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INTRODUCTION

The dependence of the optical absorption by materials on the
wavelength of the incident light has long been a very rich source of inform-~
ation on the structure of matter. The greatest scientific interest has
been in the number and location of peaks and discontinuities in the absorp-
tion spectra. In atomic spectra, the peaks form a series of very sharp,
discrete lines, which directly tell us the energies of various excited
states of the atom. Sharp threshholds for coninuum absorption likewise
appear, which tell us the binding energy of electrons in the atom. In
solids, the positions of peaks and threshholds are studied in order to
determine the nature of the energy bands for electrons in the material.

The fact that peaks and discontinuities in the optical ebsorption by solids
are never sharp, but are broadened over a range of energies, is generally
considered an unfortunate complication, which makes the extraction of pre-
cise informetion about the energy bands very much more difficult. Yet the
shapes of these broédened peaks and threshholds themselves contain inter-
esting and potentially useful information, and the challenge of understand-
ing these line shapes is one which has been welcomed by theorists.

In the vicinity of the fundamental sbsorption edge, an important
factor affecting the line shapes for optical absorption by a pure non- |
metallic crystal is the coupling between electronic states and lattice
vibretions. The principal techniques which-have been used to date to study

_ the effects on optical absorption of the electron-phonon coupling have been

prerturbation theory end variations which, in effect, sum a selected infinite
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set of terms in the perturbation expansion. It is the major purpose of
this thesis to present several new techniques, not dependent oan perturb-
ation theory, for studying absorption line shapes in a lattice with in-
finitely massive nuclei. After a brief introduction to the general theory
of optical absorption (Chapter I), we discuss some one-dimensional models
for which the optical absorption may be calculated exactly (Chapter II).
We then consider an approximate theory, applicable to three-dimensionsl
crystals as well as to the exactly solvable one-dimensional models, which
treats the region of the low-energy tail of the absorption spectrum, a
region in which perturbation techniques are generally inapplicable (Chep-
ter III). Finally, we compare our theory of the low energy tail with the
experimentally observed Urbach's rule (Chepter IV). Included in this
comparison is an investigation of the poésible effects of finite nuclear
masses.

Orgenization. Footnotes, tables, figures, and apperndices are

compiled separately'at the end of each of the four chapters. Equstions are
numbered hy section, separately for each chapter, and a reference in any

. chapter to an equation number refers to the same chapter, unless otherwise
stated. Thus a reference found in Chapter II to Equation (1.24) would

refer to Equation 24 of Section 1, Chapter II.
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CHAPTER I

GENERAL THEORY OF OPTICAL ABSORPTION

~Section 1. Genexal Formulation

Let us consider an idealized experiment for measuring the
optical absorption of a material. We obtain a slab of meterial which is
infinite in the x- and y-directions, and which has a thickness d in the
z~direction. We place on one side of the slab a source of monochromatic
light traveling in the z-direction, and we measure the amount of light
emerging from the other side which is still traveling, accurately, in

the z~direction. The optical absorption constant or attenuation constant

is defined as the limit, for large d, of the derivative with respect to
d of the logarithm of the transmitted light intensity, for a fixed inten-
sity of incident light.

We assume that the transverse electromagnetic field is“

described by a vector potential

~

A(x, t) = A(zr) o100t complex conjugate , (1.1)

vhere w, the frequency of the light, is a positive qpantity. If the co-~
ordinate system is chosen so that the meterial lies in the region 0 <z <4,
then the transmitted wave occurs in the region z > d. The transmitted wave

has the form

ikz
Alz) = A e, (1.2)
vhere k = w/c, and c is the speed of light. In the region z < O, we have

both incident and reflected waves:
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Alr) = A, ef% 4 712 (1.2a)
~ T~ ~], ~Y
Inside the medium, .5' (5) obeys Maxwell's equations in the form

2 =2 2

[w™ ¢ "+ V1 A(x) = - Ly oL

i@ (13)
where [j(r) e Wt complex conjugate] is the {transverse current at position
r. We assume A sufficiently weak so that J may be calculated from a linear
response function:

1) = - et [ a6 s e)raw o (1.1)

- When r and r' are sufficiently far from the edges of the material, g is a

function only of (£ - E') and can be written as
- 1iq e -p!
Mgz o) = (en)? [ EED pig, 0 ag (1-5)

where the function lz\(g, ®) is a characteristic of the bulk material.
(Actually, é(g, E' 3. ®) is invariant only under translations by a crystal
lattice vector, and g(g, w) should really be a matrix between all momenta
differing from q by a reciprocal lattice vector. These "local field cor-
rections” cause complications which do not change the essential features of
the optical absérp‘bion, and we shall ignore them here.)

We shall be interested in Jk\’(g, ®) only when q lies along the z-axis,
and shall write ‘2‘: as a function of the scalar variable q We shall assume that
the material has sufficient symmetry so that g has principal axes which are
independent of q, as long as- g is in the z-direction. If we pick the polariz-
ation of & to lie along a (transverse) principal. axis, we may then treat A and
A as scalars.

If the response function f‘a.lls off sufficiently rapidly as
|£ - E'Ibecomes large, (no anomolous skin effect), then A(g, w) may be

extended to complex values of q, and a possible solution of Maxwell's
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equations in the middle of the medium is

Alx) = A e, (1.6)

-where K, a complex number, is a solution of the equation

a)2 0-2 - K2 - h=m c:-2 AK, ) = O. (1.7)

The combination 1 -UnA(q, a))/cb2 is called the dielectric constant, e(a, o),

and Eq. (1.7) can be written

=

K = +o et ceK, w)2. (1.8)

The response function A(q, ) is an even function of q, and
sélutions to BEq. (1.7) occur in peirs, with values of K differing by the
factor ~1. Solutions with Re K >0 correspond to waves propagating to the
right, while those with Re K < O represent waves propagating to the left.
Since the work done by the electromagnetic field on the medium must be
non-negative, it follows thet Im A < O, and hence ImK - Re K > 0. (In
any real medium, some dissipation occurs, and the inequality sign holds. )
If the thickness 4 of the crystal is sufficiently large, so that multiple
reflections can be neglected, (i.e., |Im K|d >> 1), the vector potential
will have the form (1.6) in the middle of the medium, with Re K > 0. If
there is more than one pair of solutions of Eq. (1.7), (spatial dispersion),
we can restrict ourselves to the solution with smallest IIm KI » provided
the crystal is sufficiently thick.

To find the value of the coefficient ‘ﬁ'o » one must solve the

homogeneous boundary problem at the left-hand side of the crystal:' It is
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sufficient for our purposes, however, to note that 1:.0 will be directly
proportional to éi , and for sufficiently large 4, .l:.o will be in-ciependent
of d. Similarly, the ratio of é"t to ‘ﬁ‘o ein, vwhich is found by sclving
the boundary problem at the right-hand side of the crystal. will be in-
dependent of d, when multiple reflection may be neglected. The ratio of
%t to %i will thus be equal to a constant times eiK"’l_. ard the ratio of
the transmitted to incident intensities isproportionai to e_ad, where

@ = 2 Im K. The constant o is the absorption constent of the material,
at frequency w. Note that to measure & one must make measurements of the
transmission through two or more samples of different thickness. The

optical absorption is then operationally defined by

o = (d.2 - a )-l log (Intensity transmitted through dl/Intensity

1
transmitted through d, ) (1.9)

The real part of K can also be obtained experimentally. It cen be measured,
in theory, by beating the tranémitted signal with the incident. wave in an
interferometer, and measuring the change in phase as a function of d. How-
ever, it is possible to get a very good approximebion to Re X, more con-~
veniently, from a reflectivity measurement. Because the range of surface
effects on the response functiorn g(g, 5’ ;5 ) 1s generally very small com-
pared to the wavelength of light, one can assume that the internal solution
A(r) = éo e1K2 extends all the way up to the surface z = 0. The require-

ment that A and its first derivative be continuous at the surface then

determines the ratios of éi ) &r and ;&0 . The reflectivity is given by
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(1.10)

If the optical absorption constant, 2 Im K, is known, then (1.10) may be
readily solved to obtain Re'K. The ratio K/k is known as the complex
index of refraction.

In order to predict the line shape for optical absorption,
it is sufficient to predict the response function A. If one calculates
the response of a homogeneous quantum mechanical system to a classical
vector potential A(r, t) = A eiqz-ﬂn§ + complex conjugate, one finds ac-

cording to the fluctuation-dissipation theorem,l

- In Alg, ©) = 1—;;)/@ [t Gy 540 as, @)
wherequ(t) is the current operator for wave vector q at time t in the
Heisenberg picture, 2 is the volume of the crystal, EB is Boltzmann's
constant, and the expectation value indicated by the angular brackets is
to be taken over a canonical ensemble at temperature T. We work in units
vwhere A = - The Hamlltonlan in (1.11) is the exact Hamiltonian of the
material, but without the coupling to the transverse electromegnetic field.
Agein, we ignore the tensor character of A by considering the components of
jq along a suitable (trensverse) symmetry direction. Because the nuclei
in a solid are very much heavier than the electrons, it is generally
sufficient, at optical frequencies, to consider only the electronic part
of the current opersator.

It is convenient to write equation (1.11) in the form

_ o~0/kpT /¥gT
-ImA(q,.w)=5—gQ—- z L"i | al3q [0)|2 218 (o - By + E_),
a,b (1.12)
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where a and b are exact eigenstates of the Hamiltoniar with energies

E_ and E , and % is the partition function defined by Z = I, oBalkpT,
Usually in optical experiments, we have a)/kBT >> 1; thus in (1.11) ard
(1.12), the quantity e-w/ kpT may be neglected. In order to calculate
approximately the imaginary part of A, one must first identify the states
which lie an energy w above the thermally occupied states, and then one
must estimate the matrix elements of the current operator between the
relevant states. When .Im A has been calculated for all w, the real

part of the response function may be determined from the Kramers-Kronig

relation
ne2 ot Im Alg, o) an
Re Aq, ) = . +f > é = (1.13)
o w -

where n is the number of electrons per unit volume, e is the eiectronic
charge, and m is ‘the electronic mass. In (1.13) the principal value of
the integrel is toc be taken.

The main concerr. of the theorist is tc predict the imaginary
part of A. The theorist will often work very hard to develop an approxim-
ation vhich will give good values of Im A in a small region of frequenciles.
In order to obtain the real part of A in the same frequency range, he would
have to calcuwlate Im A; at least roughly, fér all values of w. Rather than
do this, the theorist would often prefer to compare his predicted values of
Im A directly with experiment. This can be done if reflectivity, as well
as optical absorption, has been measured. In terms of Re K and &, the ex-

perimantally observed value of Im A may be expressed, using (1.7) as

In A(K, ®) = - co(4n)™ @ Re K. - (1.1%)
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When A is small, the dielectric constent is close to 1,

and Eq. (1.8) gives

1

o ~ brot e |4l . (1.15)

In this case, the optical absorption is simply proportional to Im A, and
it is unnecessary to know Re A or Re K. When Re K is large, however, it
mey play an important role in the aebsorption spectrum. For example, when
the real part of the dielectric constant 1s negative, a finite attenuation
constant & will be observed, even for infinitessimal values of Im A.

One complication still exists in comparing theory with ex-
periment. The experimental value of A(g, w) is obtained for a complex
value of q, whereas in theoretical calculations one normally works with
real 9. In most cases, however, very little change results from dropping
the imaginary part of K in the argument of A in Eq. (1.1%). In a non-
metal, changes in A(q, ®) usually occur only when q is changed by an amount
comparable to & reciprocal lattice vector; the imaginary part of K is always
very much smaller than the size of the Brillouin zone, regardless of the
frequency of the incident light. At optical frequencies, the real part of
K is also much smeller than a reciprocal lattice vecotr, and it is general-
1y correct in practice to approximate A(q, w) by A(O, w), where A(0, ) is
the limit of A(q,cn) as ¢ =» 0. In the limit of @ —» 0, the current operator

jq becomes the total momentum operator for the electrons
i = 2 . .
J o (1.16)

It is not necessarily correct, however, to substitute the limit (1.15) in

(1.11) or (1.12) to obtain A(O, w). Because of the infinite range of the
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Coulomb interaction, and because we have eliminated the transverse electro-
magnetic field from the Hemiltonien, there is a discontinuity at g =0
between the longitudinal and transverse current correlation functions.

The correlation function for jo is thus undefined in the infinite medium.
In models where the effects of~£he long-range Coulomb interactiou are
neglected, the discontinuity between longitudinal and transverse disap-
pears, and one can then use the operator jo without ambiguity.

The theory of optical absorpt;on outlined sbove is semi-
classical, in that we have treasted the electromagnetic field as a classic-
al field, while~using quantum mechanics to determine the response function.
A completely quantum mechanical treatment, using the techniques of quantum

. field theory, can also be given, and leads to results very similar to the
semi-classical treatment. The reason for this similarity is that Dyson's
equation for the photon propagator is essentially identical to equations
(1.3) and (l.h)'for.é(g). The only difference between the correct quantum
mechanical formule for the optical absorption and the semiclassical result

. is a slight change in the equation for Im A(q, ®), Eq. (1.11). Instead
of using the current-current correlation function celculated in the absence
of interactions with the electromagnetic field, one must use the irreduc~
ible part of the correlation function for the complete Hamiltonian, i.e.,
the sum of all Feynman diasgrams for the correlation function which canrot
be separated into fwo disconnected parts by breaking a single photon line.
The sum of all diagrams with no internal photon lines is just the correla~

tion function in the semiclassical calculation. The effect of diagrams

with one or more internal photon lines is two-fold. First, those diagrams
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with no real photon containing intermediate states lead to slight shifts
in energies due to magnetic interactions between electrons, and can be
neglected in most cases. Second, there are diagrams with real photon-con-
taining intermediate states, which can lead to a qualitative change in the

absorption. The simplest class of such-diagrams may be indicated as

I.’--‘

~
. »

(1.17)

where the dotted line represents a photon, the wavy line a phonon, and
the triangles represent the complete vertex functions for the process.
Such a diagram represents the process of Raman or Brillouin scattering
of light, and leads to optical attentuation even at frequencies where
the semiclassical theory predicts no absorption. This scattering is

. generally very small at optical frequencies, however, because the rnumber
of photon states which can satisfy conservation of energy is very small.

A diagram very similar to (1.17) is obtained when light is
scattered by a static inhomogeneity in the crystal. In this case the wavy
line in (1.17) does not carry any energy and is merely used to indicate
that momenfum'has been transferred to the inhomogeneity. In a carefully
grown crystal this scattering will also be very small.

Other diagrams which appear in the irreducible part of the
current correlation function are diagrams in which the intermediate state
has several phonons and/or several photons. Also one has diagrams with
several real photon-containing intermediate states, corresponding to |
multiple scattering of the photon. Clearly all of these may be neglected.

Except for e brief dilscussion in Chapter IV, Section 3, the

remainder of this thesis will be concerned with the problem of calculating
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the imaginary part of A in the semiclassical approximetion, i.e., the

contribution of diagrams with no internal photons.

Section 2. Crystal Models

The simplest model one can consider for .a solid consists of.

a set of non-interacting electrons moving in a periodic potential caused
by fixed ions of infinite mass. If the crystal is a non-conductor, the
ground state will have an energy gap, Eg’ between a filled valence band
and an empty conduction band. Because in most cases of interest, the
energy gep is much greater than kBT, very few electrons will be excited
in the thermal ensemble, and it 1s correct to assume in equation (1.12)
that T = 0. Thus, the only initial state we consider is the one in which
the crystal is in its ground state.

The current operator jq connects the ground state with excited
states in which a si#gle electron of momentum k is removed from the valence
band and added to the conduction band with wave-vector E - q. For optical
absorption, q ® O, aﬁd k - q ~ k. The minimum energy of these excited

states is called the direct band gap, E it is the minimum difference

a
between the conduction and valence band energies of the same wave-vector.
The function Im A(O, w), and hence, the optical absorption, will be zero

for all w < Ed’ and will be non-zero for a continuum of energies above E

a
If, as is frequently the case, the minimum energy in the conduction band
does not occur at the same wave-vector as the maximum in the valence band,

the direct gap Ed will be larger than the indirect gap Eg. Above the direct
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energy gep, Im A will be a smoothly varying function of the frequency w,
except at points where the density of:states with total momentum O has a
Van Hove singularity. Such singularities occur when the sum of the
particle and hole energies hasemmihimum, maximum, or saddle polat as a
function of relative wave-vector. Observations of the correspording
singularities in the optical absorption have teen important tools in the
experimental determination of the band structure of solids.

The prediction of optical absorption for the one-electron
model we have discussed is within the range of computer techniquss. If
the periodic potential is known, the eigenstates ard energies may be cal-
culated by solving the Schr8dinger equation in a single unit cell, with the
modified periodic boundary conditions appropriate to the given wave vector.
Once the wave functions are known, the matrix elements of the current
operstor are easily calculated, and Im A thus obtained. Ideally, the
periodic potential which is used should be obtained self-consistently; in
addition to the Hartree terms it should inclﬁde a non-local excharnge po-
tential, which, in turn, should include effects due to electronic polariz-
ability. In band calculations which have been done so far, however, it has
generally been the practice to use simpler, local potentials to spproximate
the ideal potential.

The optical ebsorption in the non-interacting electron model
would still differ qualitatively from the absorption of a real crystal, no
matter how well the periodic potential were chosen. The energy eigenstates
of the real system are not simple products of & hole wave-function ard an

electron wave-function. An important term which should be included in the
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Hamiltonian is the Coulomb interaction between the electron and hole. For
each value of the total momentum there will then be a discrete series of
positronium~like bound statesiof the electron and hole, lying below a con-
tinuum of unbound states. The bound states are called excitons, and play
an important role in the optical absorption.

The inclusion of electron-electron interactions does rot
destroy conservation of wavé-vector. The current operator j_q couples the
ground state to states of total wave-vector a; hence Im A(Q, w) now con~
sists of a set of d-functions at the energies of the excitons of wave-
vector g, followed'by a continuum, beginning at the energy of the direct
band gap, Ed' (The d-functions in Im A will actually give rise to optical
attenuation bands, because by the Kramers-Kronig relationg, the real part
of the dielectric constant will always be negative for a smell region above
the energy of the &-function. This effect will not lower the threshhold
for absorption, however, as Re ¢ will always be positive below the first
d~function. )

Calculation of the exciton wave-functions and energies, and
thus of the strengths and positions of the d-functions in Im A have gener-
ally been done with drastic simplifying assumptions appropriate to the
limits of either "tight" or "weak" binding. Yet one can imagine that with
some improvement in mathematical and computer techniques, it would be
feasible to calculate quite accurate exciton functions. The many-body
Hamilfonian would be restricted to the subspace in which one electron and
one hole are present, with total momentum q. The wave-function is thus a

function of the relative momentum of the electron and hole, and of two-
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discrete indices designating the electron and hole bands. The complete
Coulomb interaction Hamiltonian should be written in terms of electron
and hole creation and annihilation operators, and all terms should be
dropped except those which involve the product of one hole annihilaetion
operator, one hole creation operator, one electron annihilation operator,
and one electron creation operator. Physically, the terms which are kept
are of two types. First, there are terms in which the electron is scat-
tered from one electron-state to another and the hole from one hole-state
to another; second, there are terms in which the electron is scattered
into the vacant hole state at one lattice site, while an electron is lifted
from a filled state to an empty one at a different site. The first type of
term is the one primerily responsible for the exciton's binding energy,
while the second is the source of the dipole-dipole coupling responsible
for exciton mobility in the tight-binding limit.
When the dipole-dipole term is large, it can cause the exciton
. effective mass to be quite different from the sum of the electron and hole
masses. The dipole-dipole term causes a splitting between the energies of
the transverse and longitudinel excitons at ¢ ~ 0, ceusing in turn the
splitting between the transverse and longitudinal current correlation
functions mentioned earlier. The transverse exciton, which is the one
which couples to the transverse electromagnetic field in a crystal of high
symmetry, always lies lower than the longitudinal exciton.
. In order to correctly obtain a good estimate of the exciton
. energles, it is important to include some many-body corrections to the

exciton calculation just described. One should use, instead of the bare
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Coulomb interaction for the electron and hole, an interaction screened by
an appropriate dielectric constant. Using the screened interactiop pre-
sumably includes the most important effects of intermediate states in
which two or more electron-hole pairs are excited. The problem of accu-
rately calculating this dielectric constant, which masy have to include
terms non-linear in the interaction, is one of the major obstacles to
good exciton binding energy calculations at the present time.

The calculations for the exciton states can also be carried
out for electron-hole continuum states. The electron-hole interaction,
of course, cannot change the energy of the continuum states, but the
change in wave~-function can produce major changes in the current matrix
elements, and hence in the optical absorptioh. It is believed that re-
sonances in this matrix element due to "meta-stable excitons" can cause
subsidiary pesks in the optical absorption, jﬁst below the peasks associ-
ated with various Van Hove singularities in the density of states.2

When w exceeds twice the minimum energy necessary to préduce
a single exciton or perticle~hole pair, calculations restricted to states
in which one real electron and one real hole exist will no longer be valid.
This is because of the possibility of trensitions to states in which two
particles and two holes occur. This difficulty shows up in the two-body
calculation because the dielectric constant necessary to screen the elec-
tron~hole interaction becomes.complex. In fact, the same difficulty
occurs in the calculation of the single particle energies -- at high
energies the dielectric constant used in the self-consistent potential

becomes complex, and a one electron state can decay into & state in which
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two electrons and one hole are excited. Since we will be primarily

~ concerned with states near the energy gap, we need not worry asbout these_
compiications.

The calculations we have discussed so far have all assumed
electrons vwhich move in a perfectly periodic iattice. The inclusion of
the fact that the ions are not fixed in a periodic array causes great com~
plications, and qualitatively changes the absorption spectrum. Because
the energies of long wavelehgth accoustic phonons are arbitrarily small,
it is no longer correct to assume, at finite temperatures, thet the initial
state of the crystal is the ground state. One can assume that the initial
states in equation (1.12) are those in which the "electronic system" is in
its ground stafe, but the phonon states are thermally populated. If the
ionic mass is sufficiently great, or the temperature sufficiently high, the
ions may be treated as static classical particles. The positions of the
nuclei are then just paramefers in the electronic Hamiltonian, and the
average over phonon states becomes an average over nuclear‘positions, weighted
according to the rules of classical statistical mechanics. (See Chapter III,
Egs. (1.3) and (1.4).) |
The first result of the destruction of the periddicity of the

lattice is the destructions of wave-vector conservation with its associated
selection rule. Thus, vhereas in the perfect lattice, the operator jq couples
the ground state to a single state in each exciton band, in a random lattice
jq couples the ground state to all the energy eigenstates of the exciton
band. The d-~functions in A associated with excitons in the perfect lattice

are now broadened into absorption bands. When the minimum energy of the
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lowest exciton band does not occur at wave-vector zero, the destruction

of the wave-vector selection rule results in a lowéring of the minimum
energy for optical absorption. Similarly, if the direct band gap for elec-
tron-hole continuum states is larger than the indirect band gap, elimination
of the wave-vector selection rule reduces the threshhold for the production
of an unbound electron and hole.

There are additional effects of the lattice fluctuastions which
cause small amounts of optical absorption even at erergies well below the
minimum exciton energy of the perfect lattice. If the periodic lattice is
uniformly distorted, it is clear that the energy gap and the exciton energy
minimum will be changed. If the deformation is of the proper magnitude and
direction, the exciton energy minimum can be greatly reduced. In a real
crystal, at finite temperatures, there will alweys be some regions of the
crystal which will be sufficiently distorted, because of thermal fluctuva-
tions, to cause absorption at an arbitrary energy below the threshhold for
the perfect lattice. The study of the low energy tail of the absorption
spectrum will be the subject of Chepters IIT and IV of this thesis.

The quantitative calculation of the effects of a non-pepipdic
lattice on opticel absorption is in general very difficult. One usually
makes the assumption thet the Hamiltonian can be written as a sum of three
terms: a phonon Hamiltonian, an electronic Hamiltonian, and en interaction
term.

The phonon Hemiltonian is expanded as

_ +
I'L_ph = Z wn(l'g) b i b}S‘] + higher terms, (2.1)
|
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vhere the first term is just the Hamiltonian of a perfect harmonic lattice;
the "higher terms" are anharmonic terms involving three or more phonon an-
nihilation or creation operators, which we shall keep in some of our later
work. The index 7 is a polarization index, and k is the momentum of the
phonon.

The electronic Hamiltonian is assumed to be of the form:

N1
_ + .
B, = ? eu(g) a i aE“ + higher terms, (2.2)

ki )

where a%ku is the creation operator for an exciton or an electron-hole
continuu; state with total wave-vector k, and eu(g) is the energy of this
excitation calculated for the perfect lattice. "Higher terms" includes
the interaction between two or more electronic excitations. Since we are
only interested in states with a single electronic excitation, of energy

close to the energy gap, we shall neglect the higher terms in (2.2).

The interaction Hamiltonien may be written

H, o+ ==E; (cgg:” bgn d+£'“' aE?ﬁ':“ + Hermitian conjugate)

Kk + higher terms. (2.3)
In (2.3), the first term describes scattering of an electronic excitation
of momentum k + k' into another electronic excitation of wave-vector k',
with emission of a phonon of wave-vector k. The Hermitian conjugate_pf
this describes a similar process with phonon absorption. The higher terms
are of several kinds. There are terms describing the scattering of an
electronic excitation with the production or annihilation of two or more

Phonons: this is a non-linear electron phonon interaction, and may be
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important under some conditions. We shall keep these terms in some of our
later work. There are terms which involve one creation or destruction
operator for an electronic excitation and one or more phonon operators.
Because of the great difference in energies between the electronic excit-
ations: and phonons, at least one of the two states connected by these terms
will be very far off the energy shell. Such terms will only cause slight
renormalizations of energies and interactions, and mey be neglected. Among
the “higher terms" there are also terms involving three or more electronic
operators and one or more phonon operators. Like the higher terms.in (2.2),
these may be neglected when we are at energies close to the energy gap.

