  D(w)—D,

op — o2 - D, - D, (5.15)

F(w)

where o and oj are the predicted d.c. conductivities for the series and parallel
case respectively from the equivalent resistance. Moreover, D), and D, are the d.c.
effective diffusion coefficients for the couple in the series and parallel directions as

given by Eq. (5.8) respectively. The function F(w) is real at all frequencies. Using
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The same ratio o,(w)/0® as plotted in Figs. 5.1-2 is plotted verses frequency for
oafon = {107%,107*,107°} as indicated by the symbols {0, (), A} corresponding
to the cases {F,G, H} in Table 5.1 respectively.
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the random walk results for cases F, G and H from Table 5.1, and the predicted

values for D, and D, from Eq. (5.8) we have found that

wz .
fw<w,
Fuy~{ <% (5.16)

1 otherwise

indicating that the approach to the series d.c. limit is the same as that of a trap
for which 62 = 0. By plotting the numerical data in the form defined by Eq. (5.15)
on a Log-Log plot, not only was the functional form of F(w) established, but the
decoupiing frequency could be accurately obtained from the y-intercept.

Other data sets have been analyzed to determine F(w) including cases where
dy # dg. In general, the same results as above were found with two exceptions.
For the first exception, which in some way is a pathological case, occurred when
oalog = 1074, dy = 2000nm, dg = 200nm, ni/nB = 10%, DA/D? = 1078,
14/1g = 10~* and 14 = 7B. With these choices for the parameters, the character-
istic frequency response for w < w, was given as F(w) ~ Ay/w + Bw. Again the
(low, high) frequency limit agreed with the effective conductivity for the (series,
parallel) configuration. Further analysis on other cases where there is a strong
opposition between the ratio in conductivities compared to the ratio in carrier
concentration were not considered. It is believed that these cases are not very
common because it is usually the concentration difference that predominately de-
termines the difference in conductivities (not the mobilities). However, this case is
interesting and should be pursued further. For the second exception, as described

below, the lengths d4 = dp where allowed to become comparable to the mean free
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path of the carriers. Therefore, this case must be treated separately because the
assumption of having macroscopic length scales is invalid.

The conductivity o,(w) is plotted in Fig. 5.5 for the cases I, J and K from table
5.1. Here the mean free path of at least one phase is of the same order but smaller
than the dimension of the region of constant phase. A key result is that ti:e effective
d.c. conductivity is lower for all three cases than the d.c. series prediction. The
reason for this lower conductivity is because the carriers scatter off the interface
within a time scale for which normally their motion is positively correlated within
homogeneous phase. Therefore, the effective mean free path decreases. Case I is
not affected as much as cases J and K because only the carriers in phase B have
a smaller effective mean free path. Since the mean free path of cases J and K
are equal, in the d.c. limit their response is identical. However, in case K the
transport time for the carriers in phase A is at 7! = 107%sec so that the dip near
w = 10'%qad/sec is a result of the Drude-like mobility of those carriers in phase
A. As the frequency continues to increase above 1/7/, the effective conductivity
increases because of decoupling that is occurring in phase B.

The results for the effective electrical conductivity for the two phase couple
geometry has by itself many interesting features. The results from the couple
geometry give us more confidence in applying this model to randomly disordered
media to estimate the effective conductivity. Our hope is to make use of the
persistent random walk in disordered media where the linear dimensions of clusters

are of the same order as the mean free path of the carriers.
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The same ratio a,(w)/op as plotted in Figs. 5.1-3 is plotted verses frequency. The
symbols {O,(, A} correspond to the cases {I,J,K} in Table 5.1 respectively.
Note that for case J, 7 = 10~'%sec. The solid and dashed lines indicate the d.c.
result for the series and parallel cases.
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5.3 Persistent Walks in Disordered Media

The characteristics of the persistent random walk in disordered media is now
addressed. Althdugh many interesting cases can be considered, we will look at the
special case when the mobilities for two different phases are identical. In particular,
we chose D = DA = DB, 7, = 124 = 7B, with n4/n? = 10~° implying that the
conductivity ratio is o4/op = 107°. We will calculate the effective conductivity,
normalized with respect to op, as a function of frequency for various degrees of
disorder and for various degrees of persistence. The d.c. diffusion coeflicient D
and transport time 7, will be left unspecified because the function o(w)/op for a
given disordered configuration will only depend on 1.

We will study the real and imaginary parts of the normalized conductivity
o(w)/og verses wry, because these curves do not change shape as D and 7, are
varied provided the mean free path remains a constant (assuming the fixed carrier
concentration ratio of ny/rng = 1075.) We proceeded to calculate o(w)/op for
the three cases n = {100,1,0.01} for each disordered configuration generated.
Experimentally, the mean free path of the carriers can be adjusted by changing
the temperature.

At different volume fractions of the A phase, one disordered configuration is
generated on a square mesh of side L = 100. A state in the site percolation
model is ether of phase A (poor conductor) with probability ps or phase B (good
conductor.) Because both phases conduct, all 10000 cells in the 100 x 100 square

mesh need to be included as part of the system. The system contains 40000 unique
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states. See Appendix B for the FORTRAN code used in calculating the SACF.

The system under study now contains an ensemble over many B-phase and A-
phase clusters. When the two phases have degenerate mobilities any difference in
conductivity of the two phases is due entirely from the carrier concentration. The
probability for the random walker to be reflected at the interface from the poor
phase to the good phase is unity and from the good phase to the poor phase is
~ n*/n®. Therefore, the carriers are trapped within the good conducting clusters
until time scales for which they have appreciable chance to exit. The frequency
dependent conductivity will be influenced by the geometry of the good conducting
phase for times less than the time scale of escape. At longer times, the carriers are
not confined only to the good phase clusters, therefore, both phases participate in
the diffusion process.

In Fig. 5.6 the real part of the normalized conductivity is plotted verses wr,
when n = 100 at four different volume fractions. Two volume fractions correspond
to the limits for pure homogeneous phase A and B. The other two volume fractions
are at py = {0.593,0.407} which are near the percolation threshold for the (poor,
good) conducting phase respectively. Since the lattice constant is one hundred
fold larger than the mean free path of the carrier, the persistent random walk 1s
very similar to a blind ant. It is seen that at p4 = 0.407 the conductivity goes as
o(w) ~ w3, The exponent of 0.35 is found instead of 0.30 because an ensemble
over many cluster sizes is being considered and the appropriate walk exponent is

d!,. For frequencies wr,, > 104, the length scales that are being probed are of the



206

order of the coarse grain length scale. Therefore, the effective conductivity is that
as if the two phases were in parallel as expected from the decoupling argument of
the previous Section.

At the percolation threshold for the poor phase, nothing special happens be-
canse the good phase region has already been disconnected in isolated clusters. A
characteristic increase in the effective conductivity as ~ w? is possibly occurring
as in the case of the two phase couple. This behavior suggest that a second time
scale exist as suggested by Bunde et al[15]

It is noted that at P4 = 0.593 and P4 = 0.407 for low frequencies RE[e(w)—¢, ]
is greater than zero in contrast to the case of a homogeneous metal. We note
that in general, the model of a harmonicaly bound charge with damping leads to
RE[e{w) — ¢,] being positive, then negative, and finally goes to zero (but neg-
ative) as frequency increases from zero.[84] If ¢(w)/e, is negative (positive) the
medium will (will not) be reflective. When the medium does not reflect, the larger
the conductivity the greater the absorption. Therefore, the disordered composite
will absorb at radio wave frequencies and lower although either constituent would
totally reflect. The reason for the sign difference is from the fact that in homo-
geneous media, the SACF (VACF) is positive (exponential decay) whereas in the

_composite disordered medium the (SACF) (VACF) is negative. Furthermore the
decay in the latter case is a slow power-law. The ramification in the medium is
suppling an overall force on the particle to keep it bounded.

In Fig. (5.7) the real part of the normalized conductivity is plotted for the
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The real part of the normalized effective conductivity is plotted verses wT,. In this
case the lattice constant is 100 times larger that the mean free path of the carrier.



208

case that » = 1. Two noticeable features has taken place. Firstly, the effective
d.c. conductivity is lower than in the case for 5 = 100. Since the geometry and
conductivities are identical to the case n = 100, one may have expected from
a simple scaling argument that the effective conductivity should be identical as
well. However, this is the crux of the problem. The d.c. limits for tﬁe effective
conductivity are lower because there is much ramification on length scales of one
mean free path. Therefore, the effective mean free path in the composite material
is reduced by the scattering caused by the phase boundaries.

The second notable feature is that the effective conductivity remains nearly
constant from the d.c. limit to higher frequencies than case 7 = 100. This im-
plies that the long range correlations in the static geometry are playing less of a
role for relatively more persistent walks. Other than these two features, similar
characteristics are observed as in the n = 100 case.

The highest persistent case is plotted in Fig. {5.8). The same two trends, lower
effective conductivity in the d.c. limit and the effective conductivity remaining a
constant until higher frequencies is found. One reason for this is that since the cells
are relatively smaller with respect to the mean free path, the decoupling frequency
increases. In this case, the effective mean free path has been reduced enough to
cause the d.c. effective conductivity to be lower than the d.c. conductivity of the
poor conducting phase. This effect was already seen in the case of the two phase
couple.

The fractal characteristics of the disordered configuration is not too apparent
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The real part of the normalized effective conductivity is plotted verses wm,. In
this case the lattice constant equals the mean free path of the carrier.
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The real part of the normalized effective conductivity is plotted verses w,. In this
case the mean free path of the particle is 100 times that of the lattice constant.
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for this case, although it is still present for frequencies 10~2? < wr,, < 107!. The
range in frequency for which the fractal characteristics of the cluster can be observe
decrease as the persistency increases. The reason could be caused by the reflection
scattering rule that was used. We suspect this because a very persistent walk will
get trapped in small localized regions because of the small chance that the walker
will take a step in a direction other than forward. A walker must be confined to a
single cluster for a long enough time to explore the cluster. Until then, the fractal
nature cannot be observed.

Each time the walker hits a phase boundary, there is a chance for the walker
to escape. However, if the walker does not escape it will just keep bouncing in a
localized area. There is a very small chance for the walker to turn and get out of
a trap. Therefore, most of the time, the walker stays in one region so the average
distance covered before successfully escaping a trap is too small for the walker to
detect any self-similarity in the structure. Although the time scale for successfully
escaping may be long, a trap allows the walker many chances to escape.

Another interesting point to be made is that at P4 = 0.9 the effective conduc-
tivity is still much lower than the conductivity of phase A. In other words, we see
that a 10% volume fraction of a good conductor embedded into a poor conducting
matrix has lowered the conductivity! The reason is because the effective mean free
path is very low. The good phase is spread out into isolated regions which act as
traps.

In addition to the real part of the normalized conductivity for the case 5 = 0.01,
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in Fig. (5.9 we show a plot of the imaginary part verses wr,. The curves are not
particularly insightful. However, the general characteristic of the imaginary part of
the conductivity as shown here is similar to the other two cases. At low frequencies
the imaginary part is approximately constant and then decreases. Sometimes the
imaginary part will change from negative to positive around wr, = 1.

One application that was intended for the persistent random walk model was
the determination of the frequency dependent effective conductivity of gold thin
film experiment as described in Ref.[24] The experimental results disagree with
the scaling theory predictions. It was thought that by introducing the persistent
random walk the small dimensions of the clusters of gold could be handled properly.
The results obtained for the disordered media as modeled by site percolation on a
square lattice do not agree with the experimental results either. It was suggested
[24] that inter-cluster hopping should be considered to explain the results. This
could be incorporated into the general framework developed here.

Another point of interest is to continue to explore the persistent random walk
model as set up here for the case that a # 0 for a scattering rule. In this case
even the extended detailed balance is destroyed. Preliminary results show that the
stationary state deviates from a bi-level function tremendously. This opens the
question of how important are the details in the scattering rules and what other
physical constraints can be used in determining those rules.

In addition to changing the dynamical model, other models for the disorder

could be considered.[90] Although the task seems quite difficult, a technique for
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The imaginary part of the normalized effective conductivity is plotted verses w,.
In this case the mean free path of the particle is 100 times that of the lattice
constant. The sign of the imaginary parts of the above curves is positive for
P, =0 and P, = 1, and are negative for all other volume fractions plotted.
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matching the frequency domain solutions together as the coarse grain length scale

is continuously increased could be considered.



6. CONCLUSIONS

The Brownian motion of a tagged particle in static disordered mediéx has been
studied extensively using discrete time random walks. The walk exponent d,,
which characterizes the time dependence of the mean squared displacement of the
random walker has been accurately estimated for the blind and myopic ant by
exact enumeration over all Brownian paths from all starting points. Qur estimate
for d,, for the (blind, myopic) ant is given as (2.84 £ 0.03, 2.83 £ 0.03) on 2 — d
percolation clusters, (3.59 £ 0.04, 3.57 & 0.04) on 3 — d percolation clusters and
d, = 2.63+0.04 for the myopic ant on 2—d DLA clusters. Moreover, the estimates
for d,, for the percolation clusters are in agreement with the universality of the
blind and myopic ant models.

Only numerical data obtained from the ensemble of clusters generated from a
seed site with free boundary conditions, for which saturation effects were taken into
account, were used in the final estimates for d,,. We have noticed that the estimate
for d,, on 2-d site percolation clusters is substantially lower when generated on a
square mesh with periodic boundaries. One possible reason for the low estimate
for dy, (closer to normal diffusion) is that our cluster ensemble did not include
the percolating clusters that do not rap around the mesh. These clusters would

have a saturation in the mean squared displacement, thereby, increase the estimate
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for d,. More importantly, a fitting form for the mean squared displacement that
can account for the apparent homogeneity of the medium caused by the periodic
boundary condition was not used.