The numerical values of the coefficients in the various terms
of (2.1) and (2.3) are not uniquely determined, even in theory. This is
because the creation operators themselves have not been unambiguously
defined. One requires that the phonon operators obey boson commutation
relations, and it is usual to require the same of exciton operators. (In

. fact, since we are not interested in states where several electronic ex-
citations are present, it is not necessary to specify whether the excitons

are bosons or fermions.) We require that the a*k“

~

phonon operators. Beyond these requirements there are few g priori re-

commute with all the

strictions on the opersators.

The phonon operators are usually defined from the point of
view of the Bbrn-Oppenheimer separation. The general phonon state consists
of an arbitrary function V(R) of the nuclear coordinates, multiplied by a
fixed function ¢B(R’ r) of the nuclear and electronic coordinates, where

for each nuclear configuration R, @O(R, r) is the ground state solution of
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the electronic Hamiltonian in the potential field of the nuclei. (We use
the symbols R and r to represent the coordinates of all the nuclei and
electrons respectively.) The phonon operators change the functions V(R)
without changing the function @, (R, r).

The creation operators for the electronic excitations,
operating on a general phonon state, are assumed to change the function
®, (R, r) without changing the function V¥(R). Thus we have a+'1$“11f R) ?, (R,r)
= y(R) cpk“(R, r). When the coordinates of the nuclei are at the equilibrium
_position: we know that the effect of a+,15H is to raise the ground state of
the electronic system to an exact energy eigenstate of wave-vector k. The
effect on cpo (R, r) for any other configuration R is not yet defined. The
principal restrictions are that cpk‘“(R, r) should be orthogonal to the ground.

state and all other excited states for each fixed R, and that it be normel-

ized to unity for each fixed R. In other words, we require:

f(po*(R, r) (pku(R, r)dr = O, (2.4)

fq’ktut*(R: r) (Pku(R’ r)dr = 8., (2.5)

Tt

~n

The association of a wave-vector 1'5 with the operator a+

K requires that

'ih",@ a.+

97':% cPlgu(R’ r) = e ;-EMQ“L P, (R, ), (2.6)

where Qjﬂ is the operator which tra.nslé.tes the entire system by a lattice
vector ’E It is also natural to require that the function (Pkp (R, r) be

continuous in the variables R. The states (Pkp.(R’ r) will ﬁ' be eigen-

states of the electronic Hamiltonian when ’ch; nuclei are not at their

equilibrium configuration.
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Once the operators éfk are defined, the operators 8y are

~ ~

defined on the spaces of zero and one electronic excitation by the require-

ment that 8y operating on any pure phonon state gives zero, and aguqk,“,(R,r)

= Skk' Suu,~q6(R, r). The choice of definition for the raising operators
afk is guided by the desire to make the coefficients in HinJG as small as

~

possible. It is also necessary to choose the raising operators in a suf-
ficiently simple manner such that some approximate calculation of the cc-
efficients is péssible. A sensible %rocedure is to express the operators
afk for the perio@ic lattice in terms of the single electron creation and
an;ihilation operators, W+(§) and V(x). When the nuclei are displaced from
equilibrium, we define a continuous coordinate transformation x =X +AX by
interpolating between the discrete lattice points in some manner. This co-
ordinate transformation will define a canonical transformation on the W+(§)

and ¥(x), and hence on the et Because the function QO(R, r) at the dis-

kp'
placed nuclear position R is éég obtained from the periodic ground state by
this same canonical transformation, the functions a%ku ¢5(R’ r) will not in
general satisfy the orthogonality and normalization conditions (2.4) and
(2.5). These properties may be restored by taking linear combinations of
the non-orthogonal functions. The orthogonalizetion can be done as follows:

. Let the matrix M(R) have the elements

hiku’ktpl (R) Eﬁoku(R’ I‘) (poktug (R, r»)* dr R (2.7)

0 0 . +

vhere @ o and ¢ It are the non-orthogonal functions s i ¢O(R, r) and
+

& Kty

matrix. The correct orthogonalized functions Qku(R, r) are then given by

@o(R, r). The matrix M(R) will be a positive-definite Hermitian
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1

R, r) = M@R)™ 2]
KTH

R, r) . (2.8)

. O
Q}\{,“ kP-,I‘g'M' <p 1«{.'“'

If R is sufficiently close to the equilibrium positions, M(R) will differ

s
from the unit matrix I by a smell matrix m(R). The matrix M(R)™2 can then

be expanded as
1
MR)

I-2u®) +n®PB- ... | (2.9)

It is clear the M(R)-% goes continuously into the unit matrix as R ap-
proaches the equilibrium configuration.

Once the operators b+kn and a+ku are defined, the coefficients
in Hint mey be found by teking mat;ix.eleme;;s of the Hamiltonian among the
states. with specified phonons and electronic excitations excited. The
current operator, like the Hamiltonian, may be expanded in terms of the
creation and destruction operators for phonons and electronic excitations.
For optical absorption near the energy gap, we need only keep terms which

connect states having one electronic excitation with those having zero

electronic excitations:

; Bt Wn +
Iq Z (£ &g + % )»Y{g egn Ohn * Py
m HER

un vF
+ § + b o, (2.10
%oktq, u (b kn -.lsn) ) (2.10)
The coefficients & may be calculated by taking matrix elements of the current
- between the appropriate states. The first set of terms above have the form

of the current operator in the perfect lattice. The higher terms involving

phonon operators arise from the dependence of the matrix elements of the
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electronic current operator on the lattice configuration R; they occur
because the definitions of the exciton creation operators depend on the
lattice configuration. |

In practice we know neither the exact function ¢6(R’ r) nor
the structure of the exact excitations in the perfect lattice, which are
both necessary to perform the calculation of the coefficients in the
Hamiltonian and current-operator expansion. An ambitious attempt to
evaluate these coefficients might involve approximations to the electronic
excitations of the perfect lattice such as those described earlier, and
some self-consistent calculations of the change in the electronic ground
state ? for small displacements of the nuclei from equilibrium. The
problems arising in such an attempt will not concern us here. We shall
assume that such an attempt has been made and that the coefficients are
known ~- the problems we shall investigate in this thesis concern the
question of how to use these coefficients.

It should be pointed out that some information about these
coefficients is directly observable in experiments on the pressure depend-
ence of the position of absorption lines. If measurements are made at low
temperatures where the effects of phonon broadening are small, the peak of
the exciton absorption band is roughly at the position of the 5 = g exciton
line in the pérfect lattice. Thus it is possible to find the linear shift
in the energy of the k = O exciton when the crystal is uniformly strained.
If we assume that the linear change in exciton energy only depends on the

change in volume of the crystal, then we may write

8e,(Q) = V, ov/v (2.11)
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where Sv/v is the fractional change in volume, and Vu is called the
deformation potential coefficient. If we form an exciton wave packet of
states close to k = 0, and place it in a crystal with a weak, long-wave:.
length density fluctuation, it is physically clear that the energy of the
packet will be shifted by V“ Sv/v where Sv/v is now the fractional change
in volume in the neighborhood of the exciton wave packet, provided the
interaction between exciton and lattice is not too long range. (Trans-
verse and longitudinal exciton packets mey be considered separately by.
forming needle-shaped and coin-shaped wave-packets, respectively, with
axes parallel to the polarization in both cases. ) . The condition of "not-
too-long~range excitdn-lattice interaction" is satisfied even in a piezo-
electric crystal because the exciton carries no dharge. The fractional
change in volume at point r, due to a long-wavelength fluctuation is given

in terms of phonon operators by

B vz = Zih{l (Qp%}\)-% 1B (b + 0¥ _10) (2.12)

~ ~

~

vhere p is the density of the crystal and A designates the longitudinal
acoustic phonon mode. On the other hand, if the phonon-exciton Hamiltonian
is given by (2.3), and the exciton band is non~-degenerate, the shift in the
wave~packet-energy, linear in the phonon amplitues, just comes from the

Aap

terms Criet which are diagonal in the exciton band 4. Hence it follows that

the coefficients ¢, for the longitudinal acoustic modes, have the form

A . L
kKt " l_VulkI (200 m@) 2,  for k,k' »0. (2.13)

It is sometimes assumed, in simple models, that the deformation potential

coupling (2.13%) holds throughout the Brillouin zone.
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It is necessary in the derivation we have given of the
deformation potential coupling, that the off-diagonal elements (1 ¥ 1t ) not
become infinitely large compared to the diagonal coupling constants, as k - 0.
The off-diagonal elements will be well behaved whenever one chooses a defini-
tion of the-operators a%kp which causes the electrons to follow the lattice
when the lattice is simply displaced; the.interaction for a long-wavelength
fluctuation will then be proportional to "strain" not "displacement”. The
definition of a%ku that we have described above satisfies this criterion.

If ;he crystal is not isotropic, or if the exciton band is non;
degenerate, measurement of the pressure-dependence of the k'= 0 exciton

- energy only determines the long wavelength behavior of an average of the
coefficients ¢ over direction and polarizations. A mo;e complete discussion
of deformation potential theory, which includes the cases of degenerate bands
and of shearing strains, is given by Lax,3 together with references to the
earlier literature. Lax's presentation, like most work in the field, deals
with the interaction of the lattice and a single electron, treated from the

non-~interacting-electron point of view.

Section 3. Perturbation Methods

One of the most widely used approaches for predicting line shapes
for optical absorption has been perturbation theory and varistions in which
inf'inite sets of Feynman graphs are summed. In these works it has been usual
to assume either that the electron-hole interaction is very week, so that the
electron and hole may be treated as independent, or to deal with optical
absorption below the particle-hole continuum, and éssume that only bound

exciton states need be considered. In the present paper, we shall concentrate
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on this latter situation.
It has also been usual to neglect the dependence of the current

operator on the phonon displacements, and simply assume that

~

+
Z(,g%ua gt o tig) (3.1)
m

In a system invariant under time reversal, it then follows that

—
- Im AMa, ®) = 5% qu' A(g @), (3.2)
R
where Auu, (g, w) is -1/Jt times the anti-Hermitian part of the Green's

function for the exciton:

B(g o) = e, (g ) - G, *(g, o). (3-3)

The Green's function, in turn, is defined by

G (g ©) f e a (g 8) at {3.4)

where

1}

Gt (3 ) (2lag, () 8g,: (1) - (3:5)

In Eq. (3.5), T is the time ordering symbol. We assume here, as throughout
this thesis, that the temperature is very much smaller ;bhan the minimum
energy Eo of the exciton band, and thus the exciton Green's function mey be
treated as a zero-temperature :fi’u.nction.-,'L In the absence of the exciton-

phonon ;Ln‘bera.ction, (q, w) would be given by

(TITRS

0 _ 1l
G m (g: (D) = 5“!“, o eu(g) o1 0+ N (3.6)
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Dyson's equation for the exciton propagator is

(g, ™ = 6°(g, )T - E(g, ®) , (3.7)

vhere I, the self-energy matrix, is the sum of all irreducible Feynmen
. diagrams in the expansion of G. The simplest approximation to & is that

which keeps just the lowest diagram

Ei:i:iiib s (3.8)

where the solid line represents a bare exciton propagator Go, and the wavy
line represents & phonon propagator. If we keep only the harmonic term in
the lattice Hamiltonian, and the linear term in the exciton-phonon inter-

action, this diagram may be evaluated as

_ ] Q T]P-"U-
e ® ) TIP.ZL:: (2at)5fdlﬁ [n(wléﬂ) * % k-’

LY ) T

(o]
Xa un;unt(% k w - mk'r] k k ~q, + n(wkﬂ kg

o prpt
XG-H“IJ«"' (g - 15: w + wkn) CQ q * ., (3.9)
where n(w) is the boson occupstion number
n@) = [expl/igT) - 1170 . (3.10)

In most cases, in inorganic solids, the phonon energies are much smaller
than the widths of the exciton bands, and the term + wk may be dropped in
the arguments of the propagators, c°.

The spproximetion described sbove may be called the one-phonon

procedure, because the intermediate states have one phonon more or less
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5,6 and. Sunau-have studied the line shape

than the initial state. Toyozawa
for optical absorption for a number of models using this procedure. The one~
phonon approximation is expected to be valid whenever the self-energies are
small compared togthe.energies over which the density of intermediate states
exhibits an appreciable fractional change. At energies where the unperturbed
density of states is non-zero and non-singular, this condition will hold for
sufficiently weak exciton-phonon coupling constants. The approximation will
not be valid at and below the lower edge of the unperturbed exciton bands.

An improvement over the one-phonon approximation is a self-con-
sistent Green's function aepproximation, in which one replaceS‘Go, in Eq.
(3.10) for the self-energy, by the complete Green's function G. Since G

_is itself expressible in terms of Z, the result is an integral equation

for £. The solution of this integral equation is equivalent to the summe-
tion of an infinite set of graphs for the self-energy, and it includes some
of the effects due to multiphonon intermediate states. We shall call this
self-consistent Green's function approximation the "I' = 1 approximation”,
according to the usage of Suna.u Unfortunetely, the conditions for validity
of the I' = 1 approximation are much the same asvthose for the validity of the
I' = 1 approximaetion. The T' = 1 approach, however, does give qualitatively
more reasonable pictures of the exciton Green's function. The self-consis-
tent approximetion also is an improvement over the one-phonon epproach in
that. it properly treates such effects as the renormelization of exciton

.energies due to interaction with short wavelength phonons or due to coupling
to higher exciton bands. The . T' = 1 .approximetion has been used.by Suna

to study some simple one-dimensionel exciton bands interacting with phonons

T

of finite frequency. A similar approach has been used by, Toyozawa for

the three-dimensional model with. zero-frequency phonons. In studying
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this model, Toyozawa has also employed a method which approximately includes
the contributions of meny other diagrams to the self-energy, and has found
significant changes from results of the I' = 1 approximation.

The weaknesses of the one-phonon and T' = 1 approximations are best
illustrated by the example of & one-dimensional model which we shall solve
exactly in Chapter II. We consider a one-dimensional model consisting of a
single exciton band in the effective mass approximation, such that

e) = ¥ (3.11)

We assume that the "effective coupling constant® between the excitons and
L
phonons, ckk,[Enng) + 1]% , is a constant, independent of k and k!, given

by 5

[En((.bk) + l]ckkl = D/ﬂ' 2 (3'12)

vwhere L is the length of the system, and D is & constant. We consider the
limit where the phonon frequencies are all zero. Note that this model de-
scribes equally well the case of optical phonons of constant frequency and
constent matrix element or the case of local deformation-potential~-coupling
to Debye-model acoustic phonons, provided that the nﬁclei mey be considereé
to-be infinitely massive. When the phonon energies are taken to be zero, in
an exciton-phonon model, the model is completely equivalent to that of a
particle in a random potential. In the oné-dimensional model just defined,
the random potential mey be described as white-Gaussian-noise.

The self-energy for the one-dimensional model is independent of k

in the one-phonon approximation, and is given by

B, 0) = ) = -2 pieyE (5.13)

The self-energy 1s real for all < 0 and is pure imaginary for all w > 0.
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The spectral density A(k, w), which determines the optical absorption, is

given by

1 1 1
Ak, ) =- = Im G(k, ®) = - 7 Im 5 T . (3.14)
a)—-ék-z(a))+i0 -

In the one-phonon approximation, the spectral density is non-zero for all
1
o > 0, and approaches zero like »® as ® ->O+. In addition, it has a delta-

function peak at w ='1/k, vhere #/, is the solution of the equation

k

1.2, ,-3/2 o -
Ve-3k +2 (-7,)%D = o. (3.15)

As k changes from O to o, 'Vk increases monotonically from - 2D2/ 5 to O.
In the I"' = 1 approximation, & is still independent of k, and is

given by

Zw) = - 2'5/2 D [2(w) - w]'% ) (3.16)

The self-energy is real for all w less than W, = - -E 21/5 D2/3 (¢ - 0.9449 D2/5)
and is complex for all w larger than this value. The spectral density, again

given by (3.14), is non-zero if and only if w > @, 3 the spectral density
1

approaches zero like (w - a)o)2 as w approaches ER from a‘bove. The spurious
d~function peak of the one-phonon approximetion is now absent.

Note that 1'1;1 both the one-phonon and I' = 1 approximations, there
is a definite m:j.nimum frequency below which no optical absorption occurs.
Such a cutoff was also found by Toyozawa in his three-dimensioﬁal model,
both ir; the ' = 1 epproximation, and in the higher a.pproximatj.on he considered.
Thus it appears that, at least when phonon frequencies are small, these methods
are useless for describing the very interesting low energy tail of the ab-
sorption spectrum.

The exact spectral density for the one-dimensional model is compared

with the I"' = 1 approximation in Figure 2, Chapter II.8
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CHAPTER Ii

GREEN'S FUNCTIONS FOR A PARTICLE IN

A ONE-DIMENSIONAL RANDOM POTENTIAL

. A preprint of an article to be published in the

Physical Review:.
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Green's Punctlons for a Particle in a One-Dimensional
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ABSTRACT

A method has been found for exactly calculating
the spectral density, A(E,E), for a particle in a one-
dimenslonal random pofential, when tﬁe potential at each
boint is statistically 1ndependent of the poteﬁtial at all
other points.- Generaliéations of thls method céh also be
used to f;nd the phonon Green's funcﬁidns for a chain of
atoms of random masé, or to find various‘two—partiole
functions, such as the elebtriCal.conductivity of a system
of non-interacting eiectrqns in a random potential. Two
functlons of the positlon, x, on theiline are definéd,
which depend on the particuiar potential configuration
and on theﬁparameters k and E. The spectfal density is
expressed 1n terms of the probabllity distribution of these
functlons when x 1s at the right-hand end of the llne. The
distrlibutlion 1is kﬁown at the left-hand end, and the vélues
of the functions, as x moves from left to right, form a
Markoff process. One can therefore obtailn the spectral

density by solving the equation of motion for the probabllity
distribution. Further simplification 1s possible because 1t
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~ 1s sufficient to know the first two moments of the Joint
distribution with resbectAto_one variable, and because 1in
tne 1imit.of an.infinite line, only‘the asymptotlc form
of these moments is neceSSary. The spectral denslty re-
quires the'solution;of a pair.of,differential or integral
equations in one‘variable, while two-particle functlons-
involve similar equations in two variables. Cglculatlons
have been carrled out for the spectral density of a ;
Schrodinger particle in a "white Gaussian noise" potential

~and of a particle confined to fixed lattlce sites in a

.random thermal deformation potential.
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INTRODUCTION
Many problems whilch are difficult or impossible
to solve in three dimensions turn out to be readlly solvable
in one dimension. One class of problems which has been
studlied successfully in one dimensilon.1s the calculation
of the density of energy eigenstates‘of a particle moving
in a potential which 1s not known exactly, but which obeys
a statistical dilstributlon such that the potentlal at one
point 1s independent of the potential‘at all other points.l_u)
Another, closely related, problem which has been solved 1s
 the density of normal modes, aS'a-function of frequency,
for a chaliln of several kinds of atoms occuring in random
order. 2, 5’6) For many purposes, however, one 1ls interested
‘not in the density of states, but in a more complicated
function, such as the spectral denslty assoclated wlth a
state of a given wave vector, or ln two-particle Green's
functions of various kinds. In the present paper a method
1s presented for exact solution of one-dimensional models
\ for a number of these problems.'
The single-particle spectrél density; A(k,E), 1s
of partlcular Interest when the particle-is an eicitbn in
a lattlice distorted by thermal fluctuations; Under proper
clrcumstances, the line shape for the optical absorption
due to an exclton In a non-degenerate band is given by the
spectral denslty of the zero-momentum excliton state.7’8)

For electrons in an impenfect lattice, the one-partilcle
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Green's functlon 1s of 1ess'direct interest, but it 1s
-still useful for understanding the nature of the energy
elgenstates. A slightly generalised form of A(k,E), for
the phonon modes of'a disordered lattice,is of;interest for
the 1lnelastlc scattering of neutrons and for infrared ab- .
sorption by the lattice. Among the problems which require
knowledge of two-particle dreen‘s functions are the con-
ductivity of electrons in an imperfect lattlce and the |
optical absorption due to interband transitions in a non-
metal. The methods of the presentlpapér are'restricted to
cages of non-interacting particles. |
" The essential features of the methods of this-
paper are as follows. We consider the problem of . finding
the spectral density, A(k,E), Eor a narticle in a randomA
potential on the line segment 0Lx (L L.' One first defines
certain.mathematical quantities z and'Ul, which are functions
B of the posltion, x, on the line, as well as of k and E, and
of the particular'potential confiéuration. The spectral
density may be wrltten as an average, over the potential
configurations in the ensemble, of é certain function of the
values of z and Ul at the position x = L; hence.A(k,E) is
determined by the probability distribution of. the values of
z and U1 at the rightehandﬁend of the line. The functions 2z
and U1 are defined in such a way that for x = 0 they are
independent of the potential configuration, and at any other.

position x, they depend only on the potential to the left
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of x.»'Fgrthéﬁmofe, they dépehd4on*£hé potential In such a
way, that 1f the potential has the property that lts value
at each point.on the line 1s 1ndependent}of the value at
all other'poinps,,then the values of z and Ul constitute
a Markoff pfbeess as x éoes from O fo L., Consequently, one
can write down an_"equation'of motion" for the Jjoint prob-
abllity distribution of‘z and Ul’ which one must then inte-
grate from x = O to x = L in order to find the distribution
at x = L,  An lmportant mathematlcal simplificatlion 1s
possible'because the nature'of_the eqﬁation of motlon enables
one to work with the zeroth, flrst, and second moments with
respeqt to Ul of the Jdint distribution, for'eacﬁ value of

© 2, rather than the distribution itself. When one 1is inﬁer-
ested 1n the case .of very 1arge'L, it 1s only necessary to
find the asymptotlic form, for large x, of these moments,
and further simﬁlification results.

The calculation of twd-particle functions is simi-
lar in principle to the calculation of A(k,E), but the
varlable z 1s replaced by two varilables, z and z':

In Section 1, A(k,E) is found for a Schrédinger
particle 1n a potentlal whoée fluctuations, as a function of
position, may be described as "white Gaussian noise". Such
a potentlal can arlse as the potential due to a random array
of point scatterers in the limit of 1nfin1te“density of
scatterers, or as a deformatlon potential due to thérmal

fluctuations of a continuous, classilcal, harmonlc elastic

L3
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string. The particle may be an electron or an exciton in
the effectlive mass approximation. The total denslty of
states for th;s model can be found by the method of Frisch

and Lloydl)

, and as shown in Appendix B of the present
paper, can be expressed analytlcally iﬁ terms of Alry func-
tions. The spectral denslty, A(k;E),_is expressed, for
each value of k and E, in terms of the;solution of an ordi-
nary differential equation, and has been compﬁted numerically
for several values of k and a range of values of E, The
exact values of the spectral density are compared with the
results of a self-consistent Greents function approximation
in which one sums a selected set of'diagrams 1n‘the pertur-
bation series. The asymptotic forms for A(k E) are found "
analytically for fixed k, with E » % o, and for fixed B,
wlth k¥ » », At the end of Section 1, the generalization of
the procedure for finding.A(k,E) to hendle Schradinger
particles 1n other random potentialsxis'briefly discussed.
In Segtion 2, we dliscuss applications of the
method to a model of an excdton or an eleetron!iﬁﬁan eneréy.
band of finite*width, in a lattice perturbed by thermal
fluctuations. Here the position of the partlcle 1s restricted
to a dlscrete set of.lattice sites, and the Hamiltonianvhas
terms which connect nearest neilghbor sites; as well as terms
dlagonal in the Position of the particle. The spectral
denslity for the problem 1s given in terms of the solutlons

of a palr of integral equatlions in one variable. These have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 40 -

been solved numerlcally for several values of the'parameteré
1nvoived, and have been plotted to show the transition from
the case of ;nfinite,band width (Secfioﬁ 1) to the case of:
zero band width. | ’ |

In Sectlon 3, we discuss the phonon spectral den-
slty for a chaln of random mass, with a harmonilc interaction
between nearest neiéhbors. The equaﬁions derived are simi-
lar to those of Sectlon 2. |

Finglly, In Section 4,'we illustrate applications
to two-particié‘Green's functions by deriving the equations
for the frequency &ependent conductivity of a system of nén-
Interacting electrons in the whlte Gausslan nolse potential
of Seétion 1, and by briefly discussing a model for inter-
band optilcal transitions in a nbn-metal.‘ The two-particle
functlons are expfessed'in terms of a palr of partlal dif-
ferentlal equations in two.variables, No numerical examplés
have been calculated for Sectiéns 3 and 4,

1. SCHRODINGER PARTICLES
Whilte Gauséian noise potentlal. We wilsh to find

the spectrai density for a particle on the line segment
0 ¢ x < L, obeying the Hamiltonian

42 2

H= = + V(x) , ) 1.1

where V 1s a random potentlal described by a Gaussilan statis-

tical distribution with the expectatlon values
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>

(V(x)>=0 , o (Lm
(Vx> = 3 D o(xxr) (1.3)

where D 1s a constant and 6 is the Dirac 6-function. The

wave functilons are assumed to satisfy boundaryfconditions of

the form
W (0) =z, w(0) , (1.)
- g "u) (1.5)

where Zo and z;, are arbltrary real constants.

| The potentlal V is_descr;bed as'whitevGaussian
nolse because,its'Eourier amplitudes have a Gaussian distri-
bution with standard deviatlons lndependent of'thé frequency,
and wilth no correlations between the amplitudes at different
frequencies. Because a Gausslan dlstribution of any number
of varigbles ;s'completely described bylits first and second
moments, equation (1.3) 1mplies that the potentlal at .any
point is completely independentlof the potentials ét ail
other points. \ '
The white Gausslan noilse potentlal may arise from

a deformatlion potentlal on an infinitely massive continuous

‘striné. Let the deformatlion potential be glven by

V(x) = VbidR(x)/dx , (1.6)
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where R(x) is the dispiacement from equilibrium of the point
x on the string. We assume that the string obeys Hooke's law
ekactly with elastic -modulus B. Then according to classical
statlstical mechanlics, the potentilal thas a Gausslan white
nolse distributlon wlth the constant D:given; at temperature

T, by

D = 2V~ ky T/B i, | | (1.7)

where k., 1s Boltzmann's constant.