In addition to the mean squared displacement, the entire position correlation
matrix for the random walker on two dimensional site percolation clusters has
been calculated. The usefulness of this correlation matrix is that the anisotropic
properties of the diffusion process can be studied. We find[51] that the geomet-
ric anisotropic properties of the clusters directly influence the anisotropy of the
diffusion process around a local region. A typical walk is anisotropic around any
given origin, although any principal direction of the diffusion is equally probable.
Thus, the self-averaging over many starting points makes the diffusion appear es-
sentially isotropic. For this reason a scaler representation for the diffusion process
is adequate to determine the frequency dependent diffusivity from correlation in
the walker’s step displacement. The physical picture is that a collection of many
different skewed random motions are actually occurring.

Furthermore, we have derived a mean-field approximation for the position cor-
relation matrix in terms of the moment of inertia as a function of the chemical
distance from the origin. The anisotropy in the position correlation matrix reflects
the changing anisotropy of successive shells within the cluster as the diffusing par-
ticle explores a greater chemical distance. Qur Calculations show that the position
correlation matrix can be approximated as the radius of gyration tensor of the

cluster when the sites are weighted. The sites within a chemical distance ! are
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weighted by the average probability per site, p(l,n), that a random walker is lo-
cated at a site in the Ith shell at the nth time step. The quantity (I, ») is a
configurationally averaged probability and does not depend upon the details of a
particular cluster. In addition to giving us a nice physical picture of the diffusion
process, the mean-field approximation captures the essential physics quite accu-
rately and therefore has potential to serve as a basis in further developments such
as the derivation of an evolution equation for p(z,y,n). Further analysis can be
extended to three dimensions.

An alternate way to study the Brownian motion of a tagged particle is through
the velocity auto-correlation function. In many cases the velocity auto-correlation
function decays as a power-law. We have summarized the conditions for fast and
slow anomalous diffusion depending on the decay exponent of the velocity auto-
correlation function. We found that the presence of a long time tail is not sufficient
to cause the diffusion process to be anomalous at all times, although it may cause
the diffusion to be anomalous for short times. If the power-law decay is slower
than 1/¢* the diffusion process will not have a correlation time. In the absence of
a correlation time, a generalized Langevin equation can be used to describe the
stochastic process. The memory kernel of the generalized Langevin equation can be
obtained from the velocity auto-correlation function. In particular we have shown
that a power-law friction kernel adequately describes the anomalous diffusion on
site percolation clusters at the critical threshold.

A mapping between continuous time to discrete time was developed using a
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master equation. The set of random rates in the master equation were normal-
ized with respect to the maximum rate of the system. In this way the ratio of
transition rates could be interpreted as hopping probabilities and each location in
the disordered system would share the same exponential waiting time distribution
governed by the maximum rate. Once this has been accomplished the problem of
the Brownian motion could be cast into a discrete time random walk model.

The step auto-correlation function (SACF') of a random walker has been a key
quantity of interest throughout the thesis. The SACF for the blind and myopic
random walks were carefully analyzed and compared. Unlike the mean squared
displacement, there is much non-universal behavior. The non-universal behavior
is contained in the fine structure of the the mean squared displacement. The
irrelevant small amplitude oscillating corrections in the mean squared displacement
may become the leading order terms in the SACF. In some cases these oscillations
are quite interesting. The SACF is the analog of the velocity auto-correlation
function. The velocity auto-correlation function can be obtained from the SACF by
using a Poisson waiting time distribution. At long times, the Poisson distribution
tends to wash out the oscillations in continuous time.

In the case of the myopic ant on bipartite percolation clusters at the critical
threshold, the SACF oscillates in sign at each time step. In general, the oscillation
will persist indefinitely without decay. The residual oscillation amplitude has been
shown to scale as ~ 1/5 where S is the size of the cluster. The oscillation envelope

has been shown to decay as a power-law with the exponent given as half the spectral
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dimension.

We have expressed the complex frequency dependent diffusion coefficient in
terms of the SACF. It is found that the non-universal aspects of the oscillations
in the SACF did not have any influence on D{w). We suspect that oscillations
of greater period than those of the blind or myopic ant may be important when
calculating D(w). This had lead us to look at non-detailed balance models that
would lead to complex eigenvalues from the probability transition matrix. However,
this route was not too successful. Although introduced for other reasons, the SACF
for a highly persistent random walk in disordered media does have longer periods
of oscillations than one time step. In this case as well, however, the oscillations in
the SACF do not play that important of a role in the final result for D(w).

The general method of calculating D(w) from the SACF has the advantage
that it goes beyond a mean-field description. Also the frequency dependence of
the diffusion coefficient can be directly attributed to the spatial disorder of the
medium. Furthermore, using the SACF instead of the mean squared displacement
to calculate D(w) is much easier because of convergence. Although this method
works very well in the high frequency limit, the method does not work well at
lower frequencies because of poor convergence. However, it is possible to monitor
the rate of convergence and to decide when to truncate the sum over the SACF.

A random walk model with persistence is introduced for the analysis of the elec-
trical conductivity of disordered composite materials. Within a region of constant

phase the mobility of the material is modeled to be Drude-like. In this model, we
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are able to independently choose the d.c. diffusion coefficient, transport times and
carrier concentrations for each constituent phase. We found that the persistent
random walk yields results that depend on the specific characteristics of con-
ductivities of each phase. Only in the d.c. limit is the real part of the effective
conductivity independent of the transport time and mean free path length pro-
vided that the typical geometrical length scales of regions of constant phase are
much larger than the mean free path.

In disordered media, the fractal characteristics of the clusters may be washed
out by highly persistent random walkers confined to the infinite percolating net-
work. The general criteria for the fractal characteristics of the clusters to be present
is that the root mean squared displacement of the random walker must not exceed
the correlation length of the clusters. Moreover, the time scale must be less than
the average time for the carriers to escape. Normal diffusion will take place once
both phases participate in the diffusion process. The effective d.c. conductivity of
a non-homogeneous medium will be less than the d.c. conductivity of either phase

when the disorder length scale is smaller than the mean free path of either phase.
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Appendix A: The Method Used in Generating DLA Clusters

In this Appendix, we give a general description of the algorithm used in gener-
ating DLA clusters on the square lattice. The method incorporated here is partly
standard[49] and partly new. The basic idea of generating a DLA cluster is to
release a random walker from “infinity” and wait for it to randomly liit the ag-
gregate. The practical problem in the computer simulation is to decide what is
infinity. After a random particle sticks to the aggregate, a new particle from in-
finity is then released. In an operational sense, the particle should be released
from a distance away from the center of mass that is much greater than the linear
dimensions of the aggregate. As the aggregate grows in size the distance that the
particle is released must grow in proportion. Therefore, without doing anything
fancy, the total C.P.U. time will increase exponentially with cluster size. The al-
gorithm presented here allows one to generate DLA clusters with the total C.P.U.
time increasing linear with size. The entire method will be described, and then
the subroutine in FORTRAN is included for future reference.

The first two “tricks” are described in Appendix A in ref.[49]. The first trick is
to start the random walker on a shell that is reasonably larger than the aggregate.
This radius is called rstart. The probability for the walker to start anywhere on
this shell is uniform. It is important to make sure that the shell is centered around
the aggregate, otherwise a bias in starting more walkers near the aggregate on a
given side will occur.

The second “trick” is to kill the random walk if it drifts too far from the
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aggregate. The logic behind this is that once a random walker gets so far from
the aggregate, it may inter the field of influence of the aggregate again but as if
it were another random particle. Therefore, instead of wasting time tracking the
particle out to infinity and then back again, it is best to kill the walker and start
a new random walker. This is accomplished when the random walker moves a
distance form the origin r > rkill. It is good to set rkill >> rstart in order not
to introduce to much error.

When the particle is anywhere between rstart < r < rkill the step length of
the walker can be set to dr = r — rstart. This is the most efficient region as far
as the particle‘’s movement is concerned. However, when the particle is inside the
smaller shell r < rstart the process is slowed down because the particle has a
possibility of sticking to the aggregate. In this region we use a third “trick” which
is slightly different than that in ref.[49] but similar in spirit.

We incorporate the concept of coarse graining. The space is partioned off into
very large cells. These cells are divided by a factor 8. Then those cells are divided
by a factor b and so on, until the last stage reaches the lattice structure. Each cell
is referred to as a bin at its respective level such as binl(7, ), bin2(s, j), etc. Then
the &n X (2, 7) for level X can be equal to G or 1. If a bin is equal to 0 that indicates
there are no aggregate particles in that cell, otherwise there is. By checking nearest
and next nearest neighboring bins at a given level, it can be determined whether a
step size (of length equal to the cell) is appropriate or not. If there are aggregates

in the neighboring bins, then the next level of bins must be checked. By proceeding
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with this process, one can always maximize the step length in any given location.
This method is believed to be faster than the one presented by Vicsek, because
there is very little updating time. Since the step length is proportional to " at

the nth level, one can reduce the exponential time dependence on size to a linear

dependence.
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subroutine dlagni(n,nb,link,mult,chain,x,y,stat,isd)
This subroutine simulates the growth of a diffusion
limited aggregate. The aggregate is generated omn a
underlying square lattice. The method of generation uses a
variable jumping distance in order to speed the process.
input: n= the number of particles contained in the aggregate
isd = the initial seed
output: link defines connectivity between particles (sites)
mult(s) defines number of connections for site s.
chain(s) = 1 or -1 which defines the parity of site s
x{8), y(s) yield the (x,y) coordinate of site s
stat(i) yields simulation statistics
n = -1 walker escaped
n = -2 too small of a grid error
Variable list (incomplete)
8,k = site number
imin,imax = (min, max) x coordinate that the aggregate spans
jmin, jmax = (min, max) y coordinate that the aggregate spans
xlatt,ylatt define lattice boundary given by

ie xlatt = 0.5 * ( imax - imin )
xc,yc the coordinates of the current center of the aggregate
ie xc = imin + xlatt

xx,yy the current coordinates of random walker

x(s),y(s) coordinates of site s of aggregate

nbox2 = number of lattice constants of finest grained bin

xbox2, xbox3, ... = length scale of bin 2, 3, ... respectively
rstart = radius of starting shell w.r.t. origin

rkill = radius the walker is killed if it moves more than this
xkill = rkill/rstart

mkill = maximum number of walkers that are allowed to be killed
dr = a variable step distance for the random walker

sloc(lp) = the latest site label that became a member of plane 1p
chain(s) yields a path between sites within the same plane

1m = maximum number of site labels

ii is used to mod the plane number

iq( ) is used to define the normal to the planes

lp = a geneoral plane index for a site

stat(i) = fraction of steps contained in ith length scale
stat(i+10) = filled bin fraction for r < rstart of ith scale < 9
stat(19) = total number of steps

stat(20) = total number of walks killed

231
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integer n,s

integer mult(n),chain(n),x(n),y(n)

integer 1ink(40000,4)

integer s8loc(40000)

integer*2 bin2(-256:256,-256:256)

integer*2 bin3(-128:128,-128:128)

integer*2 bin4(-64:64,-64:64)

integer*2 bin5(-32:32,-32:32)

integer*2 bin6(-16:16,-16:16)

integer*2 bin7(-8:8,-8:8)

integer*2 binB8(-4:4,-4:4)

integer iq(2),ii,idr(4,2),jc(4)

dimension stat(20)

data i1/9999/, iq/100,99/

pi = 3.1415927
-------------------------------------------------- set parameters

nbox2 = 2

xkill = 40

mkill = 10000

]
[}
=3
(=]
o
(=]
(=]

------------------------------------------------------ initialize

idr(2,1) =

idr(2,2) =

idr(3,1) = -1
idr(3,2) = 0
idr(4,1) =

idr(4,2) = -1
je(1)
je(2) =
je(3)
je(4)

LI 1)
N = bW

nmax = minO{n,lm)

n = nmax

cl = 2%pi

nbox3 = 2#nbox2
nbox4 = 2+nbox3
nbox§ = 2*nbox4
nbox6 = 2*nbox5
nbox7 = 2*nbox6

2*nbox7

nbox8



50

100

150

200

225

250

300

350

400

450

475

float( nbox2 )
float( nbox3 )
float( nbox4 )
float( nboxS )
float( nbox6 )
float( nbox7 )
float( nboxs )

xbox2
xbox3
xbox4
xboxS
xbox6
xbox7
xbox8

do 80 i=i,n
mult(i) = O

do 100 j=1,4

do 100 i=1i,n
link(i,j) = 0

do 150 i=1,1lm
chain(i) = 0

do 200 i=1,20000
sloc(i) = 0

do 225 j=-256,256
do 225 i=-256,256
bin2(i,j) = 0

do 250 j=-128,128
do 250 i=-128,128
bin3(i,j> = 0

do 300 j=-64,64
do 300 i=-64,64
bin4(i,j) = 0

de 350 j=-32,32
do 350 i=-32,32
binS(i,j) = 0

do 400 j=-16,16
do 400 i=-16,16
bin6(i,j) = 0

do 450 j=-8,8

do 450 i=-8,8
bin7(i,j) = 0

do 475 j=-4,4

do 475 i=-4.,4
bin8(i,j) = 0

do 500 j=-1,1

do 500 i=-1,1
bin2(i,j) =
bin3(i,j) =
bin4(i,j)
bin5(i,j)
bin6(i,j)

f
s A e

233
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L
[

bin7(i,j) =
bin8(i,j) =
500 continue

t
(=

sloc(ii) = 1
x(1) =
y(1)
imin
imax
jmin
jmax
xc =
yc =
ikill = 0
rstart = xbox3
rkill = xkill * rstart
istepl =
istep2
istep3
istep4d
istepb =
istepb =
istep? =
istep8 =
istep9 =