B
An alternate interpretation of V 1s the potential

“ arising, in the high density limlt, from the model used by

- Frisch and Lloydl) for an impurity band -- a set of b-
functidn poﬁentials of fixea magnitude; distributed at
random on the line. In the high density limit, the fluctua-

tlons about the average potential haw;é Gausslan white noilse

distributlon with

D = 2nvo2 , N (1.8)

where VO 1s the coeffilclent of the b6-function potential and
n is the number of scatterers per unit length.
The spectral density for a one-dlimensional

‘Schrodinger particle in a random potential 1s defined by

L
A(k,E) = %( Sy Ij‘o e 1ix vy (x) dx 5 6(E-E,)> , (1.9)

where Ei and wi are the energy and wave functlon of the 1th
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eigenstate of the Hamiltonian.. (Throughout this paper we:

use angular bPaCketS<:AAA> to indiocate an average over the
statistical ensemble.) The total denslty of states at energy
E 1s defined by '

p(E) = L-1<zi, 6(E-E,)> K . " (1.10)

The spectral density 1s normallzed 'so that ~
0. ! . . o : ' . ' )
A(k,E) dE = 1 , Lo (1.11)

, ! : r (21r)‘1‘f°°4A(k,E) dk ="p(E') . | (1.12)

The spectral density‘is equal to - 1/m times the imaginary
part of the Greents. function G(k E) for the particle at
‘energy E and wave vector k. 9)

In the problem we are-considening, it is always
possible to chooseuunlts of4length, time; and msss, such
that 1 = m¥* = D=1; in tne remalinder of this'section we
shall assume tnis has been{done.- To obtain results in any.“.
ether system of units, it 1s necessary to substitute for E,
in the expressions glven below, the energy divided by the
unit of energy, ey = (D m* & 2)3, and to substitute for k
and L'l, the wave vector and inverse crystal size divided

by the unit of reciprocal length, x, = (D m*2 hiu)%. In
addltlion, the expressions for the spectral density must be

multiplled by the overall factor eo 1, while the total den-

1 -

slty of states must Joe multiplied by €o Xo*
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Proceduré. For each potential'confiéurationtin '
the ensemble of possible confilgurations, we define the -
function ¢(x;E) to be the unique solution of the second
order differentlal equation '

1 32 |
-5 =5 ¢+ V(x) o=Ep , - .(1.13)
ox .
with the initial conditions

m(b;E5 =1, ‘1 (1.14)
%% (0;E) =z 9(0;E) . : (1.15)

Note that althoughi@ obeys the;SchrBdingen equation for

energy E, 1t will not be an enérgy elgenstate unless it also
obeys the boundary condition 39 (L;E) = 21, o(L;E )..‘Further—
more, o will not "1n general, be properly normalized on the

Interval 0 < x ¢ L. We also define the four functions

2(x;E) s%ﬂ (%8 >/<p<x,E) FEE (1.16)
Uy (x:E) = [J' olx'38) ax /65 o(xsEm) , (1.27)
Uy(x;E) = ﬂ;ﬁl¢(x';E)2 EX']/?(&}E)? ; '(1-18)
U3(x;E) = %%l(X;E) . L (1.19)

From (1.16) and (1.13) we find that z(x;E) obeys

the "equation of motion"
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2
dz [: d :]//
={o - (5%) Q
S-loh- (&
o - 2? - 2R+ e . ~ (1.20)
Similarly, Ul and U2 obey
U, | - |
s =1- 20y - 1kU, (1.21)
v, - -
&— =1 - 22U2 ° ( 1, 22) .

Differentiating both sides of Eq. (1.20) with respect to E, .

we find
QU

= -2-2U; . (1.23)
At x = 0 we have the initlal conditlons z = Zq and Ul = U2 = U3 = 0,
If x 1is a point such that Q(xn;E) = 0, then the quantities
z, Uy, U2, and U3 all become infinite at x = X- However, the
2 2
four quantities (x-xn (x-x )U;, (x-x,)“U,, and (;-xn) Ug
are continuous 1in the neighborhood of X With these condi-
tions, the four differential equations (1.20)- (1 23). uniquely
determine z, Ul’ U2, and U3 for all x. Comparison of equations

(1.22) and (1.23) establishes that, for all x,
U3(x;E) = - 2U,(x;E) . (1.24)

Since U2 1s greater than zero, for x > 0, 1t follows that U3
1s less than zero. ;

For each potentlal configuration, the energy, Ei’

th th

of the 1

elgenstate, 1s the 1 value of E whlch satisfles
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s

the equation z(IE) = z;. Hence,

24 5(E-—Ei) = zs'[zL - z(I3E)] l%% (L,E) | . (1.25)

It follows that

. ]IL q){x;E) eikk dx 12 |
.1 0 - :
A(k,E)" f< = z, s(E-Ei>

[ o(x:E)® ax
o .

| vy (1;E) A
= %. U:(L;E) | U3(L;E)l 6z, - Z(L;E)i>>

2™t ¢ | u(L;E) P o8[z - 2(L:E)1> . (1.26)

Let us restrict ourselves, temporapily, to the case

4

of ¥k = 0, in order to avold complicatlions due to the presence
of complex numbers. The Joint probabiliﬁy‘distribution of z
and U;, at the point x, 1s defined by

P(z,Ul;x)_ ={ 6[z - z(x;E)] 8[u;, - Ul(x;E)]> . (1.27)
The spectral density is given by
1P 2 "
A(0,E) = 2L J; U,” P(z,Up5L) aUy . - (1.28)

The spectral density would be determined 1f one knew the prob-
ability distribution of z and Ul at x = L. The distribution

at x = 0 1s known:

P(z,U30) = 8(z-z5) 8(U;) | (1.29)
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If we can find and solve an "equation of motion"
for the probability distribution, as i7moves from left tb
right on‘the line, we willl be able‘to obtain the spectral
density; If the potential V(x) were absent in equation (l 20)
the probability distvibution would obey the simple "flow"
equa#ion -

o ' . 3U
dP D d %1
=-< (£p) -5 (5% P)

[§—z (z°+2E) ¥ B-%; (20-1)1 2 .

The random potential V(x) ¢auses a "random walk" of the
quantity z, with { [z(x+dx;E) - f)z(x;E)]2> = 2dx. 'I'h?!.}s adds a
diffusion term d°P/dz° to the equation of motion:

&£ [Q—a-ﬁ + 2 (z242E) + aa,—l (zUl-l):[ P . (1.30)
e b4 i . -

Equation (1. 30) has precisely the form of the Fokker-Planck
equation, and 1s exact when V(x) has the form of white Gaussian
noise.lo) '

The distribution of 2z and Ulebeys boundary condi—:
tions at infinity which are determined’by the behavior of z
and U1 at the zeros of o¢. Toéether with these boundary condi-
tions, equations (1.29) and (1.30) determine P(z,Ul;x)'for'all
X. The solution of a partial differentlal equation such as
(1.30) involves formidab%e numerical computations, however,

1

and 1t 1s fortunate that several simpllfications can be made.
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We define the three functions Ps(z;x), (8=0,1,2), by

P (2z;5x) E(Ul(x;E')s 8lz - z2(x;E)]D

The function Py(z;

2]

=j P(z,Up5%) U;° auy . } (1.31)

=00

x) 1s Just the probability distribution of

z(x;E), while P, and P, are the first and second moments with

respect to Ul of the Joint distribution of z and Ul’ These
functions obey the equations of motion
dP 2
o_J.9 d (.2, 4
g.'}_{— = —a'_—'ze + SE (Z +2E)] PO ,‘ (1-32) -
oP — 2
I 0 2
| &—_LS;-Q-+§E(Z +2E) - z:l P, + Py (1.33)
3P, 2 / . .
2 _[ 0 2 o .
S5 - —a—z—g + (Z +2E) FZ-:] P2 + 2P1 3 (1.34)
with the boundary condltions
m z°® p = 1m z22%p . (1.35)
Z—» +o Z— -0 ' ’

Equation (1.35) 1s derived from the properties of z and U

1
at the nodes of ¢, where z crosses from -« to =,
At. the point x = 0, we have
Po(z;O) = 5(z-zo) , (1.36)
P,(z;0) = P,(z;0) =0 . (1.37)

The differential equations (1.32)-(1.34), together with the
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boundary7conditions; determine,PS; for ‘all x;}and erezmuphh:
easier to solve numerically than the equation of motion for

P(z,U;;x). The spectral density is glven by -

A(k,E) = 2L™" Py(z; ;L) L (1.38)

, When k does not equal zero, certain changes must

be made- . The definition of P, must be modified to
Po(zsx) =< | Uy(x:E) P olz - 2(x;E)1> . (1.39)

Equations (1.33) and (1.34) are replaced by

i 3.2 + 53 (z +2E) -z - im] P, + Po s (l.40)
,ax2,= L_azzjr (g_+2E) g%] P, +.2 Reai.Pl co ()

The rest of equatlons (1.31)-(1.38) sﬁill'appiy,

- If we are interested in the properties of macro- B
scopic systems, we only need to find the spectral density in
the limit L - o this makes still further simplification R
possible. In Appendix A, we. give physical arguments to show
that for 1arge'x, the Py have asymptotic forms |

Pd(z;m) ~ po(z) , (1.42)
Pmx) ~p(e) o (1)
| "rfPé(z;x)-&-Gx,+ f(Z)"{ : o (1.44)
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where Pos Pqp» f, and the constant C are ‘Independent of x.
__lTne specfral density 1s glven, for large L, by
' A(k, ) =20 . : (1. u5)
It 1is I1ndependent of the length L and independent of the
boundary conditions Zq and.zL imposed on the particle wave
functilons.
The functlions p, and p, obey equations (1.32) and
(l 40), respectively, wilth the left-hand sides set equal to
' zero: :
~3% .3 (.2
[é_ﬁ + 55 (2 +aE)] Po=0 , (1.46)

V4

[;§5-+ 0 (22+2E) -2z - 1kZ[b + ps =0 . .(1.47) o
2° -EE. ' 1 0 S a
,The'boundery conditions of (1.35) Still.apply, and Pg satis-
fies the normalization |
J'w po(z) dz =1 , ' (1.48)
=0 . .
which is imposed by the fact that Po(z x) 1s a probabllity
-distribution. If one substitutes (1. 43) and’ (l Ly ) )
‘Eq. (1.41), multiplies both sides of the equation by po(—z)

and 1ntegrates.with respect to z, one obtainst
A(k,E) = 4!‘ py(-2) Real py(z) dz .~ (1.49)

The simple form of (1.49) arises from the fact that the dif-
'ferential operator on the = left -hand side of (1,46) 1s the

edjoint,,exceptgfor a change of the’sign of z;]pfwthe
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' operator on the right-hand side of (1. 41)
| Numerical calculations. Equations (1. 46) (l 49)

reduce the probleonf finding the spectral density to the
solution of th ordinafy differential-equétions and one.
numerical quadrature,‘tasks whiCH are easily handled b& an
eléctronic comﬂﬁter. The nesults of numerical computations
of A(k,E) are plotted, for several values of k,in.Fig. 1.
'In Fig. 2, the values of A(k,E) are compared with the
approximate values obtained by the "I' = 1 approximétionh’of'

11) op equivalently, by "approximation number 3" of

Suna,

Klauder.lz) These are self-consistent Green's function
"apprbximations, whilch, in effect, sum an Infinite set of

Feynman diagrams 1in the‘perturbation theory expansioﬁ of N
' the Green's function, G(k,E), as indicated in Fig.-3; The

resulting equations for G are

a(i8) = [2 - 32 - 3(m)1 (1:50)

2(E) = - 2732 [%(E) -E.]‘% ;0 (Ls1)

- The approximate ﬁetﬁod, as expected, gives good agregment
with;the exacf resultg for positiVe energles, but is not
very accurate for negative‘energies.,-The low-energy tall of
_the spectral density 1s entirely absent, in the self-consistent
approximation, as (1 51) leads to Green's functions which
‘are real at energies less than - 5f- ( ~.9449) -
o Density of states. The total density of states,
p(E), 1s somewhat easler to find than A(k,E); for an 1nfinife.
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line it may be foﬁhd'dirégtly from the function py(z). By
using the fact that the number of energy elgenstates with
energy less than E;.in aﬁy particular potenfial éonfigufa-:
tion, 1s equal to the number of nodes in the function o(x;E),

1)

within a possible error of - * 1, Frisch and Lloyd show that

lm 2% py(z) = N(E) , | i.(1.52)

Z— oo

where N(E) 1s the cumulative density of states defined by
' - E - | | ,
N(E) =[ p(Er) aB' . (1.53)
Hoo
The function p(E) 1s obtalned from N(E) by differentiaiion. :
A plot of N(E) for a white Gaussian noilse potentilal méy be
found in reference 1, Fig; 6.
 The function P(E) can also be expressed in terms
of the functlon po(z) at the single energy E, by use of the
methods ofithe present paper. It is easlly seen that

o(8) = -3¢ | U3(L5E) | Blzf, - 2(L;E)1> (1.54)

If one studles the equatlion of motion for the function
<:U3(x;E) B[z - 2(x;E)J> in the same manner that we studied ‘
the'equatioh of_motioh for Pa(z;x), one finds thét for large:
L, | | |
! 0
, p(E) = 2[ py(-2) pylz) az . (1.55)
=00

Analytic results. It 1s interesting to see what

'properties of the eigenstateé of the Gaussian white noise
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. potential can be-derived analytlcally from equations (1.46)—
(1.49). The general solution' of the differential equation
(1.46) can be written in .integral form. The solution which
1s bounded.as Z » - »o 18

polz) = C s(z) " (1.56)

. Where

3

'é(z) eip(- 3 2

_2Ez)J‘ exp( u +2Eu) du u,'A(l;57)

The constant C is determined by the normalization andition,
Eq. (1.48). This glves | |

[f_w s(2) az| . (1.58)

when (22+2E) is 1arge compared to 1, s(z) may be expanded
2

s(z) ~ (z%+28)7! + 22(2%+2m) 3 + ;.. o (1.59)

It follows that |

1im z° s(z) =1 , (1.60)
T 2= too '

and from (1. 52) we see that the constant C is Just the cumu-
lative density of states, N(E). Hence,'substituting (l 57)
in (l 58), we find after changing variables and performing

one 1ntegration,

1

N(E) = Ef T2 ‘5 exp(- %E u3-2Eu) dé]-; , (1.61)
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sagqotime'the expansion for p,. We find

. . 2
. Zz -
2E(z“+2E)  3E(z“+2E)
Substitution of the expansions for po.and"pi'in,(1.49) gives
the-dsymptotic'form for the spectral density:

A(0,E) ~ 273/2 7"L g75/2 | for E s> o . (1.66)

vfhis is in agreement with the resﬁlts.of'perturbation theory;
.‘ The form of A(O,E) when E ¥¢ 0 1s considerably '
harder to obtain. Ohe may proceed biufirSt finding two-in-
dependent solutions, in the limit E‘<< 0, of the homogéneous

equation .
"a® a4 .2 o . .
E{’é‘ + & (P42m) - 2] 2(z) =0 . (1.67)
z ‘ ) : - ‘
From the two solutions of the.differentiél equation one can
g construct the Green's function for the differeﬁtial operator
" on the right hand side, with the boundary condition
 1im z £(z) = lim 3z £(z) . ' (1.68)
Z— +o0 Z— =00
' Appiying the Green's.function to the known function po(z),
one obtains the function pl(Z), and thence, the asymptoﬁic
. form of A(O,E). -
: The form of the solutions of (1.67) can best be
understood by writing
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which 1s a result obtained by Frisch and Lloyd. In-Appendix
B we show, by working with the Fourler transform of Pgs that

the cumulative density'of‘states can aiso be expressed as
N(E) = v 2 {[a1(-28)]% + [BL(-28)1%"1 , - (1.62)

where Al and Bi are the well known Alry functions.13)

From elther (1.61) or (1.62) we may establish the
asymptotic forms:’ '

N(E) ~ (2E)2 7~ , ' for E > 0, (1.63)
z -1 3/2 '. . -
N(E) ~|2EF 7 exp - —4 2E| s . for'E <« O . (1.64)

‘Equation (1.63) is Jusﬁdthe_resﬁlt ohe would obtain in’the
absence of the random potentlial, and 15 the result_one ex-
'pects from perturbation thebry; Equation (1.64), however,
cannot be obtalned by such slmple methede. .
| In order to find'A(k,E), 1t 1is necessary to know

p1(z) as well as Py Unfortunately, no explicit -solutlon of
Eq. (1.47) has been found. It has been possible, howevef; |

to find simple analytic expreSSiens for the,asymptotie forms
of the spectfal density, when one of the varlables k and E
remainsvfixed, and the other approaches Infinity. Let us
first considef the asymptotic forms of A(O,E) when E approaches

% o, When E S>> 0, Py can be expanded in the form of Eq. (1. 59)
We may obtain a similar asymptotic expansion for pl(z) by
treating the diffusion term in (1.47) as a small perturbation,
and expanding pl_in powers of thils perturbation, using at the

r

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-6 =

#(z) = exp(- & 25-Ez) u(z) . (1.69)

Equation (1,66) then assumes the more familiar form,

[- = a2 | % (B ue) - 0 (1.70)
a2’ |

.which is the Schrodinger equation for a partlicle in a certaln
quartic potenﬁial.,zFor E ¢« 0, u(z) miy be approximaﬁed by
the W.K.B.;nethod. The points z = t | 2E|% are second order
classlcal turning points, and the apprépriate connecting
functions must be used in the'vicinityﬁof these points.lu)
.Thevresult of these'éalculations is thgt the spectral denslty

" has the aSymptotic form: - '

A(O,E) ~ 27| 2E|% exp( - %l 2E|3/2),; for E << O. | (1.71)

Although the asymptotic fofmé for A(k,E) glven by

(1;66) and.(l.7l) were derived for k = 0, 1t 1s not difficult
. to verify‘fhat the same results holdlfdr k # O,‘provided that
ok 1s ‘held constant while | E | becomes sufficiently large. The

asymptotic form, when E - -» and kA E r approaches a finite,

' non-zero constanp, 1s also of interest. It may be obtalned

byvg procedure, very simllar to that leading to Eq. (1.71)

for the case of k = O. The result is that A

A(k,E) ~ A(O,E) secha(va 8E [). |

o &he asymptotic form, when k -» » whille E in.held fixed,
can be fonnd‘by expanding the soluﬁidn'of Eq. (1.47) for p,(2)

—l

in powers of X The fourth:term. in the. expansion is the first

which contributes to the integral (1.49) for A(k,E), and using

the relation 61.55): it can be shown;that for sufflcilently large k,
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AMK,E) ~ 2 kK g(E) . (1.72)
The asymptotlic form of the spectral density, for large k,

- may also be,obtained by perturbation-theoretic arguments.

Other potentials, The essentlal property of the

_equations .of motlon for z and Ul which permitted us to write
| down an equation ofvmotion for the Joint probability dls-
tribution P(z, l;x) wés that'the quantities z(x;E) and.
l(x;E) form a Markoff process as x moves from left to right
along the line. If, instead of the Gaussian white noise
potential we had used a model such as Frisch. and Lloyd's,
of d«function potentials scattered, 1ndependent1y, at
random on the line, the Markoff property would still hold
and the procedures'of tnis section could be carried out. If
,the "impurity" potentials have non-zero range, however,
z(x;E) and Ul(xgE) are not a Markoff process. On the other
hand if one considers any model in whilch various kinds of
"impurity potentials of finite spatial extent occur in
random sequenoe on a line, with spgiven distribution of
possible dlstances between successive impurlty potentials,
.and zero.probability of overlap between two potentlals, one
can obtaln a discrete Markoff‘prooess by'considering the
values of z and Ul at the right-hand side of eacn Impurity
potential, |
. The condition which enabled us to work with the
functionsAPs(zjx), instead of the Joint distributlon of z

and Ul’ was that the equation of motion for U1 was linear in
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Ul’ .This cohdifion also appliés to the moreAgeheral model
>of the preceding paragraph. It follows thét the spectral
density of such a systém 1s accessible to the- general
methods of this paper. The 'mathématicé.l details of such a
'calcu;atipn are very similar to the procedures to be dis-
" cussed 1n SectionsAQ'and 3 of this paper, and we shali not
examine‘them further. o
| 2. DISCRETE PARTICLES
Egg_ggggl. As another application of the general
method we calculate fhe'spectral density.for a model of a
partiele in an energy band in a discrete 1éttice. We may
imagine the particle to be a conduction electron or a
tightly bound excitén in a chain of N 1dentical atoms of
}' infinite mass, the random part of the»particle Hamlltonlan
| | ariéing from thermal fluctuations in fhe distances between
neighboring atoms. The electronic state of the system is
| described by glving the probabllity amplitude v(m) for
finding the particle.at each lattice site, 1 < m ¢ N. We
assume that tha-pérticle'Hamiltonian; H, is of the forﬁ

HY(m) = Kg(m) + M 9(m) + M y(m+1), for2<mgN-1 .
| (2.1)
The diagonal matrix element,-Kh, is assumed to depend linearly:
on hm and hm-l’ the deviatlons from equilibrium of thé dis-
.tances between atom m‘aﬁd 1ts néérest'neighbors, atomm + 1
and atom m - 1, respectlively. ‘'The 6ff-d1agona1 element Mm

is assumed to be a llnear function of the distance between
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atoms miand m.+~l;ﬁﬁThus mefmay wrlte ._'_;.ﬂ
,‘Kh = EQ + dhm + or.hm_‘1 s _ " (2.2)

.We assume all quantities in (2 2) and (2. 3) to Dbe real
| If the atoms of the lattice are connected With
' springs between nearest neighbors only, we know from classi—
' cal statistical mechanics that the distributions of the
various-hm are statistically independent. If the springs
are perfectly harmonic,'then.the distribution of each h_
is a Gaﬁssian distribution with mean zero and variance
kBTa/B,fwhereﬁT:is the temperature, a 1s the equilibrium
interatomicpdistance, and»B~is'the elastic modulus of the
-chain. | | .. |
o The spectral density is defined as
' 2

o Y
© A(q,E)=N"} <ZLZ e7lam 4 (m) |
T ThEt |

where E, and wi'are the 1P elgenvalue and elgenfunction of

B(E-E)> 5 (2.4)

 the Hamiltonlan, the eigenfunction being normalized by

N ‘ .
2
), 1w B = (2.5)
To completely specify the Hamiltonian, (2.1),"

must specify the values of Hw( ) at the end points m = 1
and m = N, For a perfect lattice (hmEO),Ait,is convenlent
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to assume periodic boundary conditions. In that case the
| eigenstates ef the Hamlltonian are periodic waves,

RAER L (2.6)

-1

for g =tO, + amN, % uwN—l, etc., with energiles

Eq_='='_EO + 2M cos q . o (2.7)

; For our present purposes, we shall not use perlodic.
boundary conditions, but shall speclfy the boundary condi—
tions by defining quantities y(0), y(N+1), h, and hy to be

N
substituted in equation (2.1) at the endpoints. We define

oW =vgtwyy . (2~8)'y :
- - B . hyg=0 , | | (29)
} -&(H.pl) = (Mhn)(YN-ahN)-l"w(N) X : . (‘22'10)‘.

g where Yo and Ty are real fixed constants.' We shall not'fix'
the quantity hN, however, but shall consider a statistical
ensemble of crystals, in which hN is a random variable .

.;. which is statistically independent of the other. h and has
the same probability distribution as. each of the h When |
the number of atoms is- large, of course,Athe spectral density”ﬂ
will be independent of the choice of boundary ccndition.