---------------------------------- generate DLA containing n sites
do 550 s=2,n

405 continue

------------------------------------------ put new walker on shell
temp = ranx(isd)
phi = temp * cl
xx = xc + rstart * cos{ phi )
yy = yc + rstart * sin( phi )

------------------------- check walker’s distance away from center

410 continue
r2 = (xx ~ xc)**2 + (yy - yc)**2
r = sqrt{ r2 )

---------------------------------- check if walker is to be killed
if( r .gt. rkill ) then
ikill = ikill + 1
if( ikill .1t. mkill ) goto 405
n= -1
return
endif

-------------------------------------------- determine step length

0
0
0
0
0
0

Qo n n nw
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it( r .gt. rstart) then
dr = 0.9 * ( r - rstart )} + xbox2
istep9 = istep9 + 1

goto 420
endif
wewemme et ese oo eeees~e===--e--e--- find walker’s lattice position
ixx = nint( xx )
jyy = nint( yy )
------------------------------ determine the most coarsed bin size

i8 = ixx/nbox8

j8 = jyy/nbox8

if( bin8(i8,j8) .eq. 0 ) then
istep8 = istep8 + 1

dr = xbox8

goto 420

endif

i7 = ixx/nbox7

j7 = jyy/nbox7

if( bin7(i7,j7) .eq. 0 ) then
istep7 = istep7 + 1

dr = xbox7

goto 420

endif

i6 = ixx/nbox6

j6 = jyy/nboxs

if( bin6(i6,j6) .eq. 0 ) then
istep6 = istep6 + 1

dr = xbox6

goto 420

endif

i5 = ixx/nbox5

j5 = jyy/nbox5

if( bin5(i5,j5) .eq. 0 ) then
istep5S = istepS + 1§

dr = xboxb

goto 420

endif

i4 = ixx/nbox4

j4 = jyy/nbox4

if( bin4(i4,j4) .eq. 0 ) then
istep4 = istepd + 1

dr = xbox4

goto 420

endif

i3 = ixx/nbox3
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j3 = jyy/nbox3
if( bin3(i3,j3) .eq. 0 ) then
istep3 = istep3 + 1
dr = xbox3
if( iabs( i3 ) .gt. 127 ) then
n= -2
Teturn
endif
if( iabs( j3 ) .gt. 127 ) then
n= «2
return
endif
goto 420
endif
i2 = ixx/nbox2
j2 = jyy/nbox2
if( bin2(i2,j2) .eq. 0 ) then
istep2 = istep2 + i

415

dr = xbox2

goto 420

endif

do 600 jz=1,iz

in = ixx + idr(jz,1)

jn = jyy + idr(jz,2)

1p = iq(1)* in + iq{2)* jn
1p = mod(lp,ii) + ii

k = sloc(lp)

if( k .eq. 0 ) goto 600
if( in .ne. x(k) ) then
k = chain(k)
goto 70
endif
if( jn .ne. y(k) ) then
k = chain(k)
goto 70
endif

70
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check nearest neighbors for connactions

connection established

note probability to stick = 1

mult(k) = mult(k) + 1
muit(s) = mult(s) + 1
link(k,jc(j2)) = 8
link(s,jz) = k

continue

if( mult(s) .ne. 0 ) then

600
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650

1p
1p

if( sloc(lp) .ne. O ) chain(s)

slc
i8o
jBo
i7o
j7o
i6o
j6o
iSo
j5o
i4o
jéo
ido
j3e

i20 =

j2e
do
do
i8
j8

i7 =

i7
i6
j6
i5
j5
i4
j4
i3
i3
i2
j2
bin
bin
bin
bin
bin
bin
bin

ixx

iyy

= iq(1)* ixx + iq(2)* jyy
= mod(1lp,ii) + ii

Nt N
nn

c(lp) = 8
= ixx/nbox8
= jyy/nbox8

ixx/nbox7

jyy/nbox7
ixx/nbox6
jyy/nbox6
ixx/nbox5
jyy/nbox5
ixx/nbox4
jyy/nbox4
ixx/nbox3
jyy/nbox3
ixx/nbox2
= jyy/nbox2

650 j=-1,1

650 i=-1,1

= i80 + i

= j8o

iTo

j7o
i6o
j6o
iS50
j5o
i4o
j4o
i3o
j3o
i2o
= j20 +
8(i8,3j8)
7(i7,37)
6(i6,36)
5(is,js)
4(i4,j4)
3(i3,j3)
2(i2,j2)

[ I ]

nn

Hon

|}
+
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Cde s e e e jade Gdy e Sde He e fe Gede

L R

| I | | IO { B |
T O O T Y

continue

update info when walker sticks

= sloc(1lp)
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-------------------------------- racalculate:
if( ixx .gt. imax ) imax = ixx
if( ixx .1lt. imin ) imin = ixx
if( jyy .gt. jmax ) jmax = jyy
if( jyy .1t. jmin ) jmin = jyy
xlatt = 0.5 * float( imax ~ imin )
ylatt = 0.5 * float( jmax - jmin )
xc = float(imin) + xlatt
yc = float(jmin) + ylatt
rstart = amaxi( xlatt,ylatt)
rstart = 1.42 * rstart + xbox3
rkill = xkill * rstart
goto 550
endif

rstart, rkill, etc

-------------------------------------- wvalker moves on the lattice

istepl = istepl + 1

test = ranx(isd)
if( test .le. 0.25 ) then
ixx = ixx + 1
elseif( test .le. 0.5 ) then
jyy = jyy + 1
elseif( test .le. 0.75 ) then
ixx = ixx - 1
alse
Jyy = jyy - 1
endif

xx = float({ ixx )

yy = float( jyy )

goto 415

-------------------------------------- walker moves on continuum

420 continue
temp = ranx(isd)
phi = temp * ci
XX0 = XX
yyo = ¥y
xx = xx + dr * cos( phi )
yy = yy + dr * sin( phi )
goto 410
550 continue
nb = 0
do 700 s=1,n
nb = nb + mult(s)
itemp = x(s8) + y(s)
chain(s) = (~1)**itemp

construct output
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700

725

750

800

850

800

950

975
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continue

nb = nb/2

istep = istepl + istep2 + istep3 + istep4 + istepd
+ istep6 + istep7 + istep8 + istep9

step = float( istep )

stat(i) = float(istepl)/step

stat(2) = float(istep2)/step

stat{3) = float(istep3)/step

stat(4) = float(istep4)/step

stat(5) = float(istep5)/step

stat(6) = float(istep6)/step
stat(7) = float(istep7)/step
stat(8) = float(istep8)/step
stat(9) = float(istepd)/step
area = pi * rstart#s2

i2=90

i3 =0

i4 =0

is =0

i6 =0

i7=20

ig8 =0

do 725 j=-256,256
do 725 i=-256,256
i2 = i2 + bin2(i,j)
do 750 j=-128,128
de 750 i=-128,128
i3 = i3 + bin3(i,j)
do 800 j=-64,64

do 800 i=-64,64

i4 = i4 + bind(i,j)
do 850 j=-32,32

do 850 i=-32,32

i5 = i5 + bin5(i,j)
do S00 j=-16,16

do 900 i=-16,16

i6 = i6 + bin6(i,j)
do 950 j=-8,8

do 950 i=-8,8

i7 = i7 + bin7(i,j)
do 975 j=-4,4

do 975 i=-4,4

i8 = i8 + bin8(i,j)
stat(11) = float(s)/area
stat(12) = float( i2 * nbox2**2 )/area