- The relatlion between the discrete Hamiltonian of
the present section and.the Schrddinger Hamiltonian of
Section 1 may be seen if one assumes that the wave functions

of Interest are slowly varylng functions of m. The finite
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'difference operator H can then be approximated by a dif-

: ferential operator, which for the case of a perfect lattice,
1s the Schrodinger Hamiltonian for a free particle with
'jéffective mass m*.=‘- 2h2/Ma2. For the imperfect 1attice,

T We have the additional terms ah and Bh of equatlons (2.2)
-“’andw(a 3) The first .of these leads to a deformation
.;potential, while the second leads to a combination defor-
:'v:mation potential and local change of effective mass. I
: the wave functions are sufficiently slowly varying, and
'.the perturbation sufficiently weak, the local change of
'.,effective mass will be negligible compared to the deforma— _
| 'ftion potential The value of. the deformation potential
coefficient VO’ as defined by Eq. (1. 6) is given for the
‘i’present model by '

1)

Co Vg =(m+mB)a . © (2.11)
”.'“In'the-limit of slowly varying wave - functions the effect of
"thefdeformation potential is the gsame as that of a Gaussian o

.'white noise potential with coefficient D given, as for the

3ﬁfcontinuous string, by
T gﬂ,'l D = 2k /B . S (2412)

Although the equations for A(q,E) given below are
a,ﬁderived for general values of the parameters, numerical com—
“f' putations have been: carried out only for the case of a and q

" 'equal to- zero, To facllitate comparison,with:theAresults~ ‘

icf Section 1, the units of length, time,iand:mass'were.agaih,, S
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chosen such that & = m* = D = 1, with D defined by (2 .12)
and (2'11) ~Also to facllitate comparisons, the origin of
‘the energy Boale was chosen to be the edge of the unperturbed
energy band, so that E° + 2M = 0. The dimensionless parameter
‘which 'c:o'nt.r?oi" the shape of the spectral density is the
1att1ce constant a, expressed In terms of the unit of lengtn,
% = (Dm*2 A) e -
- The function A{0,E) 1s plotted, for several values

of the lattlce parameter a, in Fig. 4. The value a = 0

.correspOnds to0 the continuous‘ﬁddel of Section 1. ”The limit

a > xo'l corresponds to an energy band width (|4M] = 242 lm*rl "2)

which 1s small compared with the root—mean-square deformation
'potential. In such a system, the elgenstates are localized

at a'single lattice site,'m,.and the.energy is.shifted by

the deformation potential at that site, a(h +hm 1)+ -This

leads to/a spectral density, independent of the wave-number q,_‘--

which is a Gaussian distribution wlth varlance equal to

D/ﬁa 15’16) 'When a 1s not large compared to x, 1, the spec-

tral density still has the Gausslan form, const.exp(fa(E;onaa/D),
'x.WheneverdtheAmagnitude of (E-E,) 1s large compared to the

band width. Note that the center of tnis-Gaussian 1s the
vicenterrof tnefunperturbed‘band In Fig. 4, the curve corres-

ponding to a = 8 is almost undistinguishable from a Gaussian.

Procedure. For each energy, and each lattilce con-

figuration, we define a function ¢(m), such that ¢(0) = 1,

o(m) cbeys the homogeneous "initlal condition" (2.8), and ¢

obeys the difference equation o
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'N;.Q(ﬁ¥i)'+'ﬁm_ii¢(m;l) + cgn_g),¢(m) _o .

_Wé.definel
y(m) = (M48hy ;) #(m-1)/9(m) +ab, , .
‘The "initlal.condition" (2.8) implies that

y(1) = vy -
" The final condition (2.10)
 the Hamiltonian, if and only if

Cy(NL) =y .

‘We also define = ‘
. om=l1 | |
~1qm’ -
Uy(m) = ) e g(mr) /e o(m)
. m=l o |
) . m-=1

Cm) = ) e(an)Zem?

m’=1

U3(m)'_ BE'Y(W) .
The funétionssy aﬁdvU'qbéy the:équations

e s R
.ahmi-A(M+ma) [y(m) + ah - E + Ejl™" ,

- y(ni+l) ;

'Ui(m+l)

e [U)(m) +1}{y(nt1) - any] (wipn )t

Up(m+1) [U(m) +'1J[y(mf;).;~qhﬁ]2 (M+ph_)~2 ,

Uy(m+1) = [Ug(m) - 1ly(me1) - ahy, 12 (mign,) 2 .
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(2.14)

(2.15)

means that E 1s an eigenvalue of

(2.16)

(2.17)
(2.18) |

(2.19)

1(2.20)

(2.21)"

(2.22)

(2.23)
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The three functions U(m)‘are equal to zéfo~when m= 1.
 Hence, comparing (2.22) and (2.23) we see.thét.fér all m,
Ue(m) = - U3(m) S (2}24)

The spectral density is then gilven by

- ] up (1) P | R
aam - aicd 'U.l(NIli - ) | sty - y0n3))>
. N‘l<:] Ul(N+l)| 5[yN < y(N+1)]> . : (é,25)'

‘We define the functions PS(Y;m)-as'“

‘Ps(y;m) =<(Ul(m)é 6t&;;j&(m)i>{il_Tf;ras;; é?;
sl Bty < stadd fors 2. (e.26)
dTheéé‘ébey'équétiqhs of ﬁ&tibn.éf the form | |
o(y,m+l) —Jﬁlﬁo(y;y ) o(y' m) dy' ; ;. -. 1:  | ‘A(2;275

'-Plcy m+1) ol I | 1<m )[le',m) + Po(y' mndy# , (2.28)

'_Pa(y;m+i) —JQ Fa(y,y e (y!sm) + 2Real P,(y'5m) + Po(y',m)] dy' .
T (229)

The kernels- F (y,y ) are .given, in terms of the: probability
distribution p(h) obeyed by each of the hm’ by the equation

' F (Y:y ) —I(lﬁ'ﬁh)s G[Y - “h = &l . _(;&;ﬁE)E +,"E ] p(h) dh . .
| S {2, 30)
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The behavior of Ps(y;m) for Large m may be studied f
by a procedure very simllar to the anaiysis of the corres-
."ponding quantities for the white Gaussian noise potential
given in Appendix A. We use the fact that the Integral
operator on the right-hand side of (2, 29) is related by a
change of variables to the ad joint of the operator in (2 27),

a fact which follows from the relation |
FE(YSY') = Fo( E-EO—Y"E%EO-y) . | (2.31)

- The functions Po(y;m) and'Plfy;m) approach .func~
tions po(y) and pl(y), independent of m, when m becomes
large. These limiting functions may be determined by sub-

stituting py and p, for P, and P, on both sides of (2.27)

1
and (2.28), and using the fact that Pos as a probability

distribufion, 1s normalized to have arga:.l, .When:m.is large,
thé function Pe(y;m) has the asymptotic form, constant.m + £(y).
The resﬁlting'spectral density, for large N, 1s 1ndepéndent

of N and yye and 1s glven by
. . f | .
 Ma,E) =] po(E-Ey-y)[2 Real py(y) + py(y)] dy . (2.32)
. em00 . : )

" Thus, the problem of finding the spectral density is reduced
to the sblution of two onenaiménsional iﬂtegral equations,
‘for Po and pl,»and one quadrature. | |

3. PHONON GREEN'S FUNCTIONS
The simllarity between problems involving normal
modes of phonons‘and those involving electronic eigenstates

has beenAemphasized by Sghmidt,a) It 18 not surprising,
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therefore; tuat the methods of the previous sections may be
used.to find phouOn~Greeh's functions for certain one--
dimensional models. We shall consider here a model in
which N étoms'ou a line are connected'tg"tbeir nearest
neighbors_by identical harmonilc springé uith spring con- )
: stant K. The mass of each atom may be any one of the | l
. values -Ml’.. Mys +ee3 the probability that mass of the mbh
atom, um,}has the Value'Mr is Wi and 1S'independent'bf ali
‘the other masses on the line. The functions we are inter-
"ested 1n:are corfelation functionsvof the form
D(g,0) -J; ECe (t) x*(o)>> W (3.1)
where we have used the double angular bracket<< ...)} to in-
dicate the quantum mechanical expectation value for a
varlable, averaged over the thermal'distributionTOf phonbn'
-6gcupatioﬁ.numbérs;;as weil as éver the posslible sequences

of the different masses. The variables Xq_aré,defihed as

X, =N Z e~lam ARy s €3.2)

‘where R_ is the displacement of the m"® atom from equili-
brium and km is ‘a real or complex number‘which'depends'on

th*

the partioular'type of atom at the m site: For example,

in applications to the one—phonon inelastic scattering of
neutrons,17) K would be the scattering length of the mth
atom. To each value of the mass, Mr’ there is a corres-.

ponding value Ar’ so that Am = Ar whenever Ky = Mr. Thg
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“

'operator Rm may be expanded in terms of the normal co-
~ ordinates Qi‘of the crystal as

Rm-=. Zi uj_(m.) Q’i 3 o (3,3) .

-

where ui(m) 1s the eigenfunction for the41th

normal mode.

The function D(q,w)imay then be expressed as
S L ; .
D(q,0) =M o n(e) Ales o) , (3.4)

. where °

|

~ n(w) [ekp(hm/kBT) - 1171 + 1, for @ > 0,

[iexb(h ' .(D I/kBT)A - .1]—1a‘ ~-f0I'.‘(D < 0, (3-5) ’

: andithe;spéctral-density A(q,w)‘is defined~by
. .> ‘_ ) ...' "Nl
S | 1 |
A(q,m) =N (};L}: e—am Amui(m)

=1

.where Wy 1s the frequency.of the‘ith mode. The elgenfunc-

tionsvui(m).qbey.the equations

| Kgi(ﬁ}%)~+~Kﬁi(m—lj:— (2K;um¢i?)fui(m) =0, (3?79 i

SN o .
A 2 :
Y pgm®=a1 . (3.8) -
Coom=l C
« The uy ﬁust obey appropriate-homqgeneous boundary}conditions
at the ends Qf the ‘line, which we shall not-spécify here;"
. In order to simpiifyislightly the equations which - -

~ fpllow,'we assume that unitgvhave been'chosén such that the

b3
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spring donstaﬁt,'K, equals 1.
In the analogy with the procedures of Sectlons 1
'énd,2, we defineAforleéch frequenpyld'S O,‘and for each of
the possible sequenées of masses, a function ¢(m), which
_'haé a flxed value at m = O, which obeys the homogeneous
boundary condition_af the left-hand end'of the chain, and
which obeys the differsnce equation of (3.7) with w and ¢

~ substituted for . and uy . Let us also defilne

yn) = o(n-1)/p(n) 9

| Cmp | o
Cougm) =) Ay, @Y g(mr) /e g(m) . (3.10)
.. Ua(m) =Z A'U_-mi. (P(m-')z/(p(m)2‘ ) . ' (3~1l)
m’=1 '

Ug(n) = S wlm) . (3.12)

These obey the equatlions,

y{m+l) = [2 - b,o® - y(m)17t , (3.13)
Uy(mt1) = ' y(m+1) [Uy(m) + 21 , | .',('3...14)'_'
Uz(m-i—l‘) = y(m+1)? [Ua(in) + um] s 'l (3.15)'

..1.13’("“*"‘1) = y(m—l—l)? [Ug(m) + 2u0] . (3..'15)" |

From the last two equatlons we see that

Uy(m) = eaUp(m) . o (an
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I we define Pé(y;m) precisely as in Eq. (2.26), then
A(q,0) = 20N Py(yN) - (3.18)

where we'haVe,assumed a boundary conditlon.on the right-hand
end of the chain of form y(N+l) =.yy. The equation§ of

‘motlion for the Ps are

-2 2 1

Po(ysm+l) = y S W, PO(E-M oy lim) L, (3.19)
Pl(y;m+l) = iqy -1 s M, [P1(2—Mrw2-y sm) + A PO(E—M wz-y 1,m)] ,
' | ' (3.20)
-1,

Pz(ysm+l)'= =W {P2(2-M wz—y m) + 2 Real[ArPl(E—Mwa-y'l;m)]‘

iy

+|A 1 Po(2-M,, wa-y“l-;m)} . (3.21)

. If the functions Po(y,m) and Pl(y,m) approach con-
tinuous limits, po(y) ‘and pl(y), as m —» », then these limits
c¢an be found_by substituting ps'for Ps en'both sides of equa-
tions (3.19) end (3;20); If furthermore, the'function |
Pe(yﬁm) has the asymptotic form const.m + f(y), assmﬂq m,‘
then‘we maj find the spectral density by multiplying‘both'

sides .of equation (3.21) by Zr,wr,po(E-Mr,wE-y) end integra-
ting with respect toy. By changiné the?veriableiof inte-
'grétion on tne right-hand side fromiy‘to-Y = 2'; M, —.y"l
and using the difference equation satisfied by po, we find
{in the limit N > oo), '

A(q,cu) = zmj' zr‘,wrpo(a-mr-y) {2 ReallA p,(Y)] +| A, |2 po(i)} dy .
- S - - (3.22)
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Unfortgnately, the functions Pé(y;m) do not neoesa
sarlly approach'continuous limits as m - w,.even 1f one starts
with a contlnuous funotion for Po(y;o). Schmidt2) showed that,

,attleastvin‘certain cases, po(y), if 1t exlsts at all, is
highly discontinuous, the values of po(y)'being infinite at
a dense set of points. Even if the 1limit po(y) does exist,

1in these oases, it is not clear that the 1limilt pl(y) will

“exlst, or~that the integral on the right-hand side of (3. 22)

" will exist. In fact there is. reason for believing that
A(q,w) itself is infinite at a dense set of points, in cer-

- tain regions of the 1line 0 < w < =, while the Integral

.Jf A(q,wﬁ)rdw'; 1s 'a continuous function of w. Numerlcal:
gombutations of.A(q,m)Ain these regions of bad behavior is
clearly.out of the question.

The reason for this difficulty is that we have
chosen a discrete set of masses M,. 1If ne had'chosen a con-
tinuous distribution'of posslble masses, so that the sums in
equations (3.19)-(3.22)'were_changedito integrals, then all

. the 1imits would have existed and the functlons Pg would be
continuous. Physically; We expect to be aole to épproximate
a discrete distribution as closely as we desire by a con- -
tinuous distribution which 1s sherply peaked about the values
of the dlscrete distribution. If A(q,w) 1is dlscontinuous for
the discrete distribution, we would not expect to be able to

‘calculate 1t in this manner; but the quantities of real - |

. physical interest ere averages of the spectral density'orer

_q @A
a finite spread of w, such as (Aw) J‘ A(q,w’) dw’, and
: T %
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we do expect that,.for fixed Aw, such quantltles éan be cal-
Eﬁlated as accuﬁately-as desired by chdosing a continuous
distribution sufficlently close to the discrete distribution.
4. TWO-PARTICLE FUNCTIONS o
Electrical Conductivity. The methods of the pre-

vious section8 can be generalized to two particle functions,

such as the frequency dependent electrical conductivity of

4

a system of non-lnteractlng electrons 1n a random potehtial.
The real part of the conductlvlty, at frequency w, for a
collectlon of non-lnteracting, spinless particles of charge

g and mass m, is giveﬁ byl8) ‘

, ‘ 2 Lo
Real o(w) = Ttezf £(bv) -hi[h(v-ﬂb)] F(v,vtw) dv , (4.1)
. m~ 2o : . :

rwhefeif_is the Fermi.function,‘-

£(E)

{exp[(B-p)/gr] + 2}, o (4.2)

and F 1s defined by
SN o o By Eyis
Flv,v) =) Tl ) P sty - 55 s(vr - D0 (h3)

| Iy | .o
In Eq. (4;3), L'is the length of the system, (1|p]| 3) 1s
the maffii element of the momentuﬁ'operator'betwéen the
elgenstates 1 and j of the one-particle Hamiltbnian, and
Ei a.'mi.'E_J argwthe ¢nérg1es of the,eiggnstates; the quantity
uu.in-equaﬁion (4.2) is the chemlcal potentlal of the elec-
tron éystem. If the real part of the conductivity 1s -
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known,'the_imaginary paro may be calculated by use of the
K}amers-Kronig'pelations.

As an examplo, we shall derive the expressions for
F when thezrandom potential 1s the whilte Gaussian noise
potential of Sectlon 1. We agéin choose units such that
h=m=D =1, We define the functions o(x,E) and z(x,E) as

in Sectlon 1. We also define -a new functlon:
X a )
o(x';E) 5o7 o(x/;E) dx’

W(x;E,E") = > o(X3E) o(x:ET) ) '_(4'4)

The equatlon of motion for W 1s

MW _ ot e il N 4 ol .
S5 = Z(x:E') = [a(xE’) + 2(E)I W (4.5)
Functions Ps(z,z';x) are defined, for s = 0,1,2, by"

Ps(z,z';x) :—:(W(x;E,E')s 6lz - z(x;E)] slz’ - z(x;E')]) .

_ (4.6)
The equatlons of motilon for these functions are
5 |
) 2 o) 2 o
+ + (2°+2E) + (z2'“+2E") So7
[s azaz 32'2 Sz z!
. {
+ (2;3)(z+z'{] Py + 82P;_; . (%e7)
n 52 32 " 323 ‘
(Note that the "diffusion term" - + 2 5ospT t - rep-

resents random walk in the (z+z’) direction only; the random
potential in the equation of motion for z(x,E) 1s the same

as that in the equation for_z(x;E').)_ The boundary conditions
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at infinity on the functions P, are

2-8 1im- z2°8 p

1im 27 Ps.= s
| Z-y oo Z—y =00 '
' 2-8 3 o, 2-8
1im 2z’ P, = lim =z’ Py - (4.8)
Z!— oo zZ! 5 -

If E does not equél Ef, then PO and Pl approach

limits po(z,z') and pl(z,z'),'independent of x, as x ap-

| proaches infinity. Thevlimiting fﬁncéions are determined by
theldifferential equations (4.7),'witﬁ_the left-hand sides
set equal to'ze:o,'together wilth the Houndary conditions
(4.8) and the normalization condition [f po(z,z') dzdz' = 1.
The function P, has the asymptotic fogm, constex + £(z,z'),

| and we find that in the 1imit of very large L,

F(E,E’) =“L_1VP2(ZL:ZLSL)
= 8 ff po(—Z,—Z') pl(ZJZ’) zdzdz’ , (4.9)

For éhe case where E = E’, these methods cannot
be used diréotly; because Py and plvdd not then approach a
well-behaved 1imit as x - o. The zero-frequency conduc-
tivity mugt therefore be obtalned by studylng the limit of

o(w) as w - O.

Interband optical transitlons. As a final example
of the propertles whlch can be calculated using the methods'
of this paper,'we mentlon the llne shape for optical ébsorp-

tlon by interband electronic transitions, under the assumption
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that the electron and hole do not interact. We consider
a model in which the electron and hole. are treated in the
effective mass approximation, and‘the:%andom potential is
White Gausslan nolse arising from é deformafion potentilal
on'a clgssical contlnuous string. The effectlive mass, m*,
and thg deformétion potentlal coefficient, VO’ may be dif-

. ferent for the electrﬁn and hole, We,assume that the 1hter--
band partjof the momentum 6perator,'which 1s responsible for

the 1lnterband transitlons, has the form
Pinterbang = consteS [ah(x) a;(x) + ae(x) ah(x)] dx , (4.10)

‘where_ag, ay a:, and a_ are the creation and annihilation
bperators for a hole and an electron, respectivély. Thé

optical absorption'for this model is propoftional to

a(w) = [ G(v,w-v) dv | | (4;11)

h

where G is defined, in terms of ¢, and Eih, the wave function

th

and energy'of.the 1 hole eigehstate; and QJe'and Eje, the

wave function and energy of the Jth electron state, by
h

- LI . 2 E E,°

6(v,v') = 1) [ 0"(x) 0 %(x) ax ] s(v - =) s(vr - L)y L
| e A (4.12)

The.pfocedures for calculating G(v,v') are very similar to

the methods used in calculating the function F(vy;v?) of
Eq. (4.3), and we shall not discuss them further, here.
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APPENDIX A. ASYMPTOTIC BEHAVIOR OF Ps(z;x)

We wish to study the behavior, for large x, of
the functions Ps(z;x) for the Gausslan white noise potential
of Section 1. The functlon P, is the probability.disfribu-
tion of z(i;E), and we shall glve a physlcal argumént that
this probabllity must approach a limiting distributlon as
X -»o, It is perhaps easlest to first project the line,
i w < z(x;E) < » onto the unit eircle, O < 6(x) < 2r by

6(x) = 2 arctan z(x;E) . (A1)

The equation of motion (1.26) for z can be translated into
an equation of motion for 6(x), which ﬁay be described, like
the equation for z, as a "flow" plus'a "random walk". The
flow veloéity for 6 1s continuous at all points on the unit’
circle, including the point 6 = T, correspoﬁding to z = m..
The magnitude of the random walk vanishes at the point
6 = r; but the flow velocity at this point 1s not zero. At
all other polnts on the clrcle, the random walkAis non-zero.
It 1s physically clear that no matter what ‘the value 1s of
6(x), there will be a finite and non—vanisﬁing probability
density for é(x+Ax) to be at any :point on the circle, for
any Ax > 0. More explicitly, we claim that for any Ax ¥ 0O,
.the conditional probabi‘lity density, p(e’| 6”,4Ax), for
e(x¥Ax) to have value 6’, when 6(x) = 67, 18 bounded above
for all 6’ and 6”, and that there exists a lower bound

m > O such that
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p(e’jer,Ax) > m, for all 9/,9" , A2).
2 m,

These condltlons are more than suffici?nt to insure that the
probability density of 6(x), and hence that of z(x;E), ap-
proaches a limit exponentially fast as; x - @, It would haoe
been suﬂficient for convergence, that the above conditions
hold for one particular Ax > O. Also 1t would have been
sufficient that (A2) hold for all 6", whenever 6’ lles in a
specifled non-zero segment of the cirole 19)

. The funcﬁion Pl(z x) obeys the differential equa-
tion (1.40) with the boundary condition (1.35). Since the
inhomogeneous term in (1.40), P O(Z°x),rapproaches a limit
exponentially fast, the funotion P1 will approach a limilt 1if

all solutions of the homogeneous equatlon,
3 32 .2 3
Ei.f(z;x) = o2 + {z +2E) 5zt 2z - 1k £(z3x) , (A3)

with the boundary conditilon

lim zf = 1lim 2zf |, (A4)
Z— o0 Z— -
decay to zero as x —» w, Let us define the function Uu(ij)
by | | o
Uu(x;E) = c/'e1kx o(%x;E), (A5)

where ¢ 1s some constant. By examining the equation of

motlion for Uﬁ, one'can readlly see that the functlons

f(z;x) are Just the expectation'valués(}Uu(x;E).b[z - z(x;E) 1>,
. - : : . ! |

€.
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whére the average 1s to be taken not only over all poten-
tlal configurations,.but over a distributioh‘of initial
.conditions Zq and constants c, chosen so as to gilve the
correct values for f(z,o). Using the séme reasonling as that

used iﬁgéQuation (1.26), we see that
* )

- - . 1 -1k -
CUy(LsE) 6lzy - 2(LE)]> = 3 e <cZw1(o ¥y (1) 6(B-E,)> ,

| (46)
where the wi are the normalized eigenstates of the Hamiltpnian,m

20) has shown that

.'with the boundary condition Zy, e Borland
the elgenstates 1n a one-dimensilonal disordered potential
are highly localized in space, decaying exponentially on
"either side of the . pboint at which they are maximum It
follows that the product wi(o) wi(L) will be very small for
large 1L, énd unlessfthe~density of statés 1s infinlte at
energy E; the function f(zL;L) must be very small, for large . .
L. Since zL'is an arbitrary'constant,'it follows that all
'solutlons of (A3) and (A4) decay to zerp as x - w,

Finally we consider. Pa(x,z) If the spectral
density Is to be independent of L, and of the boundary .con-

dltlion z

L’ it follows that,

x~t P2(z;x) = C +iR(z,x), (A7)

where C 1s a constant, and the remainder, R(z,xL vanlshes
as X ».», If we make the further assumption that xg%(z,x)

goes to zero for large x, then one can use the reasoning
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preceding (1.49) to eGaluate C, and thus determine the
spectral density. “

- It 1s also possible to study the limiting form
of P, more directly from the equation of motion (1.41),

without use of the physlcal interpretation of P The

_ 2°
function P, may be written as '

X

~P2(z;x)b = éjﬂmdz’f

dx’ G(z,x-x’;z’) Real Pl(z’;x’) ; (A8)
o -

where the Green's functilon G(z,x;z’) 1s the solution of the

homogeneous equation

= 82 ' v
S a(z,x527) ==[$§§.+ (Pezm) ] o(zmar) ,  (a9)

for x greaterAthan zero, with the boundary conditions

1im G(z,x52') = lim G(z,x32’) , (A10)
Z— oo : : Z— =00
G(z,0;2') = 5(z~-2") . (A11)

We know that Pl(z'gx') approaches a limit as x - oo} in order
to find the asymptotic behavior of P, from (A8) we must also
study the behavior of G. ILet H(z’,x;2z) be the solution of
the adJoint equations:

H _[2° d

. 2 . N
el il (2’ +2E):lH, for x> 0, (A12)
im z'°H = 1im 2%y , (A13)
Z ! —ytoo Z! -0
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H(z',0;z2) = §(z-z') . (AL4)

If we multiply both sides of (Al2) by G(z’,x"-x;z")
and 1ntegrate with respect to 2z’ and x, ovér the reglon
- o z' ¢<oand O < x £ x", then we find, after Iintegration

by parts,el)

G(z,x";2") = H(&",x";z) . (A15)

Note that Eq. (Al2) is identical to the equation
of motion, (1.32), for‘PO, except for the sign of z'., Hence,

from our discussion of the limlting form of P,, 1t follows

0’
that G(z,x;z') approaches the limit p,(-z’), independent of
the value of 2z, as X —» », and that this épproach is exponen-ﬂ
tially fast. From this i1t follows that PE(Z;X) has the

form (const-x + £(z) + terms which go to zero as x - »),

and the gpectral denslty, for large L, may be found from

Eq. (1.49).
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APPENDIX B, DENSITY OF STATES FOR THE WHITE GAUSSIAN NOISE
POTENTIAL IN TERMS OF AIRY FUNCTIONS

’ﬁquation (1.46) for the probability distribution

po(z), in the case of a whife Gaussilan noise potential, may

be integrated once with respect to z, glving
[SL-+ (z2+2E)] pA(2z) =f;onst (B1)
dz 0 * '
From (1.60) and the discussion fo;lowihg 1t, we see that
'the coﬁstantlin (B1) 1s Just the cumulative density of
states, N(E). Taking the Fourier transform of (Bl), we have
a2 N
(- = +1q+2E) p(q) = 27N(E) s(a) , (B2)
q . .
where p(q) 1s the Fourler transform of_po(z).. As a Fourier
transform of a probabllity distribution, p(q) must be equal
to 1 when q equals zero, p(q) must approach zero when q — % w,
and p(q) must equal p(-q)*. This last requirement, together
with (B2), implies that

- 1im Real dp(q)/dq = 7N(E) . {B3)
+
q- O

If g(q) 1s any solution of the homogeneous part: of
equation (B2), such that g(q) » 0 as q - + =, then 1t follows
that -7 Real [g’(0)/g(0)] = N(E). If we write g(q) = G(t),

where t = - 1q - 2E, we have

N(E) ;-w‘ Imag [G’'(-2E)/G(-2E)] .. | (BY4)
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The function G(t) must approach zero as t — - 1o, and @

must obéy_Airy's differential equation,

G"(t) = t‘G(t) . (B5)

The general solution off(B5) 1s G(t) = a Ai(t) + b Bi(t),
where Al and Bl are the Airy integr51;; defined and tabﬁ-
lated for real vélués of t in reference (13). The .Aliry
integrals may be expressed 1n terms of Bessel'!s functlons
of 1/3 order, and ha&e_an analyéic continuaﬁion to the en-
tire complex pléne. From the Wéll—known asymptotlc pro-

22)

perties of the Bessel's functions, it follows that -

‘when | t1| » », the Alry functions have the asymptotic form,

[V
ct
-

Ai(-t) ~ T2 7% gin (Er o+ %t3/2) s (B6)

cos (41 + §65/2) (B7)

[V

Bi(-t) ~ T

in the sector - 47 < arg t < 5m. The condition G(t) - O,
‘as t - -;iQ, thus impliles |

a(t) - alar(s) - 1 Ba(e)] . (B8)

Since the Wronskian, A1/(t) Bi(t) - Bi’/(t) A1(t), equals
-1/m for all t, we have,. finally,

N(E) = 772 {[a1(-28)1% + [B1(-2E)]%" . (m9)
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FIGURE CAPTIONS

Figure 1. Spectral density, A(k,E), for white
Gausslan noise potential. Energy 1s measured in units of

2

1 1
e = (D m*h'2)3, wave number in units of x = (Dm*Eh-4)3.

o)
The spectral denslty. is normallzed so that the area under

the curve i1s 1.