1000

stat(13)
stat(14)
stat(15)
stat(16)
stat(17)
stat{18)

float( i3 * nbox3+x2 )/area
float( i4 * nbox4*#*2 )/area
float( i5 * nboxS**2 )/area
float( i6 * nbox6+*2 )/area
float( i7 * nbox7#*2 )/area
float( i8 * nboxB**2 )/area

do 1000 i=1,18

stat(i)

stat(i) = 100

stat(19) = step
stat(20) = float(ikill)

return
end

function ranx(i)
i=i*1566083941 + 1
ranx=float(i)*2.328306e-10+0.5

return
end
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Appendix B: Recursion Relations for the Exact Enumeration Method

The recursion relations for calculating the step auto-correlation function (SACF)
exactly are giveh below. The method described here calculates the SACF directly
and then from this function the mean squared displacement can be is obtained from
two summations over the SACF. Two major advantages of this method compared
to exactly calculating the mean squared displacement directly are the following.
In the first place, this method works for periodic boundary conditions as well as
free boundary conditions. Secondly, the accuracy in calculating the SACF for very
long times is not limited by the error induced in the loss of significant figures in
subtracting huge numbers from one another to arrive at extremely small values for
the SACF. The only disadvantage is that the mean squared displacement of the
tracer particle starting from a non-stationary initial condition cannot be obtained
directly from the SACF because time translation invariance is lost. Therefore, it
is assumed here that the stationary state vector V; is used as the initial condition.

Using the same notion as introduced in Section 3 of Chapter 2, the recursion

relations that were used for the blind and myopic ant models are given as:

() = s, ) [5(5) = 23(s)] V() (B.1)
qi(s) = ZW(S'»S) [zi(s) — zi(s) ] (B.2)
p*ti(s) = Zw(s s') p3(s") (B.3)

(pi(n)p;(0)) = Z‘It s)r; “l(s) forn2>1 (B4)
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and
(pi(0)p;(0)) = ;lwi(S') - zi(s) Jw(s', s} [z;(s") — z;(s) | Va(s) . (B.5)

Further complications arise with the persistent random walk, as defined in
Chapter 4, because of the internal states associated with each cell. Since the basic
recursion relations are the same, the part of the FORTRAN code in calculating
the SACF for the persistent random walk is given below. In this way, the basic
structure of the algorithm can be seen and the specific details of how the internal
states for the persistent random walk model are handled is recorded here for future
reference. The “input” portion of the program is also included here for future
reference and to help define some variables. Note that the code given below is

about 40% of the total program.
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Dynamic Rules
The state space consist of site and internal state labels. Each site
contains z (4 in this case) internal states. Each state is linked to
4 other states, 3 internal and one external.
------------------ Transmitted Scattering: (so,sf) nearest neighbors

Gt(sf,jf,s0,jo) = phop(so) * T[iph(sf),iph(so)]* gmax +
pstay(so)* (1- T[iph(so),iph{(sf)}])* gmax if jf=jo
=0 otherwise
------------------ Reflected Scattering:

Gr(so, jf,s0,jo)= dir(jf,jo,s0)* Phop(so)* {1~ T{iph(sf),iph(so)] }* gmax
dir(jf,jo,so | alpha ) = depending on alpha the reflected part of
the scattering rate Gr will be distributed among the internal
states according to this function. Note: (0 .le. alpha .le. 1)
alpha = 0.0 => reverse internal direction change
alpha = 0.5 => uniform internal direction change
alpha = 1.0 => no internal direction change

------------------------------------ << variable list (incomplete)
id defines the dimension
iz defines the coordination number
lngthl = number of sites along first edge of rectangle
1ngth2 = number of sites along second edge of rectangle
proba = probability for a square to have an A phase
phase(s) = iph = 1 or 2 for site s
(ns,nk) = number of (sites,states) in the configuration
nmax ,kmax determines maximum size of matrices
so,sf,s defines a site label (degenerate set of states)
jo,jf,j defines a set of internal states for site s
h] also defines a lattice vector
ko,kf,k defines a nondegenerate set of states describing the system
link(kf,jo) = ko defines connectivity among states (ko --> kf)
jj defines a component of a vector
v(j,jj) defines the displacement vector of the jth lattice vector
ds(j) are lattice translation vectors which define boundaries
jc(j) are the complementary lattice displacements relative to j
iii,jjj define the diffusion tensor x,y component respectively

t = number of random events

error = how close the initial condition is to the stationary state
vxvy,vxvyo= <Vx(t)Vy(0)>,<Vx(0)Vy(0)> for iii,jjj => x,y respect.
phop(iph) = hopping probability for phase iph

pstay(iph) = internal backward & sideward probability for phase iph
rate(iph) = rates for phase iph
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gmax = max{ rate(1),rate(2) )
ea,eb = { Ga/gmax , Gb/gmax } respectively
tab,tba = transmission probabilities to go from {b->a,a->b} respect.
tp(iphf,ipho) transmission probabilities: t(1,1)=t(2,2)=1
t(2,1)=tba t(1,2)=tab
alph(iph) = scattering parameter for phase iph, (adjust internal scat.)
dir(i,j) (forward, sideward, backward) probabilities for i=(1,2,3)
respectively w.r.t. phase (a,b) for j=(1,2) respectively.
ca,cb = # of carriers per unit volume for phase (A,B) respectively
frac = ca/cb ’
pay(k),pby(k) are (after, before) state vectors and vice versa
qx(k) left vector for inner product with state vector
wd(k) = diagonal transition probability to remain in state k
we(kf,jo) = compressed form for the off diagonal elements of
the W matrix which represents w(kf,ko).