Figure 2. Comparison of exact values of A(k,E)

: gwith results of self—consié@ent Green's function approxima-
tion, for white Gausslan noise potential. (a) - Wave
number k¥ = 0. (b) - Wave number k¥ = 1. On this scale,

the exact and approxlmate curves for'fhe spectral density
would be almost indistingulshable for k = 2, Unlts are .

~ the same as in Fig. 1. |

'E;gure 3. Self-consistent Green's‘function ap-
proximation. Heavy solid llne denotes compléte Green's
functiqn for pafticle; light solld 1line deﬁotes unperturbed
Green's function for particle; dotted line denotes a phonon
(Reference 11) or connects repeated scattering from same

impurity (Reference 12).

Figure 4. The spectral density, A(O,E), for the
discrete model, for several values of the lattice constant

1
a. The energy E is measured in units of g = (D2m*hf2)3;

1
the lattice constant in units of xo‘l (Dm*?h-u)_3

. The

zero of energy 1s the energy of the k

0 state 1n the un-
perturbed lattice.
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CHAPTER IIT

THEORY OF THE LOW ENERGY TAIL

~ Section 1. The Density of States

In this chapter we present a general method for approximating the
low energy tail of A(g, E) for an exciton interacting with phonons of zero
frequency. Aé we have remarked before, the problem, in this case, is that
of finding the spectral density for a particle in a random potential. This
chapter represents an adaptation to the exciton—phonon problem of techniques
recently develqped by the author, in collaboration with Dr. M. Lax of the
Bell Telephone Laborétories, for studying the density of electronic states
in the low energy tail of a high density impurity ba.nd.:L

The Hamiltonian for the exciton is assumed to ha&e the form

H =T +V(x). (1.1)

. The operator ¥, the "kinetic energy" of the exciton, is the energy of the
exciton in the perfect lattice, and is a function only of the exciton
momentum. The random potential V(g) is diagonal in the exciton position,
and depends on the particular lattice configuration. (The following discus-
sion will in fact be equally applicable to the case of a non-local random
potential, but we have assumed a local potential in order to simplify our
equations.) We shall denote the minimum eigenvalue of {J by the symbol E . We
assume that the average Qalue of V(§) is zero; this is no restriction because
‘we mey. always include the average value of V in the kinetic energy.

The»exciton spectral density is given by

a2 = 2(5 1y @17 8 - B)) (1-2)
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- where Q is the volume of the crystal, Ei is the energy of the ith eigenstate
of H, and Wi(E) is the th Fourier coefficient of the corresponding wave
function, Wi(E) =f e 1KX Wi(i) dx. The angular brackets indicate a thermal

average over lattice configurations, which may be defined by

<§>5 Z'lfé exp[- U(Q)/kB‘I‘] aQ » (1.3)

where U(Q) is the potential energy of the lattice configuration Q (with no

exciton present), and Z is the partition function,

2 = [ el v@)/52] aa - (1)
The indicated integrations in (1.3) and (1.4) are multiple integrals over
*
all the lattice degrees of freedom.

The spectral density is closely related to the totél density of

states, p(E), defined by

o®) = g (5, 8E-E)) . (1.5)

]

When the energy E is sufficiently far belOW'EO, the density of states p(E)
decreases very rapidly with decreasing E. Because the average value of
|¢i(§)|2 is a relatively slowly varying function of the energy, we expect
that the behavior of A(g, E) will . be principally determined by the behavior
of the density of states, and our first task will be to determine the ap-
proxiéaﬁe form of ptE).

The approximations we will make will be valid only in the low
energy tail. For the time being we shall not be precise about the meaning
of the low energy tail -- that is, we shall not specify just how far below
Eo one must be. We do state that the energy must be sufficiently low so that

the ratio p(E)/pCEO) must be much smaller than 1. This meens that |E - E,
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must be large compared to the energy easily obtainable from the potential
fluctuations. Note that the low energy tail may be reached in two ways,
by keeping the.fluctuations fixed and letting E - EO ~> = o, Or by holding
E - Eo fixed at a given negative value and letting the fluctuations become
smell, (i.e., T —»0° K).

If the exciton band were perfectly flat, so that the kinetic
energy term ¥ were simply a constant, Eo’ the density of states would be
very simple. The energy eigenfunctions would be localized at a single
lattice site, and the energy of the state would be EO plus the value of V(x)
at thﬁt site. The density of states p(E) would then be equal to the number
of lattice sites per unit volume, multiplied by the probability density for
the value of V(g), at any one lattice site, to take on the value E - E .

As soon as the kinetic energy operator is non-trivial, however,
the eigenstates are no longer localized at a single site; the potential
energy is not the value of V(x) at a single site but the average of V(x)
over several adjacent sites. As a result, the only potential fluctuations
which can produce a low energy eigenstate are those which have a wavelength

 larger than the "width" of a "typical wave-function". This means that the
number‘of low-energy eigenstates is greatly reduced. The method described
below forvestimating the density of stetes in the low energy tail is a
method for making the best possible estimate of the "width" of a typical
wave~function, at a given energy, and then using this informaetion to cal-
culate the probability of occurrence of a potential fluctuation of the
necessary magnitude over a region the size of the wave-function.

The crucial assumption we make is that at a given energy E in the
low energy tail, almost all of the energy eigenfunctions have approximately
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the same shape. Specifically let us assume that whenever Ei ~ E, we find

Y (%) o~ f(x - x) (1.6)

B

where £ is a fixed function, and XS is a position variable which may be any-
where in the crystal and will be different fcr each eigenstate. It is nc
restriction to assume that f has its maximum when its argument is zero.
States in the low energy tail will generally be highly localized in a region
of low potential, and it is clear that f must be rapidly decreasing wher its
argument becomes large. We also require that f(§) obey the normalization
condition imposed on the wave-function Wi-

For the present, let us assume that the function f is known -~ we
shall discuss later the best method for finding this function. Let us use
the right-hand side of (1.6) in a variational estimate of the energy E. .

The variational estimate, for a particular choice of %o is defined by

E(x ) sﬁ(g-%)nf(z-:ﬁo)az .
The variational energy can be written as the sum of two terms

E( ) = 9+VS(}~{O)’ (1’7)

X
~0
where

6 =ff(:~c-5o)9’f(;5-§o)d>~c, |

Vs(?fo) =ff(:~c - ;50)2 V(x) dx . (1.8)
Note that the kinetic energy @ is independent of the choice of X5 because
the operamox'sfis translationally invariant. The potential energy'Vs(Eb) is
an average of the potential V(g) in a region about X = §o' As 50 is permitted
to vary throughout the crystal, VS(§O) will fluctuate about an average value

of zero, and at various places in the crystal, Vs(xo) will exhibit an unusually
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large negetive fluctuation. These places correspond to regions of very low
:V(;); and hence to places where we expect to find a low energy eigenstate
wi(z). We know that a variational estimate of the ground state energy of a
system always overestimates this energy. Hence we expect that E(§0), in a
region of negative fiﬁctuation, will always be larger than the true energy Ei
of the local low energy eigenstate. The best estimate of the energy Ei is
thus obtained by choosing x  so that E(zb) is as small as possible, i.e., so
that E(§O) is a local minimum. In general, E(fo) at this minimum may be con-
sideresbly larger than Ei; however, if the assumption (1.6) holds, we expect
E(§O) to be a good approximation to Ei whenever Ei R E. It may also be seen
. that, in general, if E(§o) is close to E, then Ei will be close to E, and
..hence‘E(go) will again be a good approximation to E,. (This last statement
follows from the fact that the densify of states is rapidly falling with de-
creasing energy, and thus almost all of the eigenstates with energy less than
E have energy close to E.) ‘
It may be objected that tﬁe variational principle rigorously tells
us that E(§O) is greater than E, only if ¥y is ‘the ground state of the exciton
. for the whole crystal. In order for E(go) to be smaller than Ei’ however,
the trial fupction f(g - 50) must mix in another wave function wj whose energy
is lower than Ei' In the low energy tail, where the density of states is very
small, energy eigenstates are very few and far between, and the possibility
of simultaneous overlap between f(§ - §o) and two different eigenstates is
qQuite negligible.
If, és we claim, there is a close one-to-one correspondence between
. local minima in Eﬁzo) and the energies of eigenstates in the vicinity of E,

then the number of eigenstates with energy E. is approximately equal to the
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number of local minima in E(;‘:o ) with value E. Thus we have the fellowin

approximation to the density of states:

1 Number of local minima in E(g\co )
Pe ®) = o such that at the minimum
ESE(}NCO)SE-K-GEO . (1.9)

- We have placed the subscript £ on the density of states to remind us that
- the validity of the estimate will depend on the correct choice of f.
Until now, we have used the words "local minimum® loosely to mean

. the minimum value of E(;fo ) in some region. For purposes of computation we
wish to define a local minimum as any point where V E(?Eo ) equals zero and the
second derivatives are positive. (We assume here a model of the exciton band
in which the position x is a continuous variable. The modifications necessary,
when the position variable is treated as discrete, will be discussed at the
end of section 3) If two points with vanishing first derivatives occur very
close together, then the use of this new definition may destroy the one-to-
one correspondence between local minime and eigenstates, because the same
eigenstate may be counted twice. It mey be shown, however, that in the low
energy tail, the probability of occurrence of two points close together, with

| YE('}\co) = 0 and E(}’EO) < E at each point, is extremely small. Furthermore,
if there is only one such point in a region, it must b.e a local minimum, so
that the second derivaties are automatically positive. Hence, we may sub-
stitute for the words "local minimum in E(?fo ), in Bq. (1.9), the words
"point where YE(&{O ) = o".

Let us now consider the problem of finding the best trial furction f.

We know that regardless of the choice of f, the variational estimates of the

energies of the eigenstates will be high. In the low energy tail, where the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 93 ~

density of states is rapidly falling, any approximation which systematically
overestimates the energies of all the eigenstates is bound to underestimate
the density of states. Thus we claim that in the low energy tail, no matter
what the choice of f, Pp (E) will be smeller than the true density of states,
p(B). Clearly the best choice of f, for any given energy E, is that which
maximizes pg (E). We call the density of states obtained by this optimum
choice "p:L (E)"; i.e., we have

EB) = mex pf(E) . (1.10)

Section 2. The Spectral Density

Thus far we have discussed only the total density of states, p(E).

In order to calculate the optical absorption, one needs to know the spectral
density, A(g, E). The spectral density is, by definition, the product of
the density of states p(E) times the expectation value of the a.bso;ute square
of the lzth Fourier component of the wave functions at the given energy. If
our assumption is correct, that almost all the wave-functions at energy E
have the approximate form f(_;s - X ), then the absolute square of their

- Fourier transforms must be approximetely If(}s)la. Thus we claim that in
the low energy tail, -

Al E) ~ [£(x)|° () , (2.1)

where f is the function which meximizes Pe (E). To compute A(li, E) when we
do not know the exact density of states, p(E), we use the approximate density

of states, p, (E).
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Section 3. Method of Calculation -- Linear Systems

In general, the calculation of pl(E) must be carried out
approximately on a computer. The value of pf(E) must be computed for a number
of different trial functions, and the largest value so obtained chosen as the
approximate density of states. In the important case of a linear system (i.e.,
harmonic phonons and linear phonon-exciton interaction) important simplifica~
tions e#ist. In this case the potential V(x) obeys Gaussian statistics; and
pf has a simple explicit expression in terms of integrals'involving f. These
integrals can often be performed explicitly for simple trial functions, and
8 good estimate of.pl may be obtainable by hand. Alternativgly, the optimiz-
ation may be performed by computer, and the approximation pl(E) obtained, in

- the Gaussian case, with very high accuracy.

In any case, one must first convert Eq. (1.9) into & more conven-
ient expression for Ppe The method we use is essentially a generalization
to three dimensions of a method used by Rice in random noise problems.2
Equation (1.9)may be written

op®) = % Jay (s, 8-y oz - 6 - 1), (3.1)

where [yj} is the set of all points satisfying

YVv.(v.) = o. (3.2)

5 '~
- When the indicated average over all potential configurations has been taken,
the quantity in brackets in (3.1) becomes independent of Y, and the integra~

tion over Y merely yields a factor of Q. Thus we may write

pe(®) =(Z 80y - g;) 8[8 - 0 - V(1) (33)

where Yy is any point in the crystal. We next make a transformation from the
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varisble y to the variable YVS (X.) by writing
E;8(y - yy) = BV (et YYV (I (3.1)

., The determinent of the second derivatives in (3.4) arises as the Jacobian of

the transformation. Equation (3.3) can now be written
o) = {B[E - 6 - V_(3)] B[PV _(y)] det YYV (1)) . (3.5)

In (3.5) we have dropped the absolute value sign from the determinant
. because, as mentioned earlier, almost all the critical points of Vs (y) with
Vg (y) = E - 0 have positive second derivatives. The quantity pf(E) is then
. determined by the 10-variable joint probability distribution of VS and. its
first and second derivatives at a single point.
We now restrict ourselves to linear systems, where the random
potential obeys Gaussian statistics. The potential energy of the lattice is
expressed in terms of the phonon displacements Q‘kn and the elastic constent

~

akn’ where 1’5 is the wave vector of the phonon mode and 7 is a polarization

~

_index. We have

Q) =

Z %en I.Qlinle . (3-6)

kn

~

ol=

. . - *
. The coordinates Q’kn are not linearly independent because QKJI' = Q'-I,ST] + The

displacements have a Gaussian distribution with<an Qk'ﬂ'*>= Bkk' 81111' kBT/alSTl'

T~

The exciton-phonon potential is expressed as

V() = Z Ny €5 EQ, (3-7)
NTI ~ ~
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where we have the condition that )‘k'f] = X_kn*. (In the case of a lattice

with one atom per unit cell, the correspondence between the symbols A, Q,

and Q, and the symbols of Chapter I is quite simple. We have

1
+ -5
k1 ( kn k'l]) ( k'r]) 5

1
—2‘ s t
(2p0 wkn kk' » (independent of k'),

ZW?)
=
|

Q
it

2
kn = P8 O

When there are two or more atoms per unit cell the relations are similar but

somewhat more complicated.)

The random potential V(x) obeys Gaussian statistics with

<V(-}5)> = 0 ,
() VDY = TG -x) (5.8)
where
ik x
Wix) = Zline B g l® g g (5.9)

Similarly, the function VS (y), being a linear combination of the Gaussian

variables V(x), obeys Gaussian statistics with

(V&)

(Vo) V)= Taly -1, (3.10)

where

G(y -.y') = ff(JNc - x)g fxt -y ' W(x - x') axax®. (3.11)

The autocorrelation function G(y) completely determines the statistics of V

and its derivatives. Let us first compute the four-variable joint distribution

1
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function of Vs(z) and its first derivatives at a single point. The variance

of Vs is given by

il

~<Vs(3~’)2 >= TGO) = To2, (3.12)

e}

- The covariance of VS with its first derivatives is given by

(V@) O,y = T G-yl (5.13)

L=y
. Because the function G, by definition, is an even function of its argument,

the right-hand side of (3.13) vanishes identically. Finally, the correla-

tions of the derivatives among themselves are given by
(lgv @1 gV (1) = -Tyye@). (3.14)

It is convenient to choose the coordinate sxes such that the matrix of

second derivetives of G is diagor;al;, with the form

oy 0 0
vveo) = - {0 o o | (3.15)
2|
0 0 03

. In this case, the three components of sz (z) are uncbrrelated, and the Jjoint
distribution function Pl& of Vs and its derivatives is simply the product of

four Gaussians:

B,(\ ) = (BN -V ()] B[4 - TV (3]

R N Y W

B 1 A 1 2 3
= 2 2 expi-—75 - - 3" 5|+ (3.16)

(2n)= 00010203 eTa_ 2']301 eTo, 2‘303
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The density of states pf(E), according to (3.5), is equal to the
product of the probability density PL; (B -0, 0 ) and the conditional expect-
ation value of the determinant of second derivatives, given that VS (X) =B - 0
and YVS (z) = 0. Each of the second derivetives may be written as the sum of

a ‘term proportional to Vs(z) and a term uncorrelated with VS(X) ; that is

-\

YOV = VG U+E (3:17)

where Iél’ is a constant matrix, and § is a matrix of variables, uncorrelsted
with Vs(x) » Wwhich have mean zero and variances proportional to the temperature
T. The matrix Ig is given by

@7V @) ¢ 7G(0)

R 5 S O R
S '~

Note that M is independent of T. Thus, when VS (y) = E - 6, the second

derivatives are equal to (E - O)M plus terms which disappear as T — 0. The

13620202
123/"

plus terms which are negligible in the low energy tauil. This reasoning also

determinant of the second derivatives is therefore equal to (6-E)-

confirms our earlier claim that almost all critical points of Vs are minima
when Vs <E-86.
Our final result for pf is

g, 0, O (e-E)5 2
12 3 (e - E)
- . .18)
2 2 7 exXp 3 (3.2
(2n) QTGO

P (B) . =

We must now choose f so as to maximize (3.18). When T -0, it is
clear that the exponentiasl factor will become extremely sensitive to the

choice of f, while the other factors are much more slowly varying. Hence,
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the best choice of f is that which maximizes the exponential factor in

(5.18), or equivalently, that which minimizes the expression

a2 [E-f £ Trx) ax)®
22l - : (3.19)

6f TP e)fue - x) axax

Note that in the low-energy tail the choice of f is independent of T. Hence
the factors Uo’.ol’-02’105 and @ will also be chosen independent of T, and

. the tempersture dependence of pl(E) will be just the explicit T-dependence
of (3.18):

py(B) = A(E) T expl-B(m)/L] .  (3.20)

The physical significance of choosing f so as to minimize (3,19)

may be explained as follows: The function W(& -.5') is the autocorrelstion

. function of the rendom potential V(x) and is generally very small for distances

~larger than a few lattice constants. When f(x) is spread out over distances
large compared to the correlstion distance of V(ﬁ), the probability of find-
ing a large fluctuation in V over the entire volume of the wave-function

. becomes small. The variance of Vs which appears in the denominator of (5.19),
is inversely proportional to the cube of the width of the function f when this
width becomes large, and the value of (3,19) becomes very large as the width

. becomes large. On the other hend, if one attempts to make f(ﬁ) Very narrow,
the kinetic énergy 0 in the numerstor becomes very large and (5.19) agein

. becomes large. (If the kinetic energy is proportional to k2, the numerator
of (3.19) is proportional to the inverse fourth power of the width of £, for

narrow_f.)v The perfect £ is a compromise between these two extemes.
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The problem of minimizing (3.19) can be reduced to the solution
of a non-~linear integral equation. Let us multiply the gquantity E in (3.19)
by the normelizetion integral ff(g)adﬁlin order to make the expression homo=~
geneous in f. Expression (5.19) is then independent of the normalization of
f, and may be minimized by holding the denominator fixed at any constant
value, and varying f to minimize the numefator. Introducing a Lagrange

multiplier p, we find by the methods of variational calculus
Te(x) - wflx) [P W - x') ax' = BE(x), (3.21)

This equation looks like the Hartree equation for a particle bound in its
own self-consistent field, with an interaction - p W(x - x'), the only dif-
ference being that in the present case we have specified E and consider M
as the eigenvalue to be found. Equation (3.21) can be solved on a computer
using the techniques developed by Ha.rtree3 for solving his self-consistent
equations. Essentially, one assumes a potential, solves the Schroedinger
equatiﬁn for the wave-function of a particle in that potential, and then

_uses this wave-function to guess a better shape for the self-consistent
potential. Hartree has found a number of tricks for meking this process
converge rgpidly.

An glternative piocedure for minimizing (5.19) is simply to intro-
duce a trial‘function with several parameters and to minimize with respect
to these parameters. If7” and W are sufficiently simpie, the necessary
integrals can be done explicitly for a well chosen trial function, and a
minimization with respect to a small number of parameters may even be carried

out by hand.
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That a minimum value for (5.19) exists is pretty clear. We know
_ that,(j.l9) is always greater than zero and that it becomes large if.f is
either too spread out in space or too confined. It also becomes large if T
. is not smooth:. It is very hard to imagine any situation other than that (3.19).
achieves its greatest-lower-bound for some well-behaved, smooth f.
The question of the unidueness of the optimizing function f is
a more difficult one to answer. To be more specific, let us assume that T
and W are spherically symmetric. There will then always be a spherically

. symmetric solution of the Hartree equation (3.21), because (3.21) is the same

equation which occurs if one wishes to find the spherically symmetric function

which minimizes (3.19). On the other hand, the Hartree equation is non-
linear, and we must worry about the possibility of a "lower" solution with

.» "broken symmetry", i.e., a solution which is not rotationally invariant. If
‘he "lowest" solution is not rotationally invariant, then there is not one
optimum choice of f but a continuous family of solutions, obtained by arbi-
trary rotations of any one solution. (Actually, we already have one broken
symmetry: Equstion (5.21) is translationally invariant, but we know that the
best choice of £ must be localized in space. The translational degeneracy

. of the solution has been removed by specifying that f(§) have its maximum
at x = 0.) Although it is difficult to see why a non-symmetric solution
would give a lower value for (3.19) than would a symmetric solution, we have
not been gble to disprove this possibility. If it should occur, that the
function f is infinitely degenerate, it is necessary to modify our basic
assumption that all wave-functions have the form f(g - 50) by including

parameters &, B, and 7 which describe the orientation of the function f.
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The best variational estimate to the energy of an eigenstate would then be
the value of E(,:vco ; 0, B, 7) taken at a local minimﬁm in all the parameters.
We may also mention, at this point, the modifications which occur

when the exciton coordinate is not treated as a continuous varisble, but is
restricted to discrete lattice sites. The statement that VS (X) is a local
minimm at y = x_ is to be interpreted to mean that V_ (y) is smaller at X
than at any immediate neighbors. As T — 0, the number of points with

. vs(z) < E - 0 becomes very smell. For any such point, the probability that

. it is a local minimum is then very close to 1. 1In this case, pf(E), the
approximation to the density of states, is simply the number of points per

unit volume and per unit energy, with V_ (y) ~E - @. Thus we have
0. (B) = 3 <8[E-9-V (y)l > (3.22)
f Q S '~ ° ¢

where % is the number of lattice points per unit volume, and y is an arbitrary
point on the lattice. For & linear system, the function Pe is then given

simply by

2
-0
T exp | - _(E_E——)— . (3.23)
2 g .20 T T
o o

nH S

Q(2n)e T

If the function f varies slowly over adjacent lattice sites, however, so that
the correlation between VS (y) at neighboring lattice sites is large, then

this condition, that almost every point with Vs (x) = E - 0 be a local minimum,
is not reached until T becomes very small (or until E is very far in the low
energy tail). Thus there may be regions of interest where we are sufficiently
far in the low energy teail for our general philosophy to be valid [i.e., for
pl(E) to be a reasonable approximation to p(E)], but where Pe (B) is not given

accurately by (3.22) or (3.23). It is then necessary to include the
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conditional probebility that Vs(z) is & minimum at y = X In most cases
where this is necessary, it is probably adequate to treat the positions as
continuous variables and use the mgthods we have already described. The
most importent factor in the density of states, the exponential factor of
(3.18) or (3.23) is the same in any case.

The trivial model of a flat exciton band is easily handled in the
present formelism. In this case, the kinetic energy operator U is just a
constant EO, and @ is therefore equal to Eo for any choice of f. Maximiz~
ation of the exponential factor in the density of states gives a wave-function
which is localized at a sing}e lattice site, independent of Eo' The density
of states pl(E), is given by Eq. (3.23) with o independent of E. The
function pl(E) is a simple Gaussian distribution, and happens to be exactly

equal to the true density of states p(E) for this model.

. Section 4. Application to One-Dimensional Model

In order to check our approximation method, we have applied it to
the model of a one-dimensional effective mass exciton in a white-Gaussisn~
noise potential. In Chepter II we showed that the spectral density and
total-@ensity of states can be calculated exactly for this model. It also
turns out that our approximate method is especially simple in this case:
all quantities of interest can be obtained analytically, without the need of
a computer.

The white-Gaussian-noise potential is characterized by Gaussian

statistics, with

Vix) V(x)) =2 D 8(x - x'), (4.1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 104 -

where D is a constant proportional to the temperatureT. The kinetic energy

operator U'is given by

T = -2 alad (4.2)

The formulas of the preceding sections were given for a three-
dimensional model and need to be modified slightly for the one-dimensional
case, in addition to the trivial substitution of one-dimensional for three-
dimensional variables. Equation (3.5) becomes, in the one-dimensional case »

av_(y) ] av_(y)
pp(B) = (B[E -6-7V_(y)]38 5 ) (k.3)

dy ay

If the random potential obeys Gaussian statistics, (4.3) becomes

g 2
1 (6 - E) ,
p.(B) = —————— exp [— —————jl (&:4)
£ 2x T 005 27 002 ’

vwhere Go and O are defined as before, but Gl is simply given by

rof= (rwP)= -16"0) - (4.5)

. Note that the temperature defendence is slightly different in the one-
dimensional case than the three ~dimensiona.l case. The function f, which
meximizes P (E) in the low energy tail is that which masc?’.mizes the. ‘e,xponen‘bial
factor in (4.4); applying variational calculus leads to an equation' identical
to Eq. (3.21). For the white-noise model, this equation takes the simple

form

3 % M (x) - p£(x)° = E£(x) . (4.6)

With the conditions that f(x) be normalized to 1 and have its maximum at

x = 0, Eg. (4.6) has the solution
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f(x) = /\F—e(_ sech K x , (h.7)
po= 2K 4.8)

where K is defined by
B = - % K=, (4+.9)

. In Appendix A we show that this solution is, in faect, unique, and we discuss
the procedure for evaluating the constants in (4.4) for this choice of f.

We find that

2 3
o (B) = Hﬁ’f— exp (%g-)-i- : (4.10)

V5

. In Chapter II, we showed that the exact asymptotic form of p(E),

as E ==~ o, or as D -0, is given by

2 3
o) ~ 2 exp‘(-.%.-,’f—) : , (4.11)

The agreement between pl and the exact asymptotic form of p is remarkably
good. The power of K in the exponent is correct, the factor h/3 is exactly
~ correct, and the power of K out in_front of the exponential is correct.
The overall constant in pl is too small by a factor of 4(;; in the low
energy teil, where the density of states may change by many orders of
magnitude, this error is not very significant. Even this error may be
greatly reduced, however. If one includes thel"average-higher-drder-energy
correction", described in the following section, the factor l/WVE in equa-
tion (4.10) is removed and replaced by the factor (0.921). Thus we can re-
produce the exact asymptotic form with an error of less than 8 per cent.
We may also compare the form for A(k, E) predicted by the approxim-~
ate theory with the exact asymptotic form for the spectral density found in

Chapter II. It was shown that in the limit E — - «, with k/K remaining finite,
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or equivalently with k and E held fixed and D — 0,

2

éé%ﬁjgl ~ ¢ sech? (%%) . (.12)

Our approximate theory says that the ratio (4.12) should be |f(k)|2. If we

1
take the Fourier transform of (K/2)2 sech K x, we indeed find

2
|f(k)|2 = % seche-‘(g) . (%.13)

The good agreement between the results of our approximate theory
and the exact asymptotic forms of p(E) and A(k, E), for the white-Gaussian~
noise model, provides striking confirmation of the validity of the approxim-
ate theory in the low energy tail. One may still ask, however, where the

. low energy tail begins; i.e., we must be sure that the exact functions p(E)
and A(k, E) achieve their asymptotic forms at energies high enough to make
the asymptotic forms useful. ’

In Figure 1, at the end of this chapter, we have compared the
exact value of p(E) with its asymptotic form, Eq. (4.11). The error in the
asymptotic form is found to be 27 per cent when E/De/3 = - 1, 6 per cent
vhen E/De/5 = - 2, and ~ 3 per cent when E/DE/3 = - 3. The values of
o(E)/p(0) at these three points are .15, 3 x 10-4, and T x 10-8, respectively.
Thus, over most of the range of interest, the error in the asymptotic form
is of the same order of magniﬁude as the discrepancy between the asymptotic
form and the approximate theory, when the average-higher-order-energy cor-
relation is included in the lafter.

We have also made comparisons, at several points, between the
exact value of the ratio A(k, E)/p(E) and its asymptotic form, (4.12). The

results of these comparisons are shown in Figure 2.
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-Bection 5. Average-Higher-Order-Energy. Corrections

.We now - -turn.to a method for correcting some of the error introduced

: by,-"bhe.use of a trial function, f(;\c' - X ), which has fixed shape at s given
.energy. The a.pproxima:bionApl (B) replaces the energy of each. eigenstate \v.i (:5),
in the low energy tail, by .the corresponding local minimum in-E(':\co ). Ifl

the shape of the xonstve-function.xlri (:5) were exactly the shape of f, then the
~energy'Ei woul'd be exactly the same as the value ofﬁE(:Nco ). at the minimum.
Because no one shape is exact for all the wave-functions, ‘E:.L will general-
-1ly-lie below. E (;50 ). The effect of this can be partly included in our
calculations by correcting the energy E (;50 ) by the average of the over-
estimate [B (;50 ) - Ei]° To put.this another way, let.S(E) be the condition-
-al expectation value of [Ei - _E(xo)],,when it is known that E(xo),= E at

.its local minimum. Then our improved approximation to the density of

states,. "vpa(E')“ , is related to the old approximation py (B) by

DE[E-+.S(E)] = ‘pl(E) d[E—-?-ESTET] . (5.1)

We shall find that 4S(E )/dE is small compared to 1 in the low energy tail,
and we shall accordingly replace the derivative in the right-hand side of
(5.1). by, unity.

It should be noted.that the approximation.p, (), though an im-
provement .over Py (B), should still be lower than the true density of states
p(E), in the asymptotic limit. To see this, let p(E" - E'|E') be the
conditional probability that an eigénstate: Wi B :~a.ssign§d b}; pé 10 anh ehnergy

.B', (i.e., an eigenstate such that E(xo) + S[E(xo)] = E' at.the local

minimum), really has energy E i = E". By definition of p and S, we have
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\/P(E" -E'|E') GB" = 1 , (5.2)
_/A (B" - B') p(E" - E'|E') aE" = O. (5.3)

-The true density of states is related to Py by

o) = [p@E" - E'E') py(') am' (5.4)

.The integrand is presumebly negligible except in a relatively small region
.about E" - E'.‘ In this region, the function p(E" - E'IE’) will be &g
function primarily of the difference E" - E'!', with only slight additional
dependence -on.E'. If we assume p is a function only of E® - E', we can
.meke a Taylor expasnsion. of PQ(E').ih.Eq. (5.4) and use (5.2) and (5.3)
. to obtain

o8") = ay®) + [ BE" - B [oy') - (&' - ") oy’ (B")

- p, (B")] dE'. (5.5)

IT pE(E').is concave upwards in the region of integration, as it -will be
.if the low energy tail is smooth, then the integrand of (5.5) is non-

‘negative, and hence

pE") > py(E") . (5-6)

. In order to find the approximation p2,'we must compute the
average energy correction S(E). We do this by means of perturbation
theory. We restrict ourselves to the case that V(g) obeys Gaussian

statistics.

We teke as our unperturbed Hamiltonian,

B, = T+V x-y) - (5:7)
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In (5.7), y 1is. the position of the local minimum.in.E(ico), and.vo is

given by
V(x-y) = f‘;(é o) F(x - y), (5.8)
vwhere
Flx-y) = ff(_:Nc S P s & (5.9)

‘We are going to expand the energy: Ei of the eigenstate‘ Il!i as a perturb-
ation series in. (V -'Vo')' The reason for our choice of Vo is that, as
will be shown below, the value of V_ (x - y) is the conditional expectation
value of the potential V(§), when it is known that VS(§O),has a local
minimum et X = y, with st(x) =E - 6. When T—=0, the fluctuations of
"V (x) about.its expectation vlieue will be small, and hence we expect.per-
-turbation theory to be valid.

- It is convenient to assume in the following that the local
minimum y is at the origin of the coordinate system. From Egs. (3.21)
and (3.11), we see- that f_(?f.) is an eigenfunction of the Hamiltonian. HO

with energy E:

E £(x) = Ef(x) - (5-10)

It can also be shown that f is the ground state of Ho. Let the remeining
-eigenfunctions of‘Ho be denoted by cp'j (x), =121, 2, ..., and let the cor-
responding energies be denoted by ej- The energies ej will form a ccn-
-tinuum for energies greater tha.n.Eo and may include one or more discrete

boundstates. The minimum energy €, will always be greater than the ground-

J

-state. energy E by a finite amount, which is auspicious for the use of

‘perturbation theory.
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-The perturbation theory expansion.for Ei may be written
5 = B+ [ VG - v, (0] 2e) ax

w26 ) - v 1 80 5 V) - V()] £ asax

e s (5.11)
- where (x) (x1)
~ — .(p. % q). }'sf
Gx, x') .EZ S . (5.12)
J’ J

. The function_G(g, ﬁ') is related to the Green's function Go’ of the

‘Hamiltonian HO, by

G, x') = lim |G (x x'3B') - —=_ |,  (5.13)
E' - | © E' - B

. The function‘a(g, §')~may also be defined by the equation
A
(B -H)GE x') = 8(x-x")-£(x)£(x') . (5.14)

It is easily seen from the definition of Vo(z), that the first
-order correction to-Ei in equation (5.11) vanishes identically if VS(O)
= E ~ 0. Thus the lowest order contribution to S(E) comes from the second
order. energy correction, i.e., the third term on the right-hand side of
(5.11).

It is convenient to introduce the symbol << ... >> to indicate
the conditional expectation value of a quantity, when it is known that
“Vs(go) has a local minimum at the origin, with VS(O) = E -~ 6. Thus, for

any variasble &, we have

EB[E -0 -V _(0)] 8[VV (0)] det YV V (0)
<< E>> s< 2 ~ B Tt >(5-15)

ColE - 0 -V (0)] B[YV,(0)] det YyV_(0))*
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Note: that -this differs from the conditional expectation velue of &, given
. that Vs(O)r= O»and.yVS(O) = 0, because the average in. (5.15). is weighted
by the factor det_gYVS(O). However, when T — O, the fluctuations of

. the  determinant sbout . its expected value become smell, and hence to

lowest.order in T, . we may drop this weighting factor. We then have

{t B[E - 6 -Vs(o)].S[gvs(o)])

LKL E S>> = : . (5.16)
{3(E - 0 - V,(0)] 82V (0)])
The quantity we wish to calculate, S(E), can be written
.8(E) = «E; -E> . (5.17)

.The contribution of the second order energy correction. to this quentity

. may, be written

- 8,(B) =ff(;5)'.§(§, x') £(x') <<[V(:~c) -V oIV - Vo(ag')>d2~=d§' .
_ (5.18)
From (5.16).it follows by the usual menipulations of Gaussian statistics,

that )
<V(x) v (0)>
K V() > - S (®-0) = V() , (5-29)
‘ <[V (0)]" >
vhich,is a result mentioned earlier. The expression [V(x) - V,(x)1X -

[v({x') - Vo (55.' )] -is thus the product of two Gaussian variables with mean

.zero, and the expectation value of the product is given by

e - v I E) - T, = Ve

@@ Vo) V00 i (V)7 Vo OV (x') 7 Y, (0)

v_(0)? | [, V_(0)1%Y
| < s > Q= < a s .>(5'20)
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- The summation on. is taken over the three coordinate directions, and we
-assume, as in section 3, that the axes have been chosen so as to eliminate

-the . correlations between. the first derivatives of Vs. It follows. that

8,(B) = Tff(:g)zG(z, x') £(x') w(x, x') dxdx' | (5.21)
where | 3
F(x) F(x') S [V, PN, Fx')]
wig, x') = Wig-x')-—75— - 5 :
% . d=l "

(5.22)
Note that we mea.va:c':tte-s2 (B) =T C(E), where C(E) is independent of the

~temperature. It may easily be seen that.the contributions to S(E) from
third end higher order perturbation theory are of order T2 and above, so
that equations (5.21) and (5.22) give S(E) exactly to order-T.

If we assume S(E). is small, then we may neglect the difference
between E and E + S(E), except in the exponential factor of the density

.of states. In this case we may write

g, g, o, (6 -‘E)5 , 2
@ ~ 1727% {_ [0 - E + S(B)] }
P2 (2n)? o [ 1° o 2w g2
N pl(E) exp [(E - :)éC(E)] , (5.23)
(0]

In (5.23), we may evaluate O, Uo’ etc., using the choice of f which
maximizes pf(E), rather than prE - 8(E)]. This is permissible even in
the exponent because the exponent is stationary with respect to small
variations in f. Note that if we had kept terms of ord.er-fl.‘2 or higher

- in. 8(E), they would meke no fractional change in Po (B), in the limit T —o0.
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‘We emphasize,. however, that the fluctuations of [E(gb),-'Ei] about its
average value S(E) can cause a percentage change in the density of states
vhich does not vanish as T —» 0. Thus we do not expect pE(E)/p(E) to be
-exactly 1, even in the asymptotic limit.
- There are some models to which we would like to apply the theory
. we have developed,. for which. the assumption that S(E). is small is not
“valid for eany reasonsble T. 'For example, the three-dimensional model
which is the equivalent of the white-Gaussian-noise model in one-dimension
gives a divergent. second order energy shift due to short wavelength phonons,.
unless the fluctuations are cut off below a certain wavelength. The second
order shift due to large wave-vector fluctuations is independent of the

energy’ B, however, and we can therefore write

SE) = T[Co + c(B)] , (5.24)
vhere |T c(E)| may be assumed smaell compared to (0 - E) for the region of
interest. ' In this case, it is most convenient to write peﬂin the form

po(E +TC )w~ ;pl(E)- exp [(E—'—QQME—)] , (5.25)

(+J
(o}

The term T CO has the effect.of shifting the bottom of the exciton.band
as a. whole.

In order to find the energy correction. S(E) it is necessary to
find the modified Green's function-a(ﬁ, 5'), end then evaluate the inte-
grals in. (5.21). In the general case this'may'be e formidable task. If
the model is spherically symmetric,. however, the functionsiﬁ and w can
.be analyzed in terms of spherical harmonics, and the evaluation becomes

quite feasible with a digital computer. In the case of the one-dimensional
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white-Gaussian~noise model, the function-a and all of the integrals may

. be-evalusted anslytically, and one finds

_ .13 -1
S(E) = - 7 Dk . (5.26)
.The result for p2(E) is
0 (B) = o, (B) exp(13/18)
,m@ ’-hK3)
= (0.921) - SXP (’ 3D )" (5.27)

. Details of the one-dimensional calculation are outlined in- Appendix -A.

Section 6. Higher order Corrections to the Spectral Density

The effect of having an improved estimate of the density of
states. is immediately reflected in our estimate of the spectral density,

- when we use formula (2.1):

A, B) = |£(x)|% o(®) .

However, there are other effects which modify formula (2.1) itself. One
obvious correction occurs when the self-energy correction is large, as
in (5.24). In that case, to find the spectral density at energy E,. one
must. use. in:Eq. (2.1) not the function f chosen to maximize Pe (E) but
rather the function f chosen to maximize Pe EB-T Co). This correction
is consistent with the point of view that the principal effect of the
-large second order energy is to shif't the band as a whole.. In other
words, the shape f, which we assiéned tob wave~functions at.energy ' E in

.the original theory, reglly is appropriate for wave-functions with

energy E + T Co-
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- There is another correction that mey be applied to A(E,,E),
which is of importance, primarily, when k is large. This may be illus-
-trated with the case of the one-dimensional white-noise model. The
function f (k) decreases exponentially fast for 'k —» , so that on the
‘basis.of Eq. (2.1), we would predict an exponential decay for A(k, E)-
for large k. It is known, however, that coupling to very short wave-

- length fluctuations may be removed to lowest order in the coupling by
a canonical transformation which, in effect, mixes in a certain amount
of the high-wavenumber exciton states, with each of the low~wavenumber
states. - The effect of this is to guarantee that at any fixed E and D,
for sufficiently large k,

"

Ak, E) » 2Dk ' p(E) . | (6.1)

. (Bq. (6.1).was also verified by the exact methods of Chepter II.) . Thus,
even when E is in the low energy tail, and p(E).is accurately given by
its. asymptotic form, Eq. (2.1) may be inadequate if k is very large.
A formal method of including the short wavelength modifications
- of the spectral density is to approximate-the wave-function Wi(g) by a
- wave~-function which includes the first-order correction in the perturba-~

tion. [V(x) - Vo(g)]. We use

W~ o) s rl [B ) £ D) -V, . (62)

"The expectation value of the absolute square of the EF

h Fourier component
of the wave-function at energy 'E is then approximated by the conditional
-expectation value << |fl(§)'2'>>" If we use definition (5.16) for the

expectation value < ... >>, we are led to the result
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Ak, E) .
i~ 2 ke (x-%x') 4 :
o@®) |2 (k)= + Tfe.l~ (x-% )G(}’s, x") Gx', x')

X f(g') f(?S'") W(?\{'n, }.5'") d% d}h{‘t d}sl d.'},f,'" . (6.3)

It can be shown that in the one-dimensional white-Gaussian-noise model,

Eq. (6.3) leads to Eq. (6.1) when k is sufficiently large. No calcul-
ations have been made, however, using formula (6.3) for intermediate values
of k. It should be mentioned that “bhere are other corrections to the ratio
Ak, E)/o(E) which are first order in T and have not been included in equa-
tion (6.3). Although these corrections are negligible compared to the
terms kept in. (6.3) when k is either very large or very small, they may

~be of importance in. intermediate regions.

Section.7. Three-Dimensional White-Noise Model

‘Let us now.consider the three-dimensional analog of the white-~

Gaussian-noise potential model. We assume a kinetic energy of the form

2
aj‘ _ 'SZF’ (7.1)

and a potential V(g) which obeys Gaussian statistics, with

<V V) > = $D8(x-x) , (7.2)

‘where D is a constent proportional to the temperature. The white-noise
model is appropriate for a non-degenerate exciton band when the wave-
functions of interest. vary slowly compared to the lattice spacing, and
vhen the random potential, arising from either a local deformation potent-

-ial or from optical phonon modes, has a correlation distance of the order
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of one lattice constant. This model has been studied by Toyozawa,b' by
_means of the perturbation techniques mentioned in Chapter -I. As we
mentioned in section 5 .of the present chapter, it is necessary to intro-
duce a cutoff, either.in the exciton states or in the potential fluctua-
tions at short wavelengths, in order to prevent a divergence of the
second-order self energy. The only quantity. which depends on the choice
of cutoff is the uniform second order shift, T Co' The first order density
. of states Py (E) does not diverge as the cutoff wave-vector becomes infinite,
and . hence .will be independent of the cutoff, if the cutoff is sufficiently
~high. Thus (in general units), Py (E) can be a function only of the four
-paremeters E, m*,. 4, and D. The only dimensionless ratio which can be

formed from these parameters is- E/ (m""3 D- A" -6

). [Note that D has dimen-
sions (energy') (length')5 in the three-dimensional model.] The density of
states has dimensions (energy x-volume‘)-l,. If the approxima.tion.pl is-to

have the temperature dependence required by Eq. (3.20), it must have the

form

13/2 3 1/2
asd g% ( Bh0 B >
-P &) = -3 75 eXp \ - ) (7‘3)
-1 w7 _,D2 _111*3/2 D

_where A and B are constants. Alternatively, one cen obtain form (7.3) b
noting that the function f, being independent of D, must have a shape which
is independent of E except for an overall scaling length % (m* E)-l’/ 2, 1r
the higher order corrections are introduced according to Eq. (5.25) s We

have

ar g3 Je - moo|¥2 exp< B A |E-TCo'|l/2),

E) =
Pp(E) e 02 wol2 D

(T-4)
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vhere-A' is a constant different from.A. The spectral density, in the low
energy tail, should be given by

A(k, E) = p(E) K2 X[function of (k/K).] , (7.5)
where

k = &t [2m*(E - T co)]”l/2 . (7.6)

Section.8. Non-Linear Systems

For a model which does not have a harmonic lattice and linear
exciton-phonon coupling, and where-V(§)wtherefore does not obey. Gaussian
statisties, the calculation of the approximation.pl(E) or the improved
approximation peﬂE) becomes more difficult. Nonetheless, calculations
are possible with the use of & high-speed computer. There is also a
great deal one can say about the low energy tail, on the basis of our
theory, without meking any difficult calculations. We shall discuss
primarily the case of a discrete lattice.

The function pf(E).is given, as in the Gaussian case, by the
number of local minime in.E(go) per unit.volume and unit energy, such
that at the minima, E(ﬁb)‘= E. As in the Gaussian case, pf(E) is equal
to the probability that Vs(z) =E - 0, at any given lattice point b
multiplied by the conditional probability that VS is a local miniﬁum at
such a point, and multiplied by the number of lattice points per unit
volume. Again, as in the Gaussian case, the behavior of the density of
states in the low energy tail is dominated by the behavior of the first

factor, the probebility that Vs(z) = E - 8. The second factor, the
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conditional probebility that VS is & local minimum, will generally be
a relatively slowly verying function of E,. T, and the wave-function.f.
In:fact, we saw that in a discrete lattice this second factor will often

.be very close to 1. The probebility distribution of Vs(x) is given by

(M) = fexp[-'U(Q)/kgg].ath.- Vs(y)]l dq (8.1)
where, as in Eq. (1.4),

'z = [expl- UQ)/igTl @ (8.2)

and . the symbol Q represents the configuration of the entire lattice.
We are interested in.pf when N = E - 0.

For any. fixed f, there will usually be one lattice configur;
ation, Qd(f’ E), vwhich has the minimum lattice energy U of all the con-~
figurations satisfying_vs(x) =E - 6. We call the corresponding minimum
_lattice»energy‘Uo(f,.E). If T is sufficiently small, all the contribution
to the integral in the numerator of (8.1) will come from Q close to Qo(f,,E),
with U(Q) close to’Uo(f,rE). The contributions to the denominator will
come from Q close to the equilibrium position, with U(Q) close to zero.

It is clear that the dominant factor in.pf(x) will be the ratio of the
-value of exp[-“U(Q)/kBT] for the importent configuraetions in the numerator
to the corresponding value in the denominator; i.e., the dominant factor

cwill beAexp[-‘Uo(f,.E)/kBT]. Thus we claim that
1 (E-6) = C(@E £, T)expl~U (£, B)/iT] , (8.3)

where the factor C(E, f, T) is relatively slowly varying in the range of
interest. In Appendix B, we discuss this point more carefully, and show

Yy
that in the limit T -0, C(E, £, T) has the form.C(E, £)I = .
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In order to get the best approximation to the density of states,
we must.pick £ so as to maximize pf (E - ). Since the most. important
-factor in Py is the exponential factor, it is a good approximation to
choose f to minimize the quantity U0 (f, E). We call the minimum value
of the lattice potential so obtained U, (E). Thg choice of f, and the
value of U_ (B) are independent of the temperature T. Thus we find that

-the density of states Py has the form

oy (E) = B(E, T) expl- U (B)/kT] | (8.4)

where-Uo is a function only of E, and B(E, T) is a slowly varying function
.of E and T. This result is quite general. It applies to an exciton band
of arbitrary band structure and degeneracy, with an arbitrary lattice
Hamiltonian.andvarbi..trarx exciton-phonon interactions. (We have assumed,
of course, that the nuclei are infinitely messive, and that E is suffi-
ciently. far in the low. energy tail.) Wé mey note that the function UO ®)
.will be a monotonically increasing function of |E - Eo,l .