integer t,s,so0,sf,ds(4),jc(4)

integer phase(40000),1ink(40000,4)

double precision wd(40000),wc(40000,4)

double precision etal,eta2,ea,eb,tab,tba

double precision dir(3,2),alpha(2),tp(2,2)

double precision pay(40000),pby(40000),qx(40000)

double precision v(4,2),rate(2),phop(2),pstay(2)

double precision e,sumx,sumy,gmax,error,vXvyo,vxvy

double precision zero,ao,ao2,doa,taua,dob,taub,ca,cb,cc,frac

id = 2

---------------------------------- initialize displacement steps

----------------------------- initialize complimentary directions

-------------------------------------------------------- << input



1 continue
write(6,5045)

5045 format{ix,’ enter lattice constant: ao')

read(5,*) ao

if( ao .1lt. zero ) goto 1
202 = ao**2
write(6,5050)

5050 format(ix,’ Phase A Characteristics ?)

write(6,*)
write(6,5055)
read(5,*) doa
if( doa .1t. 0.0 ) goto 1
write(6,5060)
read(5,*) taua
if( taua .1lt. zero ) goto 1
etal = ao/dsqrt(2+doa*taua)
e = 0.25 * etal
phop(1) = 1/(1+0.75%etal)
pstay(1) = e * phop(1)
cc = 4.0 * (1+2%e) * pstay(
rate(1) = ( 1/taua )/cc
write(6,*)
write(6,5070)

1)

5070 format(ix,® Phase B Characteristics ')

write(6,*)

write(6,5055)

read(5,#*) dob

if( dob .1t. 0.0 ) goto 1

write(6,5060)

read(5,*) taub

if( taub .1t. zero ) goto 1
eta2 = ao/dsqrt(2*dob*taub)
e = 0.25 * eta2
phop(2) = 1/(140.75%eta2)
pstay(2) = e * phop(2)

cc = 4.0 * (142%¢) * pstay(2)

rate(2) = ( 1/taub )/cc
gmax = dmax1( rate(1),rate(2) )
gmax = gmax * 1.000001
ea = rate(1)/gmax
eb = rate(2)/gmax
phop(1) = phop(1) #* ea
phop(2) = phop(2) * eb
pstay(1) = pstay(l) * ea

<< determine the max rate



pstay(2) = pstay(2) * eb
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L e iiatnit ittt << determine tab and tba
2 write(6,5075)
5075 format(ix,’ A-B Interface Characteristics ’)
write(6,5080)

[+
[+
c
c

5080 format{lx,’enter the fraction: na/mb ?)

read(5,*) frac
cc = 1/zaro
¢b =1.0
ca = frac * cb
if( frac .1lt. zero ) goto 2
if( frac .gt. cc ) goto 2
write(6,5085)

5085 format(ix,’enter the maximum
read(5,*) cc
if( cc .1t. zero ) goto 2
if( cc .gt. 1.0 ) goto 2

note: PS = PB = pstay and PH

transmission probability ’)

- - A - -

[ PHax tba + PBa * (1 - tab) J*na = [ PHb * tab + PBb * (1 - tba) ]*mb

solve for tba given tab = cc
+ phop(2) * cc + pstay(2)
pstay(2) )

a .le. 0) ) then

assume tba = max[ tab,tba ] solve for tab given tba = cc

detailed balance:
assume tab = max[ tab,tba ]
e = pstay(1) * {cc-1) * frac
tba = o/( phop(1) * frac +
tab = cc
if( (tba .gt. 1) .or. (tb
e = pstay(2) * (cc-1) +
e = o/( phop(2) + pstay
if( (e .gt. 1) .or.
write(6,5090)
5090 format(ix,’ tab
goto 2
endif
tab = e
tba = cc¢
endif
tp(1,1) = 1.0
tp(2,1) = tba
tp(1,2) = tab
tp(2,2) = 1.0

( phop(1) * cc + pstay(1) )* frac
(1) * frac )
(e .le. 0) ) then

tba no solution’)

<< input for scattering rules



5100

£§105

5110

5200

5205

5210

5211

write(6,*)

write(6,5100)

format(ix,’ Scattering Parameters: ’)
write(6,*)

write(6,5105)

format(1x,’enter alpha for phase A’)
read(5,*) e

if( e .1t. 0 ) goto 4

if( e .gt. 1.0 ) goto 4

alpha(l) = e

write(6,5110)

format(ix,’enter alpha for phase B’)
read(5,*) e

if( e .1t. 0 ) goto 4

if( e .gt. 1.0 ) goto 4

alpha(2) = e

----------------------------- calculation of dir(iscat,iph)

iscat=1,2,3 => F,S5,B scattering
@ = 1 + 4+alpha(1)*( 1-alpha(l) )
dir(2,1) 2#alpha(1)*( 1-alpha(1) )/e
dir(1,1) = alpha(i)/e
dir(3,1) ( 1-alpha(1) )/e

e = 1 + 4*alpha(2)*( 1-alpha(2) )
dir(2,2) 2*alpha(2)*( i-alpha(2) )/e
dir(1,2) = alpha(2)/e

dir(3,2) = ( 1-alpha(2) )/e

-------------------------------------- << dimension specs.

write(6,*)
if( iopts .ne. 7 ) then
write(6,5200)
format(ix,’enter the dimensions for the rectangle’)
write(6,5205) nmax
format(1x,’enter horizontal length L1 *ao L1*L2 .le.’,iT7)
read(5,*) lngthl
if( Ingthl .eq. 0 ) goto 1
endif
vrite(6,5210)
format(ix,’enter the vertical length L2 *ao’)
read(5,*) lngth2
if( Ingth2 .le. 0 ) goto 1
write(6,5211)
format(1x,’enter the A phase conc. (proba)’)
read(5,*) proba
if( proba .1t. 0.0 ) goto 1



if( proba .gt. 1.0 ) goto 1
ns = lngthi * lngth2
if( ns .gt. nmax) goto 3
nk = iz * ns
write(6,5255)
format(ix,’enter the seed isd’)
read(5,*) isd

5255

write(6,5260)
§260
write(6,5261)
format{ix,’enter i: *)
read(5,*) iii
if( iii .1t. 1) goto 3
if( iii .gt. id ) goto 3
write(6,5262)
format(ix,’enter j: °*)
read(5,*) jjj
if( jjj .1t. 1) goto 3
if( jjj .gt. id ) goto 3
------------------ construct the link matri
-1
-1 * lngthi

5261

5262

lattice labeling;

do 100 jf=1,iz

itemp = ds(jf) - 1

de 100 s=1,ns

kf = iz * (s-1) + jf

ko = iz * (s+itemp) + jf
link(kxf,jf) = ko

do 150 i= 1,1lngth2

k1ft = iz * ( lngthl * (i-1) )
krht = iz * ( lngthl * i - 1)
kfl1 = k1ft + 1

kf3 = krht + 3

link(kf1,1) = krht + 1
link(k£3,3) = kift + 3
continue

(s,j) -> k via k = iz*(s-1) + j
construct the external part of the link matrix

format(1x,’enter (i,j) for ViVj <=> Dij ?)