It is convenient to exhibit explicitly the dependence of V(x)
and.VS(x) on the lattice configurstion Q,. by writing VQ(?E) and Vs(z, Q).
In order to find Ué (E),. we have to find the trial function f, and lattice
configuration .Q  such that U(Q.o ). is. a minimum while Vs(z,Q.) =E - 6.
Alternatively, one could find f andAQ,o by requiring the variational energy
[6 + Vsl(x,. Q)] to be a minimum, while U(Q) is held fixed, because UO(E).is
‘a monotonic function of E, for E < Eo- It follows that f must be the

ground state wave-function of the Hamiltonian [T~ + VQ (x)], and that
o ~

[T +V%(;5)] flx-y) = Ef(x-y) . (8.5)
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-The average-higher-order-energy correction to the density of
states can be calculated in much the same fashion in the non-linear
system. as for a Gaussian random potential. One uses, as an "unperturbed
Hamiltonian", the operator HO==SV4xVQO(§), and expands the energy;Ei in
.the perturbation. [V (x) --VQO(§)]. The lowest order contribution to the
average energyvshift,.S(E); again comes from second order perturbation
theory. It is agein given by equation (5.18). The conditional expect~
ation Valpe << [V(x) - VQ°(§)][V(§') - VQO(E')].>> is in general more
difficult to calculate than in the Gaussian case. When.T is smell,. however,
all the con&ribution.to the expectation value comes from Q close to Qo. ;f
one expands U(Q) and.VQ(§).in‘powers of (@ - QO), and throws away all terms
higher than the qpadratic,‘oneucan.then-apply,the methods of Gaussian
.statistics ot the problem. Thus the lowest order energy cﬁrrection can
be compﬁteq as before. The form of the correction, as in the Gaussian case,
Cis

S(E) = TC(E), . (8.6)
-where C(E) is independent of temperature. If T is sufficiently small, this
will result.in a correction factor to the density of states which is inde-~
" pendent.of T and slowly varying in:E. As . was remarked in section 5 and
.section T, there are interesting cases in.the low energy-tail where T C(E)

.18 not small compared to IE - OI, but where one can write
CE) = Co+c(E) s 8.7)

-with.|T ¢(E)| << 6 - E. In this case, the term T C, results in a temper-

ature-dependent . shift of the band edge as a whole, and we should write

pp(B) = B'(E, T) exp [- U (B- T C_ )/igT] , (8.8)
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where B' (E, T) is a relatively slowly varying function of E and T.
Some of the effects of non-Gaussian statistics should be treated
on the same footing as the average-second-order-energy, correction. As
seen in Appendix B, the non-Gaussian statistics mekes a contribution to
‘B! (E, T) which is a constant factor independent of T, when T is suffi-
ciently small. In some cases of physical interest, where T is not.suf-
ficiently small, it may be better to include some of the effects of the
non~-Gaussian statistics in the uniform second order energy shift.T Co' The
energy shift due to thermel lattice expansion of an anharmonic crystal is
one term which may contribute significantly to T CO- In a crystal with
. nuclei of infinite mass, the lattice expansion is linear in temperature
for small temperatures. If one assumes a simple linear deformation. potent-
ial, a linear lattice expansion will produce a shift of the band edge which
is also linear in temperature. Similﬁrly, a crystal with harmonic phonons but
a deformation potential vhich is non-linear in the phonon amplitudes will have a
corresponding overall energy shift which is linear in temperature for small T.
In order to compute the optical ebsorption for particular crystal,
we must compute the functions and constants found in Eq. (8.8). At the
present time, the exciton band structure and lattice elastic constants are
not known very precisely for any real crystal. The linear phonon-exciton
coupling constants are known, if at all, only in the long-wavelength limit,
and the anharmonic elastic constants and non-linear phonon-exciton coupling
constants are completely unknown. A possible procedure for calculating
these parameters, for a reel crystal, was outlined in Chapter I; although
the difficulties of such a calculation are formidable, it is reasonable to

hope for substantial progress on these problems, and the necessary perameters
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may, become available at. some time in the not too distant future. I believe
that if the parameters become available, it will be quite feasible to carry
.out.the calculation of spectral density, using Eq. (8.8) and (2.1), even
.for rather complicated band structure and random potentials. Upper bounds
to the function Ub(E) can be readily obtained by picking various.ﬁrial
functions f and lattice configurations Q, and calculating the values of‘U(Q)
and [0 + VS(Z"Q)]' With an intelligent search procedure, a digital com-
puter can. probably come very close to the function»UO(E) and to the optimiz~
ing wave-functions and configurations, f and.Qo, in & reasonable amount of
. time. Once these are known,.the function B'(E, T) can be computed to a
reasonable-de%ree of accuracy,. using the méthematical techniques of Appen-~
dix B and the average-second-order-energy correction. procedure outlined
above. * — —

A few observations may be made here about a question we have
~largely avoided in the past, namely, "How far must we go in the low energy
-tail before the methods we have described are valid?" It.is certainly not

possible to give a general quantitative answer to this question at the
present time. The cruciel condition.for velidity of the various assump-
tions we have made appears to be that the behavior of the density of states
be dominated by the rapid variation of the exponential factor .in Eq. (8.8).
We expect.this to occur when the argument of the exponential is large
compared to 1,

UO(E -7 Co)/kBT > 1. (8.9)

-For a linear system this may, be written

(E-6-T 00)2/21' 002. >> 1. (8.10)
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‘If there is no large second-order-energy shift of the band edge as a
whole, . then the term T Co will be absent from (8.9) and (8.10). 1In our
-one-dimensional calculation, we find that the theory makes sense when the
left~hand side of (8.10) or (8.9) is roughly equal to, or greater than, k.
It is tempting to use this as a criterion in a general system -~ i.e., we

would hope that our theory is generally valid when the left-hand side of
(8'9) or (8010) is 2)"'0
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APFENDIX A

Evaluation of Formulas in the One-Dimensional Model

Equation (4.6) for f(x) maey be written

" 2
SEE L@ = el (a1)

-Multiplying by f'(x) and integrating, we have
4[f'(_x.)]2 = K f(x)2 -u f(x)u + . const. (a2)

.8ince f£'(x) = £(x) = O when . x = «, the constant in (A2) must equal zero.
We have chosen.our origin so thet £(0) is a meximum and hence, £'(0) = O.

Equation (A2) thus implies

N2
pLO) _ 5 (a3)

.K2
If we define
ux) = st x)/e0) (ak)
then we have u(0) = 1, and .
wt(x) = - [u(x)? -‘u(X)u]% for x>0 . (45)

- The sign of (A5) is fixed by noting that u(x). is a maximum at x = 0. "From

(A5) it follows that for x>0,

l .
x = — - temn™[(L -
u vl -v )2

- Similer procedures may be used for x < 0, and we firnd that for all x,

u(x) = sech x . (a7)

.The normalization of f(x) requires that

_f(;c) = ,j% sech Kk x , (a8)
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n
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9

. The normalization integral, and most other integrals involving

f(x), can be performed by chenging the variable of integration from x to

e-QK?C. We also use the fact that d sech x/dx = - sech. x tanh X. We find:
» 00
<V_(3)P> = 9] fh(x) ax
8 2d_,
D
= B K, (a11)
2. _D [% 2 2
1 Vs = = .
V> =3 _o{;d[f(x)] /ax} < ax
_ 2 3
- 15 K H (A12)
" 00
o - 3 rofe - 3 3

The Fourier transform of f(x) is included by a different method.

In the integral

) = fw o iK% £y ax (A1k)

-we can close the contour of integration in.the upper or lower half-plane
according to the sign of k. Poles of f(x) occur when x = ix K'].’(n + %),
vhere n is any integer. The residues of the integrand at these poles

form a geometric series which may be easily summed, giving

N~

f(k) = n(2k) 2 sech (kn/2k) . (a15)

Equations (5.21) and (5.22) for the average~second-order-energy

correction, SQ(E), mey, be written
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-SE(E) = gj;:/;: f(x) G(x, x') £(x) w(x, x') dx dx ) (A16)

. where

_ 3 K sech2 KX sech2 Kx!

wr(x, x') = &(x -~ x*)

K sech2 KX tanh Kx sech2 kx! tanh Kx' (A17)

. The function a; is defined by equation (5.1L4), which mey be written

. e L2
(,-g—v+%d—2+K2 sech2 Kx)'ﬁ(x,,x') = ®(x - x')

- g— sech kx sech Kkx!, (A18)

It may be easily.verified that solution to Eq. (Al8) is given by

-1 .
a_(x, xt) = - sech Kx .sech Kx' [Kkx' - Kkx - % e2Kx -‘-32-'- e"2Kx ]
cfor x' > x
k"t 1 2kx' 1 _-2kx
= —— sech Kx sech Kx' [kx - kx! - Z e -=e ]
2 2 2
for x > x' . (A19)

A1l the integrals in Equation (Al6) may be evaluated using the methods
mentioned above. After many pages of straightforward computation, we

obtain the simple result quoted in Eq. (5.26):

SE) = - %—2 D kL, (a20)

. Bquation (5.27) for 92.-(E;) is then obtained by using Eq. (5.23).
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APPENDIX B

Caleculations for a Non-Linear System

We wish to find the functionApf(h), given by Egs. (8.1) and
(8.2). The value of Vs(x)-will depend only very slightly on the position
of nuclei very. far from the point y, and the integration over  the corre~
sponding lattice coordinsates will.essentially meke the same proportional
contribution to the numerator and denominator of Eq. (8.1). It.is thus
8 good approximation to assume the integrations in (8.1) and (8.2) to be
.integrations over a finite number of nuclear coordinates.

The mejor contribution to the partition function.Z comes from @
_in.the vieinity of the equilibrium configuration. Let us designate the
configuration -Q by the n coordinates a5 (1=1, ..., n) with a4 =0 at

.equilibrium. We may expand the lattice potential energy U(Q) as

uQ) -= ZUi‘j 9 9 + Z’Uijk gi 1 9 e (B1)
ij iJk

. The ma.‘brices,Uij,.U. ..» etc., are defined to be symmetric. in their indices.

ijk
- If the temperature T is sufficiently small, we may keep only the quadratic
.terms in (Bl), and the integrand of (8.2) is simply a Gaussian. The stabi-

-1ity of the lattice implies that the matrix Ui,j is positive definite.

BEquation (8.2) becomes

[V

Z = (= kBT)%n(det.Ui )

3 (82)

The major contribution to the integral in the numerator of (8.1) comes from

configurations in the vieinity of Q (f, E). If we expand U(Q) and v, (x, Q)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=129 -

for Q- w,Q,o, we have

V@) = V@) ) W Sa ) W, 0q 8, (3)
i “1]

,Vs(y,,Q) = Vs-(y, Qo)‘+Zvi qu-+ZVij<8g_l qu ,  (B4)
1 ij

.where-Sqi_ is the deviation of q; from its value at-Qo. In. (B3) and (BU4)
we have thrown away gll terms higher than.quadratic in. Q - 'Qo 3 this is a
prermissible spproximation when T is sufficiently small. Note that in.an
.- anharmonic: lattice the coefficients Wij will not be the same as the coef-
ficients Uij' of Eq. (B2).

By the definition of Q_, we must have VS(Z’ Qo) =E -~ 6. The
potential energy - U(Q) is a minirﬁum at Q = Q‘o , if Q is restricted to the
surface where YS. =E - 6. According to the method of Lagrange multipliers,

this implies that "E:he-vec‘c,or.'W:.L is simply proportional to V We can there-

i
fore choose the coordinate system in such.a ma.nner;tha.t'wi = Vi = 0, for
all i > 2, while W, and Vl are nonzero. We shall assume, for convenience

that. this choice of coordinate system has been made.

The integrand. in the numerator of (8.1) vanishes except.on the

surface where V_ = E - 6. On this surface, we find, according to (Bl4):
. .
-1 \ '
gy ¥ -V, Z v, 8q B, (®5)
If we substitute (B5) into (B3), we find
n .
B
U@) = )M 6q By, +U@) . (86)
i,j=2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 130 -

\

where Mij is an (n - 1) dimensional matrix defined by

AMij = Wij - (Wl/vl) vij, (for i, § =2, +.., n) (BT)

In (B5) and (B6) we have dropped terms higher than quadratic in.dq. Because
-U(Q) is a minimum at-Q ;. MiJ. is positive definite.

The numerator of (8.1) mey, be written as

. ‘aq .
\/exp[—-U(Q,v)/kBT] 5[E - 6 - V_(z, @)] Javll av_da, ... dq . (88)
S
- If we:approximate laq_l/al s| by | :L/V ll’ its value at Q‘o , ‘then we may use
Eq. (B6) to put (B8) in.the form

(n'l)/2 (

1
, |\]’-—l| € k_BT) d.etMiJ. ) 2 exp[ - U'(Q‘o')/kBT] . (89)

.Thus we find

-

(B - 8) = C(B £) T2 expl- UQ/KGT] (810)

. where C(B, £) is independent of T and is given by

L
2

C(E, £) .= I%—ll (ﬂ.kB)—% [det Uij/det-Mij] (B11)

- According to our earlier discussion, we expect.that. the
calculated value of C(E, f) will be independent of the number n of co-
ordinates used in the calculation, provided n is sufficiently. large.

A rigorous study of the convergence of (B10), as n —» =, has not been
.. attempted. |
If we compare Eq. (B10) with the known result for Pp (M) in the
case of Gaussian statistics, we see that for a linear system, U(Q,o),=

1 2 -% -%
5k (B -0)°/a(0) and C(E, £).=(@n) 2 ¢(0)"2,
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-If the :function f is sufficiently peaked at a single lattice
site, then. the density of states pf(E).is equal to N/Q times pf(E - 06).
-Since the function f is chosen independent of the tempersture, accord-
-ing to the remarks following Eq. (8.3), we see that the density of

states pl(E)fhas the form

i
2

P (E) = B(E) T 2 exp[- U (E)/igT], (812)

‘This is exactly -the same form as was found in the Gaussian case, for a
discrete lattice at low enough temperatures. [Cf. Eq. (3.23).] .Thus
_the only effect of the non-Gaussian statistics is to change the functions
-'Uo and B.
When the temperature is sufficiently high the expansions (Bl),
(B3) and (B4). cannot -be cut off after the quadratic terms. The coeffi-
cients C(E, £) and B(E).in (B10) and (B12), respectively, are no longer
. independent.of T,.and are considerably harder to compute. As long as E
is far enough in the low. energy tail, however, these factors will be much
more slowly varying than the exponential factors in (B1O) and (Blei).
The effect of a small average-higher-order-energy correction. is
. to change the value of E in the asrgument of the exponentiasl fector in
(B12). by the amount - S(E). If the energy correction S(E) is equal to

T C(E), where C(E) is independent of the temperature, then we find
= 1
pp(E) = py(E).explC(B) U ' (B)/i] (813)

where Uo' is the derivative of Uo- As in the Gaussian. case, P and Py

differ by a factor independent of the temperature.
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FIGURE CAPTIONS

- Figure 1. Density of states for one-dimensional white-noise model:
Comparison.of p(E). and its asymptotic form (ll-Ke/nD) X
Y
exp(—~-’-l-K3/3D), vhere K = |2E|2. -Energy is measured .in.units

of &, ='D2/3, the density of states in units of..('eo'ﬁo )-l ='D-l/3.

Figure 2. Momentum dependence of spectral density for one~dimensional
white-noise model, at energy E = - D2/3: . Comparison of A(k, E)
.and its asymptotic form If(k)‘l2 o(E), where If(k)'l2 = (ﬁ?/QK)X
sechg(.-:.tk/QK‘). Momentum k is measured in units of’ﬂo -1 ='Dl/ 5 s

spectral density in units of eo-l = D-a/ 5
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CHAPTER IV

LOW ENERGY TAIL -- COMPARISON OF THEORY AND EXPERIMENT

~Section 1. Urbach's Rule

 Experimental studies of the low energy tail of the fundamental
absorption edge in a wide variety of non-metallic crystals have led to the
formulation of a very simple empirical law. This law, the so~called Urbach's
rule,l’2 states that the optical absorption, at frequency w, in the low

energy tail, is given by

a) = A expl- ol - @), (1.1)

where Ao, o, and w, are constants of the material, independent of temperature.
In the range of energies and temperatures over which Urbach's rule has been
observed, mb - ® is much smaller than.wb, while a(w) varies over several
orders of magnitude. The variation in the real part of the index of refrac-
tion is sufficiently small over the region of interest so that the béhavior
of a(w) is almost entirely due to the variation in the imaginary part of the
dielectric constant, or equivalently, of the response function A.

The energy wb corresponds roughly to the position of the lowest
optical absorption peek at zero temperature, in direct band gap solids, and
appears to correspond to the indirect absorption edge in indirect solids.
Thus o, corresponds roughly to the energy E0 of the lowest lying exciton
state in the perfect lattice. In most crystals, the optical absorption edge
(i.e., the point where the optical absorption begins to decrease rapidly with

further decrease in energy) shifts linearly with temperature towards lower
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energies. Note that (1.1) may be written
_ t -
aw) = A explo(w @, +'uT)/kBT] , (1.2)

where ~ T is the shift of the band edge and Ao' _=.Ao exp(- cv/kB). The
low energy tail begins, roughly, when the exponent of (1.2) becomes much
smaller than -1; the constant Ao' is of the order of magnitude of the ab-
sorption in the region above the band edge. The form (1.2) has the dis-
advantage that the choice of 2/ and Ao' is not completely unambiguous. On
the other hand, it is somewhat more transparent than (1.1) in that it ex-~
hibits explicitly the observed shift of the absorption edge as well as the
change in shape of the edge. In some cases ¥ is sufficiently small so that
it is better fo omit it. '

According to Urbach's rule, the optical absorption in the low
energy tail, wheﬁ plotted on a semilogarithmic scale, forms a straight line
whose slope is G/kBT. The straight lines for various temperatures, if extra~
polated, intersect at energy . In many of the materials, it has been found
that as the temperature appfoaches absolute zero, the line does not become
infinitely steep, but becomes independent of the temperature below a certain

. tempersture To. The- quantity T, in Urbach's rule, should be replaced by an
effective temperature, Teff’ which is equal to T, for T >> TO, and is equal
to To’ for T To' This deviation from ‘the simple temperature dependence
of (1.1) and (1.2) is almost certainly due to nonzero phonon energies, and
we shall ignore it for the moment.

The form of Eq. (1.1) or (1.2) is in agreement with the temperature
dependence predicted by the theory of the previous chapter. According to

Eq. (8.8) of Chapter III, the optical absorption should have the form
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o) = o, exp[_—-Uo(cb - C T)/kBT] s (1.3)

where ao is a relatively slowly varying function of w and T. However,
there ‘was nothing in. the theory to suggest that the form of U, (w) should
be & straight line. Indeed, the two simplest models applicable to a
three-dimensional crystal, the model of zero exciton band-width,and the
vhite-noise model, with infinite exciton band width, have Uo (w) propor-
-tional to (wo - a)')2 and (a)o - a))% respectively. Yet the remarkable
experimental fact is that for a wide variety of crystals, ranging from
. semiconductors to insulators,,the logarithm of &, in the low energy tail,
is linear.in w to a very high degree of accuracy. A list of the experi-
mental confirmations of Urbach!’s rule, according to 'I‘oyoza.wa.,2 is given
in Table: 1. Some of the ranges of observation given in Toyozawea’s table
appear to be based on extrapolations, rather than purely on experimental
data, but.to quibble about these ranges would not do justice to the es-
sential experimental fact: in most of the regions where Urbach's rule has
- been observed, a semilogarithmic plot. of a(w) a.ppéars to be ruler-straight.
According to the theory of the previous chapter, the function
'Uo (w) depends sensitively on the structure of the exciton bands » Pphonon
elastic constants, and exciton-lattice interactions. The large number of
different materials in.which Urbach's rule has been observed inevitably
suggests, however, that there should be some simple explanation. Toyozawa

2,3

‘has attempted to give such an explanation. .He assumes that the exciton
. band has zero width, so that the exciton mey be treated as localized at a
single lattice site. He also assumes that the exciton-lattice interaction

is proportional to the square of a local deformation at each lattice site.
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- Since the deformation at each site has a Gaussian distribution, the
‘potential seen .by-a localized exciton will have a distribution. appropriate
to the square of a Gaussian variable. Except for.a slowly varying factor,
-this will be an.exponential with. "steepness" inverse;y proportional to the
temperature. [This model is a special case of the theory of Chapter III,
so- the temperature dependence of the exponential factor is sutomatically
given by Eq. (1.3).] The exponential tail of the distribution will lie on
.the low energy side, provided that the coefficient of the deformation
. potential is negative.

Toyozawa's theory has two major weaknesses. The first is the
neglect of the exciton band width. The exciton eigenstates will be local-
ized at g single-lattice site only if the kinetic energy which arises from
localization.at a single site is small compared to the potential energy

. fluctuation needed to give & state with energy w. This occurs when_lw - wbl
.is-large compared to the band width. -Since exciton band widths are general-
- 1y of the order of 1 eV or more, this situation does not. seem to apply in
most of the cases where Urbach's rule has been observed. - Toyozawa has at-
»tempﬁed to extend.his theory to the case of a non-negligible band-width,2

. but -his arguments on.this point seem quite unconvincing. A possible Justi-
fication for neglect of band width can be made, however; In most of the
materials considered, the exciton bands are degenerate at k = 0, and one
or more of these bands may be extremely flat. If the flat band is the
lowest band in most.of the Brillouin zone, and if the flat band couples
sufficiently strongly to the phonons, we would expect eigenstates in the

- low energy tail to consist primarily of excitons from the flat band, and
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neglect of the other bands may be justified. Some support to the assumption
.of a localized exciton is lent by.the fact that Urbach tails have been ob-
served in localized absorption due to Br.and I impurities in KCln.LL’5
The second objection to Toyozawa'ls work is the use of & quadratic
exciton~phonon interaction. Toyozawa considers the various possible modes
of lattice distortion. sbout a localized exciton, and shows, by symmetry
considerations, that there will gemerally be some modes of distortion which
can only -interact with the exciton by an even function of the phonon.ampli-
tude, and hence,. in lowest approximation, by a quadretic interaction. How-
-ever, there will always be some modeé which have a linear interaction.with
the exciton, ‘and in general, we would not expect the linear coupling
constants toAbe small. ' If one mode has a quadratic interaction while the
remaining modes have-a 1ineafvinteraction, the quadratic mode will de-
termine the behavior for. low gnough energies, (large phonon displacements).
The exponential portion of the tail will not begin, however, until the
quadratic term becomes more important than the linear term. (At low
“temperatures the exponential portion will begin when the lattice energy
-U(Q) . necessary to produce a deformation potential (w - wb) through the
.linear mode becomes more than half as great.as the lattice energy neces-
sary to produce the same energy shift by the quadratic mode.) In the
absence of strong reasons to the contrary, it is natural to assume that
whenever quadratic terms are more important than linear terms, quartic
and higher order terms will also not be negligible. If quartic terms
must be added to the quadratic mode, Urbach's rule will no longer be
obeyed. Toyozawa's explanation requires that quadratic terms be larger

than linear terms, and much larger than quartic terms, over a large
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region of energy, and in a wide variety of materials. Unless some general

reason for such an effect can be found, this would seem almost as much of

a remarkable coincidence~as_the linearity of'Uo(E) which it seeks to explain.
If a convincing simple explanation for the linearity of UO(E)

is not found, a full computation of UOCE) for each crystal may be neces-~

sary. Such a calculation would require knowledge of the exciton band

structure, elastic constants and exciton-phonon coupling, which is not

yet available. Before declaring the solution of the low energy tail to

have been reduced to a matter of computation, however, it is certainly

necessary -to make a thorough investigation of the weaknesses of the

theory of Chapter III, to be sure that the theory is applicable at all.

Section 2. Effects of Finite Phonon Energies

The most obvious weakness in the theory of Chapter III, in its
aﬁplication to real crystals, is its assumption ofiinfinitely massive
nuclei. The simplest.effeét of finite nuclear mass is that, because of
the zero-point lattice motion, the lattice fluctuations do not go to zero
as T - 0. The probability distribution of the instantaneous displacement
of a phonon mode of frequency wp is a Gaussian distribution with variance

proportional to an effective temperature defined by

w
= —
ky Toop = 3 @, coth TR (2.1)

. The effective temperature is equal to T, when T >>-% wb, and is equal to

1 1
3 wb when T <<;§ wb.
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A semiclassical approximation consists in treating the phonons
.as static fluctuations, with the same probability-distribution as the
distribution of the instantaneous values of the fluctuations in the
quantum mechanical crystal. - If all the contribution to the low energy
-tail comes from phonons of approximately the same frequency, then the

semiclassical approximation. simply substitutes Tef for T throughout

£
Chepter-III. The optical absorption then has the form

o) = a exp[Uo(a))/kB'I‘eff] . (2.2)

. In.addition there may be a temperature dependent average-second-order-
energy‘shift<of the band edge, which may or maey not be due to phonons of
this same'ffequency, and which therefore may or may not be proportional
to the same effective teﬁperature Teff' The semiclassical theory provides
a natural explenation for the observed deviations from the simple temper-
ature dependence of Urbach's rule at.low temperatures, in. some materials.

- If different parts of the low energy tail are caused by phonons
of different frequency, the relatively simple temperature dependence of
Eq. (2.2) will not hold at low temperatures, since there will be different
Teff for d%fferent parts of the spectrum. At temperatures larger than

the highest contributing phonon energies, 'I‘ef becomes equal to T for all

£
modes, and the semiclassical theory becomes identical to the classical
theory of Chapter III.

In.addition to the séatic effects of zero-point fluctuations
included in the semiclassicel theory, there are dynamic effects of non-

-zerc phonon energies which are much more difficult to include, and which

‘may even have an effect on the absorption tail at temperatures larger
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than the phonon frequencies. One effect is that the absorption of a
phonon is. accompenied by. a decrease in energy of the phonon system. Thus,
speaking in the language of perturbation theory, if an exciton created by
a photon is scattered several times by the phonon system, absorbing a
phonon in. each case,lthe final state may have a totﬁl energy relative to
the initial state which is considerably -lower then the energy of the
exciton alone. This effect, of course, will tend to increase the ab-
- sorption of photons below the energy;EO.
The opposite effect will tend to decrease absorption in the
low energy tail to a value below that predicted by the semiclgssical
approximation. When the exciton emits a phonon, the energy of the phonon
.system is increased; if the exciton is scattered a number of times,
emitting a phonon each,time; the final state will have an energy greater
than. that of the exciton alone. If the probabilities were equal of
-emitting or absorbing a phonon, the net effect,of sométimes gaining and
.sometimes losing energy would be certain to increase-the absorption in
the low energy tail. However, at low temperatures, the probaebility of
emitting a phonon greatly exceeds that of absorbing a phonon, and the net
-effect may be to produce less absorption in the low energy tail than is

calculated in the semiclassical theory.

-Localized exciton with linear phonon coupling. In order to

understand the nature of the dynamic effects of phonon energies, we shall
first study a simple model. We consider an exciton in a band of zero
width, interacting with phonons of non-zero frequency, with an exciton-

phonon interaction linear in the phonon coordinates and independent of
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the exciton momentum:

~ ~

, + + . -ikex .+ ikex :
= Zw§b§b§+ Za?f,a’ﬁ[EoT Z(CEB b1£+cke k)],
(3 b3 3

(2.3)
-In (2.3), 8'+x is the creation operator for an exciton at the lattice site x.
‘The exciton.;osi‘cion is a constant of the motion, in this model;. the Green's
function G(ﬁ, ;5' ;.B) for the exciton is diagonal in position, and the
spectral density;A(l's,, E) is independent of 1'3 and is equal to the imaginary
part.of G(x, x'; E).

The model described above is exactly. solvable, as shown by Lex.

The spectral density A(E) is given by the equation

A(E) = %j:ei(E‘EO)t A(t) at , (2.1)

where

A(t)

exp[F(t)] , (2.5)

-and F(t) in turn is defined by

lo, |
F(t) = ~2 {[n(cnk)+ l]e'iwl'gt.+ n(mk)e]m;{‘t.+ imyt - [2n(wk) + 1]} .
E % ) ) ) T (e.6)

Here, as in the previous chapters, n(w) is the thermal occupation .of a

phonon of frequency ®. In.the future we shall often denote n(mk) simply

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 145 -

by nk: An alternative solution for A(E), which in many cases is more

‘suited to computer calculetions, has been derived by Hopfield.7 He intro-
1

duces an overall coupling constant, A%, in front of all the Ck, and
‘examines the behavior of A(E) as a function of A. He finds that A(E)

obeys a "transport equation"
A (E) -‘ ’
a{ B jF(E - B') A(E'") daB' , - ()

where the kernel F(E ~ E') is the fourier transform of F(t). As an
‘"initial condition" to this transport equation,. we note that A(E) = S(E-EO),
when N = 0. In cases where an analytic expression can be found for A(t),
numerical calculations can be more easily performed by using (2.4) and
(2.6). than by using (2.7). Duke and Mahan8 have performed calculations
using (2.4) - (2.6) of the density of one-electron states for médels ap-
propriate to several kinds of localized electronic states, coupled to the
phonons via - longitudinal optical, piezoelectric, and deformation potential
interactions. |

If all the phonons have the same frequency wb, the spectral
density has a relatively simple form. It is a series of &-functions
separated in energy by integral multiplés of a&f The weights of the 5~
functions may be expressed in terms of modified Bessel's functions of
integral order.

In order to study small deviations from semiclassical behavior
caused by non-zero phonon frequencies, we shall work with Equations (2.4) -

(2.6). If we expand F(t) in powers of akt, we find

(o .+ 1) ° 't”
s "t S

' Y- RN
F(t) = Zlck|2 li(enk+1)-(i121 - o (12) ] (2.8)
k ~ ~ ~
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If we keep only the lowest term in this expansion, we find

A(t) = exp(- mto/2) (2.9)

- wheyre
(2.10)

~s

1N = Z|ck|2 o +1)

~

Taking the Fourier transform of (2.9) we obtain the semiclassical result

1
- \2
A(®) = (2m)72 expl- (B - E )7/2n] (2.11)
The temperature dependence of 71 is contained in the factor. (Enk + 1). For
high temperatures this is proportional to the temperature T; for general

temperatures it is. proportional to the effective temperature defind by

.Bq. (2.1).
When higher terms in the expansion (2.8) are taken into account,

(2.11) will no longer be exact. In general, we may write

AE) =. (an)_%exp[- ® - EO)E/ET] + A(B, T)] . (2.12)

‘We shall say that the semiclassical approximetion is good at energy E, if
|A(E, T)| is small compared to [ (E - E, )2_/271;]. The magnitude of A(E, T)
can best be estimated by examining the Laplace transform of A(E). The

Laplace transform can be found by analytically continuing the Fourier

transform, A(t), to imaeginary values of t. Thus we have

A(- it) = fe'e'r A'(Eo + €) de (2.12a)

.To estimate the magnitude of A(E, T),we examine A{- iT) when T = (EO-E )/n-

If we assume that A(E, T) is small compared to (E - Eo")2/21] and not too
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repidly varying, then it follows from (2.12) and (2.12a) that when

T = (B, - E)/,

2
py
A(- it) ~ e2* eA_(E’T) = exp ——~é—n—9-— + AE, T) . (2.13)

Thus, if A(E, T) is small compared to (E - E, )E/En, the logerithm of the

-Laplace transform will be dominated by -the semiclassical term, X T]TE,

5T
(EO-E)_
|

.when.T.= With Eq. (2.5), this implies

|F(- it) - % ]’]’52’ <<% n'r2 , Wwhen T .= (EO-E)/W

(2.14)

We should also like to prove the converse of the above, i.e., that

(2.14) implies |A(E, T)| <<3—2L E - E )2/n. Unfortunately, if |A(E, T)|
->% ® - Eo )2/11, then the approximation (2.13%) does not necessarily hold,
and (2.14) is not necessarily violated. However, if A(E, T) is reasonably
slowly varying, it can be shown that |A(E, T)| >% (Eo - E)E/nvdoes imply
violation of (2.14) for some 7. less than (Eo -‘El)e/n and greater than zero.
Thus, a necessary and sufficient criterion for the semiclassicel epproxim-
ation to be valid for energies greater than E and less than Eo , is that
(2.14) hold for 0 < 7 < (Eo - E)/n. Using the expansion (2.8) for F(- iT),
we find that the condition for validity of the semiclassical approximation

is

O 2 2 2 2 !
- € Z‘ |C}5| ml'g € z |Ck| w]‘,i (enk + 1)
K k7
3 9° 12 o’ B

for 0< €< (Eo -E). (2.15)

In. (2.15) we have kept terms arising from both the t5 and “b)+ terms in F(t),

because the even terms involve (2nk +.1) and can be more importent than
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the odd terms at high temperatures. If E and o, are held fixed, (2.15)
will be satisfied if either the temperature or ;he coupling constants
are large. If the coupling constants are sufficiently large, the semi-
classical approximation will be valid even at T = O; if the coupling
constants are very small, the semiclassical approximation will be valid
only at very high temperatures. - Tt should also be noted, that for fixed
temperature, phonon frequencies, and coupling constants,the semiclassical

approximetion will become invalid if |E - Eol is made sufficiently large.

General exciton band with linear phonon coupling. We now wish

to consider the effects of finite phonon frequencies when the exciton band
is not flat. We still assume harmonic phonons with linear exciton phonon
coupling. The Hamiltonian for the model is given by
+ +
H = Ze}gaka£+ Zml,f,bliblf,
k

k

~

+ (ckk' a‘+k' N b+k + Hermitian conjugate) .

Kk "
For this model, of course, an exact theory has not been discovered, and
we shall be forced to use a somewhat crude approximation. We shall first
assume that when the exciton is present in fhe system, it always has the
wave-function f()ﬁg - 3{0), where f is a fixed function and X is a fixed
lattice site. Thus, when the exciton is present, we project the Hamiltonian
of (2.16) onto the subspace where the exciton has wave-function f If

a+[ £]x is the creation operator for an exciton with wave-function f(:ﬁ{‘ - X )s
X ‘
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we obtain the reduced Hamiltonian

H =V o vt b o+al a 0+)(C b +C*b )
red"Z“’lg 3 S ES PSR E P Zlgg Kk k']
3 3
) (2-17)
Where
2
6 = Zek l£(k)|® , (2.18)
_ .
o = Z‘ckk. Pt £ + k) e K (2.19)
~ k N~

The reduced Hamiltonien is essentially identical in form to the Hamiltonian
of an exciton localized at a single lattice site in a flat band, and the
exciton density of states for the reduced Hamiltonian can be found in the
same manner as for Hamiltonian (2.3).

In the semiclassical approximation, the density of states of the
reduced Hamiltonian (2.17) is identical to pf(E - 6), the probability
distribution of the variational energy E(§O) at the given point X . In
Chepter III, we found that when the width of the trial function f was of
the order of a few lattice constants, it was a good approximation to say
that the total density of states of the system is just N/Q times pf(E - 6),
where N/Q is the number of lattice sites per unit volume. The probability
of counting an eigenstate twice by this procedure was found to be negligible
in the low energy tail. We shall meke a similar approximation in our
present study: we approximate the density of states of the true Hamiltonian
by N/Q times the density of states of the reduced Hamiltonian at a single
point Eo'

Our approximetion for the density of states is thus

Pe(EB) = (/Q)B(E), (2.20)
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where '

B(E) = %t fei(E'e)t A(t) dt . (2.21)

The function A(t) is given by Eq. (2.5) and (2.6). The spectral density

A(k, E) is approximated by

Ak, B) = (/2) |£(x) " BE®) . (2.22)

If £(x) is spread over a small number of lattice sites, |f(1'5)|2 will be

of the order of @/N, and the factor (N/Q)|f (k) |2 in (2.22) will be of
order unity. |

The approximations pf(E) and A(k, E), of course, depend on the
choice of trial function f. In the case of zero-frequency phonons, we
chose f by a variational principle requiring that we maximize pf(E). It
is not clear how we should choose f when the phonon frequencies are finite.
In the region where the phonon frequencies are not too great, it seems a
reasonable choice for f to use just that function which meximizes pf(E) in
the semiclassical approximation. Since the semiclassical pf(E) is station-
ary with respect to small changes of f from its optimum value, the quantum
mechanical Pe will not be too sensitive to small deviations bf f from its
correct value, at least if the phonon energies are not too great. It
should be emphasized that, as in Chapter III, a different function £ will
be éhosen for each energy E at which we wish to calculate the density of
states of the true Hamiltonian.

The approximation we have just described is certainly a crude
one, and a completely satisfactory justification for it cannot be given

-at the present time. It should be noted, however, that the approximation
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gives exactly the correct density of states and spectral density for
a flat exciton band, for any magnitude of phonon energies, and for a
general exciton band the approximation agrees with the classical cal-
culations of Chapter IIT, if the nuclei are infinitely massive. We do not
expect great accuracy for the approximation when both the phonon fregquen-
cies and the exciton band widths are large, but we do expect the approxim-
ation to be good enough for our mein purpose: to answer the question of
whether or not the semiclassical approximation is valid.

| Because the function B(E) is calculated in the same manner as
the function A(E) one calculates in the case of a flat exciton band, we
can use the techniques developed in the flat band case to decide whether
or not a‘semiclassical calculation of B(E) is é good approximation to a
quantum~mechanical calculation. The semiclassical approxiﬁation will be
valid if the inequality (2.15) is satisfied, with the coupling constants
C5 given by (2.19) and with 0 substituted for E0 in (2.15). It should be

remembered, that the values of 06 and Ck depend on the function f, and con-

~
)

sequently on the value of E.

Because we do not know the band structure and coupling constants
of the real materials we wish to investigate, we must somehow estimete the
value of Ck from experiment. We shall do this from Urbach'’s rule itself.

~

We shall assume that Urbach's rule holds in the form
- 1 -
a) = A'exp[o(E-E +¥T .. )/l ], (2.23)

vhere -/ Teff is the second order energy shift of the band edge as a whole,

and. Ab' is of the order of magnitude of the optical absorption above the
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band edge. We have not yet included the second order energy shift in our
quantum mechanical proéedure for calculating the density of states and
spectral density, and we assume that we can do so by simply adding the
energy shift to the kinetic energy 6. We shall also assume that the im-
portant phonons all have approximately the same frequency, wp, and that
T pp 18 given by Eq. (2.1).

The semiclassical theory tells us that the optical absorption

a(E), which is proportional to A(Q, E), is given in the low energy tail by
2
a(®) = B (B, T)expl- (B - 0 +¥T_..)"/en] - (2.2h)

where Bo (B, T). is a slowly varying function of E and T, which has the order
of magnitude of the optical absorption above the band edge. The function 73

is given by Eq. (2.10) and is proportional to 'I‘e If we equate the ex-

£’
ponents of (2.23) and (2.24), we find

z Iclgl2 ==& -0 +2 T ) /i (2.25)

where

o' = o8 -E +v Teff)/(E -0+ T o) (2.26)

. Since 0 ~ Eo is greater than zero and is of the order of magnitude of
I(E - Eo + VTeff)l" it follows that o' is of the order of, but somewhat
smaller than, the steepness constant o. The constant o' may have some

energy dependence.

The condition (2.15) for the validity of the semiclassical ap-~

proximation may be written:

2.2
a)p3 2 wpl* w1 (2.27)
2 + jrrapg 2 2
(2 k5 Tpp) >:|Ck|2 (2 kg T opp) (zlck|2)2

for all 0 < € < (@~ y'l‘eff-E),

'E
"3
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If we substitute (2.25) into (2.27), we find the criterion

)'I' . 2 ! (D 2 .
3 l? - 71-5———£——— K1, for all ¥y such that 0 < y < ¢!
' \kb' eff

. (2.28)
.The fact. that (2.28) is independent of E, except for possible energy
dependence of o', is a coincidence. The factor &%p/ngTeff)e is equal to
-1 at absolute zero temperature, and is equal to GDP/EEBT)E at temperatures
larger-thanvwb/kB.
For meny of the materials in Teble 1, ¢ is in the vicinity of 1.
The meximum . value o;ﬁ‘,]y2 - 7|, in the domein 0 < y < 1.2, occurs at y = %,
and has the valuely2 - 7| = %. Thus for these materials at absolute zero,
the left-hand side. of the inequality (2.28) has the maximum value 1/3. The
inequality -is thus only weakly satisfied, and it is not clear whether or
not the semiclassical epproximation is valid at T = 0. At high temperatures,
however, the inequality (2.28) is very well satisfied. The exact value of
(2.28). depends on what one puts in for the relevant phonon frequency. The
most conservative choice is to use the highest possible phonon frequency,
generally the frequency of the longitudinal optical mode. The optical mode
frequencies for some of the materiais exhibiting Urbach's rule are given in
.Table 2.
- The highest. temperature at which Urbach's rule has been bbserved
is 1000°K. This measurement was made in potassium_bromide, whiéh has a
.longitudinal optical phonon frequenéy o, = 2509K. The left-hané side of
(2.28) in this case is less than 0.005.

For the materials in Table 1 which have steepness constant o > 2,

it, is probable that a semiclassical theory would not be valid at 0’k.
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Whether or not a semiclassical theory would be valid at the actual temper~
atures at which data have been taken depends critically on the frequencies
of the relevant phonons. If the important phonops in these materials are
-long wavelength acoustic phonons,ﬁthen the classical theory mey well be
valid. The fact that in these materials the slope of loétxﬁb) is inversely
proportional to temperature down to the lowest temperatures studied, is
consistent with this poséibility.
| An interesting example of & material in which a semiclassical
theory would not be valid at low temperatures is CdTe.g Marple and Segall
have observed the low energy absorption tail of CdTe over the temperature
range 2.1° - 177°K. At temperstures from 39° to 90°K & clearly defined
. shoulder appears in the optical absorption at an energy one longitudinal-
optical~phonon frequency below the band edge. At temperatures 90o to 150°K
8 second bump is apparent two longitudinal-optical-phonon frequencies below
_the band edge. At 177°K the optical absorption looks almost straight on a
semilogarithmic scale, corresponding to an Urbach's rule tail with o ~ k.
The implication of these observations is that at low temperatures
the low energy tail is simply duvue to the absorption by the exciton of one
or two optical phonons. This is borne out by the fact that the height of
the first shoulder, at low temperatures, is roughly proportional to
exp(--¢i/kBT), the population of the optical phonon mode. When the ab-
sorption of only one or two phonons is involved, we expect.to obtain good
results from the first few orders of perturbation theory, or from a self~
consistent Green's function calculation. Segall and Marple have made a
perturbation theoretic calculation for CdTe, and have found that they could

fit the experimental data quite well over the entire range of observations.
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There are other examples where effects of finite phonon
frequencies appear. In the case of anthracene, mentioned in Table 1, the
Urbach's rule tail, which falls from the absorption edge, levels off into
a shoulder which occurs at one optical-phonon frequency below the absorp-
tion edge.lo The Urbach's tail is probably due to acoustic phonons,. while
the shoulder is clearly due to the absorption of one optical phonon. A

similar situation may occur in CdS at low temperatures.ll

Nonlinear systems. Thus far, we have considered the dynamic

effects of finite phonon frequencies under the assumption that the excitons
are coupled linearly to harmonic phonons. If nonlinear terms are important
in the exciton-phonon coupling, or if anharmonic terms are important.in the
'phonon Hemiltonian, it becomes much more difficult to say anything about the
effect of phonon energies. In a linear system, the interaction Hamiltonian
only couples states which differ by one phonon occupation number; as a con-
sequence, one cannot obtain a lot of energy from the phonon system except
in very high orders of perturbation theory. In a system with nonlinear
phonon-exciton coupling or anharmonic phonons, the interaction Hamiltonian
can connect states differing by two or more phonon numbers, and it may be

, easler to get energy from the phonons. - Thus the possibility exists that
phonon energies may be important in real materiels, when estimates based on
the assumptions of a linear-system indicate that they would not be important.
This possibility may even exist when the semiclassical epproach indicates
that the nonlinear phonon coupling is small compared to the linéar coupling.

Although this problem has been studied at some length, we are not in a
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position to shed much light on the matter at the present time. A few
results of our study should be mentior;ed, however.

We have examined the model proposed by Toyozawa2’3 to explain
Urbach's rule which we mentioned in section 1: a loca.lizeé exciton inter~
acting with harmonic‘ phonons via an interaction proportional to the square
of a local deformation. Toyozawa has studied this model semiclassically,
and he has found a spectral density proportional to (EO - E)-% explo(B - Ec)
/kBTe ff]i‘or E< EO and zero spectral density for E > Eo. Toyozawa's model
can be solved exactly, quantum mechanically, if all the phonons have the
same frequency, pr;avided that the coupling is not too strong (o, computed
semiclassically, must be > l).:L2 Although given in analytic form, the
results are not too easy to interpret at finite temperatures. At OOK, how-
ever, they show an important qualitative deviation from the semiclassical
results. The spectral density has an exponential tail on the positive
energy side, and vanishes completely for energies more than one-half phonon
frequency below Eo' If the coupling is strong (o0 < 1) , then the oscillator
-1s unstable when the exciton is present, and a quantum-mechanical calcula-
tion is more difficult to meke. A low energy tail will exist in this case,
even.at OOK, but it will almost certainly fall off much more rapidly than
the semiclassical estimate if o is not too different from 1. Thus Toyozawals
model is apparently incorrect at low temperatures in those materisls of
Table 1 where the steepness of the Urbach's tail has been observed to become
independent of temperature as T — OOK_.

We have also attempted to get informetion about Toyozawa's model
at finite temperatures by studying the Laplace tra.nsfdrm of the spectral

density. We have set upper and lower bounds to the asymptotic form of the
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spectral density as E -.Eo — - », which assure us that the semiclassical
snalysis is essentially correct when kBTeff/U is sufficiently large compared
to the phonon energy. These bounds are only of marginal usefulness, however,
for the parameters appropriate to the experimental results which have been
. 80 far obtained.
We have also considered phonon systems which are extremely an-
harmonic, i.e., systems in which the lattice potential energy becomes in-
finite when an atom is displaced from equilibriﬁm, in some direction, by an
amount comparable to the zero-point fluctuation. One finds, at least in some
cases, that a linear exciton phonon interaction can appreciably couple very
_high excited phonon states directly to the ground state of the oscillator.

It is then possible for the exciton to obtain all the phonon energy at a
single lattice site by scattering in first order perturbation theory. One
finds a .low energy tail of optical ebsorption which essentially varies as
exp[ (B - Ed)/gBT]. If this extreme anharmonic picture wer valid, we would
have an explanation of Urbach's rule (with o = 1) which was independent of

the exciton band structure and other details of the partiéular material.
Unfortunately, all estimates of real meterials indicale that the anharmonicity

~is much too small to produce such a simple explanation of Urbach's rule.

Section 3. Terms Left out of the Model

‘Before abandoning our search for a simple explanation of Urbach's
rule, it is necessary to examine some of the terms present in the general
theory of optical absorption outlined in Chapter I, which have been dropped

from the models we have thus far considered. These terms have generally been
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dismissed because they are considered.'small" or "negligible” compared to
the terms which have been kept in our models. However, in the low energy
. tail, where the absorption is in any case very small, one must be sure
-that the "small" terms do not dominate.

One approximation which may be reexamined is the neglect of the
dependeﬁce of the electronic current operator on the displacements of the
nuclei, arising from the dependence of the definition of "unperturbed"
exciton creation operators a+ku

[Cf. Eq. (2.10), Chapter I.] T&hus, the virtual exciton created by an

themselves on the lattice configuration.

incident photon in a deformed lattice is not necessarily placed in the
zero-momentum state, but it may be put in a state which has somewhat
larger or smeller amplitudes iﬁ regions of large deformations. In a lat-
tice of infinitely massive nuclei,. this may leéd to an enhancement of the
optical absorption in the low energy tail, because the virtusl state so
created may have a larger overlap with a low energy eigenstate, localized
in a region of large deformation, than does the zero momentum exciton

. state. However, a dependence of the current operator on the lattice con-
figuration cannot lead to any change in the most important factor affect-

- ing the optical absorpéion ip the low energy tail, namely, the total exciton
density of states, p(E). Thus, although a deformation dependence of the
current operetor could conceivably produce a factor of two in the optical
absorption at low energies, it could not lead to a significant change in
the exponential drop off of the sbsorption. It can also be shown that the
deformation dependence of the current operator will not be importent in the
low energy tail when the nuclei have finite mass, as long as the current

operetor is & smooth.function of the deformation. It should be mentioned,
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however, that there is no apparent reason why the deformation dependence
of the current operator will not play an important role in the magnitude
of optical absoption due to indirect transitions, above the fundamental
edge.
Another possible source for optical attentuation in the low

energy teil is Brillouin or Ramen scattering of light. (See Eq. (1017),
Chapter I, and the following discussion. ) This possibility has in fact
been considered by Agronovich and KIonobeev-15 Ordinarily, the scattering
of light by phonons is extremely weak, leading to attenuation lengths of
the order of lOlL cm. In the vicinity of the fundemental absorption edge,
however, where the dielectric constant is a rapidly varying function of
energy, a lattice distortion which produces a small change in the band gap
can result in a large change in dielectric constant. Thus the Brillouin
and Raman scattering of light may be several orders of magnitude greater
near the band edge than would otherwise be expected. There are a number
of reasons, however, why this cannot belthe explanation of Urbach's rule.
In the first place, the temperature dependence is wrong -~ at a given
distance below. the absorption edge the Brillouin and Raman scattering
should be roughly proportional to the temperature, for temperatures larger
than the phonon frequencies. In the second place, although the coupling
between phonons and photons does depend on the distance of the photon
.energy. from. the absorption threshhold, it does not lead to anything as
rapid as an exponential decrease in the scattering with decreasing energy.‘
Agranovich and Konobeev find in their model, that (E) is propoftional to
B - Eol-g/e, when E is well below E_ . They also find that a(E) increases

very repidly as E gets close to Eo’ but this result is due to their manner
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of treating the dielectric constant. They essentially assume that the
dielectric constant has a pole corresponding to an exciton of infinite
transport. lifetime, whose energy may be shifted by a deformetion. If the
broadening of the exciton pole due to phonon scattering were included
properly, they would not find such a large Brillouin scattering right near
the threshhold. A rough estimate of the magnitude of the Brillouin and
Raman scattering, using experimentally observed exciton.line widths, in-
dicgtes that the attenuation due to scattering would be smaller than.the

observed low. energy tails in most, if not all, of the region of observation.

Section 4. Conclusions

The theory of the low energy tail developed in Chapter IIT is
consistent with, but does not. explain, the empirically observed Urbach's
rule. Because of the great success of our theory in its application to an
.exactly solvable one-dimensional model, we strongly believe that, if it is
indeed correct.to treat the phonons as static thermal fluctuations,. then tﬁe
theory of Chapter III should be apblicable to real crystals, with semiclas-
sical modification. to include zero-point fluctuations at.low temperatures.
Our investigation of possible dynamic effects of phonons indicates. that the
assumption of static phonons is permissible in.at least some, and possibly
..all, of the materials and temperatures where Urbach's rule has been observed,
provided that oneAmay assume harmonic phonons and & linear exciton-phonon
.interaction. The possibility of enhanced dynemic effects, due to nonlinear
exciton~-phonon interactions or anharmonic terms in.the phonon Hamiltonian,

. has not been definitely ruled out. The search for a simple alternative ex-

Planation of Urbach's rule has not met with any success.
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TABLES FOR CHAPTER IV

. Table 1. Experimental Confirmations of Urbach's Rule

Taken from:Toyozawa, Reference 2, p. 61. References to the

. experimental literature are given in the original table.

The constants 0 and o are defined in Eq. (2.1), Chapter IV, of
the present. text. - The constant To, where observed, is the limiting value
of the effective temperature in Urbach's rule, as the true temperature T
approaches OOK. The quantity,eo is the energy of the absorption peak at
-the. lowest temperature or that extrapolated to OOK. |

The case of TICl requires special explanation. This crystal
appears to be a direct material at low temperatures. At high temperatures,
another-positioﬁ of the Brillouin zone appears to be shifted.doﬁn to energies
.lower than the local minimum at k = O. The coupling between the indirect
-edge and the k = O states is sufficiently weak so that the indirect. ab-
sorption. is several orders of magnitude-weaker than the direct absorption.
At high ten@ergtures, two absorption edges appear, each with its own Urbach's
tail, one made up of states near the indirect.edge, and one made up of states
near the direct edge. The absorption drops rapidly-in an Urbach tail from
the direct edge and levels off at the "background level of indirect ab-
sorption. At the indirect absorption edge, this "background" itself drops

off in.an Urbach tail.
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.KBr
~KI
"KC1
AgCl
AgBr
- T1C1
- InAs

- InSb
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TABLE 2

TRANSVERSE AND LONGITUDINAL OPTICAL PHONON

. FREQUENCIES
Uy, mL Ref.
160°k 230°K a
140 210 a
200 360 ' a
1150 250 a
110 180 a
120 - 310 a
300 330 b
250 260 b

a) M. Born and K. Husng, Dynamical Theory of Crystal Lattices, (Oxford

University Press, OJct‘ora,, 1954 ) D. 85.

b) H. P. R. Frederikse in.American Institute of Physics Handbook, (McGraw-

Hill Book Company, Inc., New York, 1963), 2nd ed., p. 9-62.
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