x for a rectangular box

ist assume no boundary
for j=1,2,3,4

left and right edges

lower and upper edges
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do 200 i= 1,lngthil
klow = iz * (i - 1)
kupr = itemp3 + klow
kf2 = klow + 2

kif4 = kupr + 4
link(kf2,2) = kupr + 2
link(kf4,4) = klow + 4
continue

------------ construct the internal part of the link matrix

do 250 jf=1,iz

do 250 jo=1,iz

if( jo .eq. jf ) goto 250
do 255 s=i,ns

kf = iz*(s-1) + jf

ko = izx(s-1) + jo
link(kf,jo) = ko

continue

continue

----------------------------- generate random configuration

do 410 ihor=1,lngthl
do 410 iver=1,lngth2
test = ranx(isd)
if( test .gt. proba ) then

itemp = 2
else
itemp = 1
endif

8 = (iver - 1)*lngthi + ihor
phase(s) = itemp
continue

----------------------- calculate transmission probabilities

let gx(k) be temporarily used to contain {t1,t2,t3,t4}
do 450 j=1,iz
do 450 sf=1,ns

km = iz#(sf-1) + j
ko = link(km,j)
so = (ko - j)/iz + 1

ipho = phase(so)

iphf = phase(sf)
qx(ko} = tp(iphf,ipho)
continue

------------------------- construct the external part of wc

do 500 jf=1,iz
do 500 sf=1,ns
kf = iz * (sf-1) + jf



kt = link(kf,jf)

kr = iz * (sf-1) + je(jf)
so = (kt-jf)/iz + 1

iph = phase(so)

wc(kf,jf) = phop(iph)* qx(kt) + pstay(iph)* ( 1-qx(kr) )

continue

------------------------- construct the internal part of wc

do 550 jf=1,iz

do 550 s=1,ns

kf = izx(s-1) + jf
iph = phase(s)

do 550 jo=1,iz

kt = iz*(s-1) + jo
itemp = jo + jf

--------------------------------------- sideward scattering

if( 2*(itemp/2) .ne. itemp ) then
e = dir(2,iph)
wc(kf,jo) = pstay(iph)

---------------- external case done, forward scat --> wd(k)
elseif( jo .eq. jf ) then

goto 550
--------------------------------------- backward scattering
else

e = dir(3,iph)

kr = link(kf,jf)

wc(kf,jo) = pstay(iph) * gx(kr)

endif

--------------------------------- reflected hopping scatter

wc(kf,jo) = wc(kf,jo) + e * phop(iph) * ( 1 - gx(kt) )
continue

-------------- construct diagonal part of tramnsition matrix

de 600 k=1,nk

pay(k) = 0

do 650 j=1,4

do 650 k=1,nk

pay(link(k,j)) = pay(link(k,j)) + wc(k,j)
continue

do 700 k=1,nk

wd(k) = 1 - pay(k)

---------------------------------- get initial state vector

sumx = 0

do 750 s=1,ns

ki = izx(s-1) + 1
k2 = k1 + 1

k3 =k2 +1

250



750

800

¢ note that the input for itermx has not been shown here.

k4 = k3 + 1
iph = phase(s)
if( iph .eq. 1 ) then

sumy = ca

else

sumy = cb

endif
pay(k1) = sumy
pay(k2) = sumy
pay(k3) = sumy

pay(k4) = sumy

sumx = sumx + sumy
continue

sumy = 0.25/sumx

do 800 k=1,nk

pay(k) = pay(k) * sumy
iter = itermx

¢ for alph(1) = alpha(2) = 0 itermx = 0

call eqdstr2(nk,link,wd,wc,pay,pby,error,iter)
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C =mm—mmmemeeeccccdcce—eooo calculate <V(0)> for the initial state
sumx = 0
sumy = O
do 850 jf=1,iz

¢ === do 850 jo=1,iz -- note v=0 for internal transitions set jo=jf
do 850 s=1,ns
k= iz * (s-1) + jf
sumx = sumx + wc(k,jf) * v(jf,1) * pay( link(k,jf) )
sumy = sumy + wc(k,jf) * v(jf,2) * pay( link(k,jf) )

850 continue

Lo ettty get left vector for inner product

c note only hopping transitions are summed
do 12580 jf=1,iz
do 1250 s=1,ns
kf = iz * (s-1) + jf
gx( link(kf,jf) ) = we(kf,jf) * v(jf,iii) * ao2

1250 continue

€ === -esesseereeemsecccmeeme—ceesce—- calculation of <Vi(0)Vj(0)>

c and get right vector for inner product
vxvyo = O

do 1300 jf=1,iz

do 1300 s=1i,ns

kf = iz * (s-1) + jf

ko = link(kf,jf)

sumy = wc(kf,jf) * pay(ko)



1300

1350
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vxvyo = vxvyo + v(jf,iii) * v(jf,jjj) * sumy
pby(k£) = v(jf,jjj) * sumy

continue

VIVYO = VIVyO * ao2

vvy = 0

de 1350 k=1,nk

vxvy = vxvy + qx(k) * pby(k)

continue

C <<€<<<<<<<< some cods using the results of vxvy and vxvyo >>>>>>

1451

1500
1450

1580

continue

t=t+1

do 1450 k=1,nk

sumy = wd(k) * pby(k)

do 1500 j=1,iz

sumy = sumy + pby( link(k,j) ) * wc(k,j)
pay(k) = sumy

vxvy = 0

do 1550 k=1,nk

vxvy = vxvy + gx(k) * pay(k)
continue

€ <<<CCCC<<<<<<< some code using the results of wvxvy >>>>>>>>35>

1800
1750

1850

t=t+1

do 1750 k=1,nk

sumy = wd(k) * pay(k)

do 1800 j=1,iz

sumy = sumy + pay( link(k,j) ) * wc(k,j)
pby (k) = sumy

vxvy = 0

do 1850 k=1,nk

vxvy = vxvy + gx(k) * pby(k)

continue

€ <€KLL << some code using the results of vxvy >>>>>>>>>>>

goto 1451

end

function ranx(i)
i=ix156566083941 + 1
ranxsfloat(i)*2.328306e-10+0.5
return

end
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VITA

Donald John Jacobs, son of George F. Jacobs and Stella Jaracz, was born
November 1963 in Amsterdam New York. He generally opposed his elementary
school education because of the many assignments involving pure memorization.
It was not until high school that he began to perform much better in school. At
that time he earned his private pilot license at the age of 17 and was a member of
the Experimental Aircraft Association. After entering Fulton-Montgomery Com-
munity College, majoring in Engineering science, did he enjoy school. It was at
that time when he changed his major to physics.

After receiving his A.S. degree from Fulton-Montgomery in 1983, he transferred
to Union College from where he earned his B.S. degree in Physics with honors.
In 1985 he started his graduate studies in Physics at Purdue University. Being
somewhat impractical, he postponed his Masters degree until 1991, although nearly

finishing his Ph.D. that was obtained one year later at Purdue in 1992.



